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PREFACE. 



-♦♦•- 



TT has long been a favorite plan of the author to make a 
-*- Practical Algebra — a Book combining the important 
principles of the Science, with their application to methods 
of business. 

Several years have elapsed since he began to gather and 
arrange materials for this object. Many of the more 
important parts have been written and re-written and 
again revised, till they have found embodiment in the book 
now offered to the public. 

In the execution of this plan, clearness and brevity in the 
definitions and rules have been the constant aim. 

A series of pi'actical problems, applying the principles 
already explained, has been introduced into the fundamental 
rules, thus relieving the monotony of the abstract operations, 
and illustrating their use. 

The principles are gradually developed, and explained in 
a manner calculated to lead the pupil to a full understanding 
of the diflSculties of the science, before he is aware of their 
existence. 

The rules are deduced from a careful analysis of practical 
problems involving the principles in question — a feature so 
extensively approved in the author's Series of Arithmetics. 



IV PREFACE. 

The arrangement of subjects is consecutive and logical, 
their relation and mutual dependence being pointed out by 
frequent references. 

The examples are numerous, and have been selected with 
a view to illustrate and familiarize the principles of the 
Science; while puzzles, calculated to waste the time and 
energy of the pupil, have been excluded. 

Special attention has also been given to Factoring, 
Generalization, and the application of Algebra to business 
Formulas. 

In these and other respects, it is believed, some advance 
is made beyond other books of the kind. While adapted 
to beginners, it covers as much ground as the majority of 
students master in their Academic and Collegiate course. 

In presenting this book to the public, the author ventures 
to hope it may receive the approval so generously bestowed 
upon his former publications. 

J. B. THOMSON. 

Brooklyn, N. Y., Sept,, 1877. 
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ALGEBRA. 





CHAPTEE I. 
INTRODUCTION. 



/7/ 




Art. 1. Algebra^ ia the art of computing by letters and 
signs. These letters and signs are called Symbols. 

2. Quantity is anything which can be measured; as 
distance, weight, time, number, &c. 

3. A Measure of a quantity is a unit of that quantity 
established by law or custom, as the Standard Unit. 

Thus, the measure of distance is the yard ; of weight, the Trey 
pound; of time, the mean solar day, etc. 



NOTATION. 

• 
4. Quantities in Algebra are expressed by letters, or 

by a combination of letters and figures; as, a, b, c, 3a;, 

4y, 52;, etc. 

The first letters of the alphabet are used to express known 

quantities; the last letters, those which are unknown. 



QuBSTiONB.— I. What is algebra ? Lettere and 8ig:n8 called f 2. Quantity? 3. A 
measure ? 4. How are quantities expressed ? 

* From the Arabio ol and gaJbronf redaction of pftrts to a whole, 



10 INTRODUCTION. 

5. The Letters employed have no fixed numerical 

value of themselves. Any letter may represent any num- 
ber, and the same letter may represent different numbers, 
subject to one limitation; the same letter must always stand 
for the same number throughout the same problem. 

6. The Relations of quantities, and the operations to 
be performed, are expressed by the same signs as in Arith- 
metic. 

7. The Sign of Addition is a perpendicular cross, 
called phis ( + ). * 

Thus, a-\-h denotes the sum of a and &, and is read, "a plus h" or 
"a added to 6." 

8. The Sign of Suhttaction is a short, horizontal 
line, called minus ( — ). t 

Thus, a — h shows that the quantity after the sign is to be subtract- 
ed from the one before it, and is read, " a minus 6," or " a less 6." 

9. The Sign of Multiplication is an oblique 
cross ( X ). 

Thus, axh shows that a and h are to be multiplied together, and is 
read, "a times &." " a into 6," or "a multiplied by 6." 

10. Multiplication is also denoted by a period be- 
tween the fiictors ; as, a •b. 

But the multiplication of letters is more commonly ex- 
pressed by writing them together, the signs being omitted. 

Thus, ^dbc is equivalent tosxax&xc. 

11. The Sign of Division is a short, horizontal 
line between two dots ( -r- ). 

Thus, a-i-h shows that the quantity before the sign is to be divided 
by the one after it, and is read, " a divided by h" 

5. Value of the letters'? 6. RelatlonB of qnantities expreeeed ? 7. Describe the 
eign of addition. 8. Subtraction. 9. Multiplication, xo. How elee denoted ? 

* The Latin term p/w«, signifies more, 
f The Latin minus, si^ni^es l^s, 
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12. Division is also denoted by writing the divisor 
under the divid&nd, with a short liiie between them. 

Thus, ^ shows that a is to be divided by h, and is equivalent to a-i-&. 

13. The Sign of Mquality is two shorty parallel 
lines ( = ). 

Thus, a = h shows that the quantity before the sign is equal to the 
quantity after it, and is read, " a equals h" or " a is equal to h" 

14. The l^gn of Inequality is an acute angle^ with 
the opening turned toward the greater quantity ( > < ). 

Thus, a > & shows that a is greater than h^ and a < 6 shows that a 
is less than h. 

15. The Parenthesis ( ), or Vinculum ( ), 

indicates that the included quantities are taken collectively, 
or as one quantity. 

Thus, 3 (a + 6) and a + & x 3, each denote that the sum of a and h 
is multiplied by 3. 

16. The Double or Ambiguous Sign is a combi- 
nation of the sign^plus and minus ( ± ). 

Thus, a±h shows that & is to be added to or subtracted from a, and 
is read, " a plus or minus h" 

17. The character (•••), denotes hence, therefore. 

18. Every quantity is supposed to be preceded by the 
sign plus or minus. When no sign is prefixed, the sign + 
is always understood. 

19. Like Signs are those which are all plusy or all 
minus ; as, + a + b + c^ or —x — y^-^z. 

20. Unlike Signs include both plus and minus; as, 
a — b + c and —x + y — z. 



XI. Describe the sign of division? 12. How else denoted? 13. The sign of 
equality? 14. Of inequality? 15. Use of a parenthesis or vincaJnm ? 16. Doable 
sign ? 17. Sign for " hence," etc. ? 18. By what is every quantity preceded ? When 
Don« i8 expressed^ wh»t \» understood ? 19. Like signs ? 90. Unlike ? 



12 INTBODUCTIOK* 

21. A Co^flcient* is a number or letter prefixed to a 
quantity^ to show how many times the quantity is to be 
taken. Hence, a coefficient is a multiplier ot factor. 

Coefficients may be numeral, literal, or mixed, 

Thu8» in 5a, 5 is a numeral coefficient of a ; in &f, & is a literal co- 
efficient of c ; in ^dx, 3d is a mixed coefficient of x. 

When no numeral coefficient is expressed, i is always 
understood. 

Thus, xy means 13^. 



EXERCISES IN NOTATION. 

22. To express a Statement by Algebraic Symbols, 

It is required to express the following statement in 
algebraic symbols: 

1. The product of a, b, and c, divided by the sum of c and 
d, is equal to the difference of z and y, increased by the 
product of d multiplied by 7. 

Ans. a X b X c -r- (c + d) := {x — y) + ja. 

Or -^r—j = (a? — y) + 7«. Hence, the 

EuLE. — For the words, substitute the signs Schick indicate 
the relations of the quantities and tlie operations to be per- 
formed. 

Express the following by algebraic symbols: 

2. The sum of 4c, d, and m, diminished by $x, equals the 
product of a and b. 

3. The product of $c and d, increased by the quotient of 
a divided by b, equals the product of x and y, 

21. A coefficient? When no coefficient is expressed, what is understood? 
32. How translate a statement fh)m common langua^j^e into algebraic symbols ? 

* Coefficient, Latin, con, with, and effieere, to effect ; literaUyi a 
cihoperator. 
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4. The qnotient of 3 J divided by 5 c, increased by 4W!, 
equals the sum of c and 6d, diminished by the product of 
7a and X, 

5. If to the difference between a and J, we add the 
product of X into y, the sum will be equal to m multiplied 
by 6n. 

6. The difference between x and y, added to the sum of 
4a and b minus m, equals the product of c and d, increased 
by 15 times m. 

^^gr These and the following exerdses should be supplemented by 
dictation, until the learner becomes familiar with them. 

23. To translate Algehraie JExpreaMous into Common 

Language. 

Express the following statement in common language : 
I. —J- = 2afc - (a: + y) + ^. 

Substituting words for signs, we have the sum of a and J, 
divided by d, equals twice the product of a, h, and c, dimin- 
ished by the sum of x and y, increased by the quotient of 
d divided by the product of a and J, Ans, Hence, the 

BxJUB. — For the signs indicating the given relations and 
operations, substitute toords. 

Express the following in common language : 

2. y a — b = + a;xy — 4C0. 

X c 

3* H- c . zed , c 

3« . J. /^ — h cd 

A. ~ ax + bc=^ — zx. 

5 • a; 4 '^ 

abc — x , cdh -f- x 

5. — rf-±3* + sy = ^---a^y. 

4flKry a — b x + y 2a -\- d 

0. {- = • 

$a X a 3c 



93. How translate algebraic expreseions into common language ? 
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ALGEBRAIC OPERATIONS. 

24. An Algebraic Operation is a combination of 
quantities according to the principles of algebra^ setting 
down the results in form. 

25. A Problem is something proposed to be done^ as a 
question to be solved. 

The Solution of a problem is finding the answer. 

26. The Equality between two quantities is denoted 
by the sign =r . (Art 13.) 

27. The Expression of Equality between two 
quantities is called an Equation* Thus, 15 — 3 = 7 + 5 
is an equation. 

PROBLEMS. 

28. The following problems are solved by combining the 
preceding principles with those of Arithmetic. 

I. A and B found a purse containing 12 dollars^ and 
divided it in such a manner that B's share was three times 
as much as A's. How many dollars did each have ? 

By ABrrHMETic. — A had i share and B 3 shares ; now i share -1- 
3 shares are 4 shares, which are equal to 12 doUars. If 4 shares equal 
12 dollars, i share is equal to as many dollars as 4 is contained times 
in 12, which is 3. Therefore, A had 3 dollars, and B had 3 times as 
much, or 9 dollars. 

By Algebra.— We represent opbratioh. 

A's share by x, and form an ■L'Gl' aj = A S share, 

equation by treating this letter then ^x = B's share^ 

as we treat the answer in proving and a: -f 3a; = 1 2 dollars, 

an operation. If oj represent A's that is, 4a: = 1 2 dollars, 

share, 3^ will represent B's, and ^ ^ ^ ^^^ ^ 

a; + 3aj=i2 dollars, the sum of ' j i tj 

both. Uniting the terms, we 3^ = 9 ^ol., B. 

have the equation, 4a; = 12 dollars. To remove the coefficient 4, we 

» 

34. Wliat is an algebraic operation ? 25. A problem t A Bolation ? 36. Eqoalily 
denoted ? s^. The expresBion of equality called ? 
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divide both sides of the equation by it. For, if equals are divided by 
eqo&ls, the quotients are equal. Therefore, 2 = 3 dollars, A's share, 
and 30; = 9 dollars, B*s share. (Ax. 5.) 

Proof. — By the first condition, 9 dollars, B's share = 3 times 3 dol- 
lars, A's share. By the second condition, 9 doUars + 3 dollars = 
12 dollars, the sum found. Hence, 

29. When a quantity on either side of the equation has a 
coefficient, that coeflScient • may be removed, by dividing 
every term on both sides of the equation by it. 

2. A and B together have 15 pears, and A has twice as 
many as B : how many has each ? 

By AiiGEBRA. — ^If X rej^resents opbration. 

B's number, 2x wiU represent A*s, Lg^ ^ _. g'g nuniber * 

and x-^2Xy or yc, will represent ^^^ 2a; = A's " 

the number of both. Dividing . 

both sides by the coefficient 3. we ™^ 3^ — ^5 P^ars. 

have flj = 5 pears, B*s number, and • ' • ^ = 5 P^ars, i5 s. 

2x = 10 pears, A's. 2a; = 10 pears, A's. 

JJfOTB.— It is advisable for the learner to solve each of the follow- 
ing problems by Arithmetic and by Algebra. 

3. A lad bought an apple and an orange for 8 cents, pay- 
ing 3 times as much for the orange as for the apple. What 
was the price of each ? 

4. A farmer sold a cow and a ton of hay for 40 dollars, 
the cow being worth 4 times as much as the hay. What 
was the value of each ? 

5. The sum of two numbers is 36, one of which is 3 times 
the other. What are the numbers? 

6. A, B, and C have 28 peaches; B has twice as many as 
C, and A twice as many as B. How many has each ? 

7. A father is 3 times the age of his son, and the sum of 
their ages is 48 years. How old is each ? 

39. How remove a coefficient ? 



i 
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8. A and B trade in company^ and gain loo dollars. U 
A puts in 4 times as much as B, what will be the gain of 
each? 

9. The sum of three numbers is 90. The second is twice 
the firsts and the third as many as the first and second: 
what are the numbers ? 

10. A cow and calf were sold for 63 dollars, the cow being 
worth 8 times as much as the calf. What was the value of 
each? 

11. A man being asked the price of his horse, replied 
that his horse, saddle and bridle together were worth 
126 dollars; that the saddle was worth twice as much as 
the bridle, and the horse 7 times as much as both the others. 
What was each worth ? 

12. A man bequeathed $36,000 to his wife, son, and 
daughter, giving the son tvrice as much as the daughter, 
and the wife 3 times as much as the son and daughter. 
What did each receive ? 

13. The sum of three numbers is 1877; the second is 
3 times the first, and the third exceeds the other two by 5. 
What are the numbers ? 

POWERS AND ROOTS. 

30. A Power is the product of two or more equal 
factors. 

Thus, the product 2x2, is the square or second power of 2 ; 
xxxxxK^ the cube or tMrd power of x. 

31. The Index or Exponent of a power is a figure 

or letter placed at the right, above the quantity. 

Thus, a^ denotes a, or ihe first power. 

o* " /I X «, the square, or second power. 
cfi '* ax ax a, the cube, or third power, etc. 

32. A Root is one of thB'equal factors of a quantity. 



30. What le a power? 31. How desoted? 
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33. Moots are denoted by the Radical Sign (vO 

prefixed to the quantity, or by a fractional exponent placed 
after it 

Thus, y'a, a*, or J^a denote the square root of the quantity a ; 
^/a shows that the cube root of a is to be extracted, etc. 

34. The Index of the Root is the figure placed 
over the radical sign. The index of the square root is 
usually omitted. 

(For negative indices, see Arts. 256, 258.) 

Bead the following examples: 

1. fl2 + 30. 7. 4 (a — h)\ 

2. J8 __ ^. 3, ^2 + 2ah + V. 

3. a + S* — c. 9. s/a + h. 

4. a^^y + f. 10. \^a^ — ti^. 

5. 2^2 + ^jS — z. II. 2a* + A 

6. 3 (a^ -^ J). 12. 4rr* + 2^^ 

Write the following in algebraic language : 

13. The square of a plus the square of J. 

14. The square of the sum of a plus h. 

15. The sum of a and 5, minus the square of c, 

16. The square root of a plus the square root of x. 

17. The cube root of x minus the fifth power of y. 

18. The cube root of a plus the square of h. 

ALGEBRAIC EXPRESSIONS. 

35. An Algebraic Expression is any quantity ex- 
pressed in algebraic language ; as, 3a, 5a — ^h, etc. 

36. The Terms of an algebraic expression are those 
parts which are connected by the signs -|- and — . 

Thus, in a +6, there are two terms ; in oj+y x z — a there are three. 

32. A root? 33. How denoted? 34. What is the figure placed over the radical 
sign called ? 35. What is an algebraic expre»Bion ? 36. Its terme ? 



i 
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Note. — ^Letters combined by the iiigns x or -»• do not oonstitnte 
separate terms. Such a combination, to form a term, must have the 
sign + or — prefixed to it, and the operations indicated hy the signs 
X or •+- must be performed before the terms can be added to or sub- 
tracted from the preceding term. (Art. 86.) Thus, a+&xc has two 
terms, hxc forming one term and a the other. 

37. The Dimensions of a tenn are its several literal 
factors. 

38. The Degree of a term depends on the number of 
its literal factorsy and is always equal to the sum of theii 
exponents. 

Thus, ab contains two factors, a and 6, and is of the second degree. 
a^x contains thrte factors, a, a, and x^ and is of the third degree. 
l^v? contains fite factors, ft, h, x, x, x, and is of the fljth degree. 

39. The Numerical Valtie of an algebraic expres- 
sion is the number which it represents when its terms are' 
combined as indicated by the signs. (Art. 36.) 

40. To Find the Numerical Value of an algebraic expreasion. 

1. If a = 5, J = 7, and a; = 9, what is the value of 
6a + 8J + 3a:? 

Analysis. — Since a = 5, 6a must omKATm. 

equal 6 times 5, or 30 ; since 6 = 7, 8ft ^ e v 6 70 

must equal 8 times 7, or 56 ; and since ox Z! « — 

a; = 9, 3aj must equal 3x9, or 27. Now . ' ^ 

30 + 56 + 27=113. Therefore, the value 3^ = 3 X 9 := ^7 
of the given expression is 113. Hence, Ans, 113 

the 

EuLE. — For the letters^ substitute the figures which the 
letters rejjresent, and perform the operations indicated by 
the signs. 

2. If J = 3, c = 5, and rf = 8, what is the yalue of 
5b-^7c + 6d? 

Suggestion, i 5 + 35 + 48 = 98, ^ ;w. 

37. The dlmenBions of a term ? 38. Degree ? 39. Numerical value of an alge- 
braic expression ? 40. How found? 
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Find the numerical Talue of the following expressions, 
when a == 2, 5 = 3, c = 4, d = 5, and x = 6. 

3. 4a + 6ab 4- sc = how many ? Ans. 64. 

4. {a + b)xcxd^X'T-c = how many? 

5. {X'—a) + ax + c-7-a = how many ? 

6. x-h2 + {d—'C) + bc — x = how many ? 

7. dfic + (c — a) X (a — 5) + a; = how many ? 

8. e? + a;x(<? — a) + a — a; + c = how many ? 

CLASSIFICATION OF ALGEBRAIC QUANTITIES. 

41. Quantities in Algebra are primarily divided into 
kncnvn and unknovm, 

42. A Known Qua/ntity is one whose value is given. 
An Unknown Quantity is one whose value is not 

given. 

These quantities are subdivided into like and unlike, posi- 
tive and negative, simple, compound, monomials, etc. 

43. Idke Quantities are those which are expressed 
by the same power of the same Utters; as, a and 2a, 
20? and a^. 

44. Unlike Quantities are those which are expressed 
by different letters, or by different powers of the same let- 
ters ; as 2x and 3^, 2x and «?. 

Note. — An exception must be made in cases where letters are re- 
garded as coefficients. Thus, a^ and ho^ are like quantities, when a 
and 5 are considered coefficients. 

45. A Positive Quantity is one that is to be added^ 
and has the sign + prefixed to it ; as, 4« + 3 J. 

46. A Negative Quantity is one that is to be sub- 
tracted, and has the sign — prefixed to it; as, 4a — 3d. 



41. Eloware qnnntitieB in Algebra primarily divided ? 42. A known quantity? 
Unknown? 43. Like quantities? 44. Unlike? 45. A positive quantity? 46. A 
negative ? 
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47. The terms Positive and Negative denote oppo- 
siteness, either in the nature of the quantities to which 
they are applied, or in the application of those quantities. 
The former denotes a quantity to be added, the latter one 
to be mbtraeied. Thus, if a man's gains are positive, his 
losses are negative. If distances north of the equator are 
positive, those south are negative. 

48. A Simple Quantity is a single letter, or several 
letters written together without the sign + or — ; as, a, 
db, dzy. 

49. A Compound Quantity is two or more simple 
quantities connected by the sign + or — ; as 3a j- 4J, 

50. A Monomial * has but one term ; as, a, ^b. 

51. A Binomial \ has two terms j as, a + ft, a — b. 

Notes. — i. The expression a — bis often called a residvui^ because 
it denotes that which remainB after a part is subtracted. 
2. A binomial is sometimes called a pfdpnomial, 

52. A Trinomial J has three terms ; as, a + J — c. 

53. A Polynomial || has three or more • terms ; as, 
a + b -^c + X. 

54. An Homogeneous Polynomial has all its 
terms of the same degree. 

Thus, 206 + cd[ + sxy is homogeneous ; but 4^abc + c* + 52? is not. 

55. The Reciprocal of a quantity is a unit divided by 
that quantity. 

Thus, the reciprocal of a is - ; the reciprocal of a + 6 is — =- • 



47. What do the terms positive and negative denote? 48. A eimple quantity? 
49. A compound? 50. A monomial? 51. A binomial? Note. The expression 
a — b called? sa. A trinomial? 53. A polynomial? 54. When homogeneous? 
55. The reciprocal of a quantity ? 

* Greek, monos, single, and name, term, having one term, 
f Latin, bis, two, and nomen, name, having ttoo terms. 
J Latin, tres, three, and nom^en, name, having three terms. 
I Greek, palus, many, and onoma, name, having many terms. 
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FORCE OF THE SIGNS. 

56. Each term of an algebraic expression is preceded 
by the sign + or — , expressed or understood. (Art. i8.) 

The Force of each of these signs is limited to the term^ 
which follows it; as, 7 + 5 — 3 = 12 — 3 = 9; 15—6 + 8 
= 9 + 8=17. 

57. If a term, preceded by the sign + or — , is combined 
with other letters by the sign x or -=-, each of these let- 
ters forms a part of that term, and the operations indicated, 
taken in their order, must be performed before any part of 
the term can be added to or subtracted from any other term. 

Thus, the expression 12 + 4 x 2, shows that 4 is to be multiplied by 
2 and the product added to 12, and is equal to 20. 

In like manner, the expression 16 — 8-5-2, shows that 8 is to be 
divided by 2 and the quotient subtracted from 16, and is equal to 12. 

58. If two or more terms joined by + or — are to be 
subjected to the same operation^ they must be connected by 
a parenthesis or vinculum. 

Thus, if a + & or a — 6 is to be multiplied or divided by c, the oper- 

_ /» 

ations are indicated by (0+6) x c, or e{a+b); (« — 6) •+• c, or • 

c 

EXERCISES. 

I' 50 + 5 X 2 = what number ? 

2. 50 — 5x2 = what number ? 

3. ac + 4b X 2 = what number? 

4. 5^ — 66? -f- 3 == what number ? 
5- 15 + 5 X 3 + 10-^ 2 = what? 

6. 18 — 2 X 4 -i- 2 + 10 = what ? 

7. 3a; + St/-^4-\-axb = what? 

8. 6J — 7c X a; + 9a -7- 3 = what ? 

9. (b + c) X xy = what ? 



56. By what are all algebraic terms preceded ? The force of each of the^e signs ? 
57. Of the signs x and •*- ? 58. Of the parenthesis and \inculiim ? 
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10. 3a; X sy-T- 2« + fl = what? 

11. (ft — fl) -f- a:y + 2« = what ? 

12. 3a; + ay + 2z X 3y = what? 

13. The difference of x and y into a less h divided by d 
= what number ? 

• Find the value of the following expressions, in which 
a ^ 3, J = 4, c = 2, a: = 6, y = 8, and 2; = 10 : 

14. fit + (a X a;) -^ c + y X 5? = what ? 

15. 2J -7- (a? — J) + a X ft X y + 22; = what? 

AXIOMS. 

59. An Axiom is a self-evident truth. 

1. Things which are equal to the same thing, are equal to 
each other. 

2. If equals are added to equals, the sums are equal. 

3. If equals are subtracted from equals, the remainders 
are equal. 

4. If equals are multiplied by equals, the products are 
equal. 

5. If equals are divided by equals, the quotients are equal. 

6. If a quantity is multiplied and divided by the same 
quantity, its value is not altered. 

7. If the same quantity is added to and subtracted from 
another quantity, the value of the latter is not altered. 

8. The whole is greater than its part. 

9. The whole is equal to the sum of all its parts, 

10. Like powers and like roots of equal quantities, are 
equal. 

Note. — The importance of thoroughly anderstanding the defini- 
tions and principles cannot be too deeply impressexl upon the mind of 
the learner. The questions at the foot of the page are designed to 
direct his attention to the more important points. Teachers, of course, 
will not be confined to them. 



CHAPTER II. 
ADDITION. 

60. Addition in Algebra is UDiting two or more quan- 
tities and reducing them to the simplest form. 

61. The Result is called the Sum or Amount, 

62. Quantities expressed by Utters are regarded * as 
concrete quantities. Hence, their coeflBcients may be added, 
subtracted, multiplied, and divided like concrete numbers. 

Thus, 3a and 4a are ^a, 4& and 56 are 96, as truly as 3 apples and 
4 apples are 7 apples, or as 4 bushels and 5 bushels are 9 bushels. 

PRINCIPLES.* 

63. 1°. Like quantities only can be united in one term, 
2°. The sum of two or more quantities is the same i7i 

whatever order they are added, 

CASE I. 

64. To Add like Monomials which have like signs. 

I. What is the sum of i^ab + i^ab + ipaJ ? 

Analysis.— These terms are like quantities operation. 

and have like signs. (Art. 19.) We therefore -f- l$ab 

add the coefficients, to the sum annex the com- -|- i^ab 

mon letters, and prefix the common sign. The 1 jq^j 

result, + 47«ft, is the answer required. 

-f 47 aft, Ans, 

60. What is additiou ? 6x. The result called ? 62. How are quantitieB ezpresBed 
by letters regarded ? 63. First principle ? Second ? 

♦ The expressions *i°, 2°, 3°, etc., denote ^r*»*, second^ third, etc. 
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2. What is the sum of — lAxy^ — i6xy, and — iSxy? 

Analysis. — Since thetie tenns are like quan- — i ^y 

tities, and have like Bigna, we add them aa i6xy 

before, and prefix the sign — to the result, for jRxfi 

the reaaon that all the quantities have the ? 

sign — . Hence, the — A^xy, Ans. 

BcJLE. — Add the coefficients ; to the sum annex the com- 
mon letters, and prefix the common sign. 



(3.) 


(4.) 


(5.) 


(6.) 


(7.) 


$ab 


say 


70^ 


— ybcd 


— 4^* 


sab 


&py 


3c^ 


— 3fcd 


— 32^ 


6ab 


«y 


4^ 


— Sfcrf 


- ^f 


jab 


3«y 


^ 


---Shed 


-8aV 



8. Add 5aJ« + i jaV + 2yi». 

9. Add — MhS^f — zaba^— 2Sab2^f. 

10. Add si^dm^ + imm^ + gmm^ + WdmK 

11. If 3a 4- 5a + a + 7a = 48, to what is a equal? 
Solution. 3a + 5a 4- a + 7a= i6a ; hence, a=48 •¥■ 16, or 3. J.fi«. 

1 2. If 4JC + ^bc + ihc + 5 Jc = 80, to what is be equal ? 

13. If xy + 30:^ + 5a;y + ^y = 65, to what is xy equal ? 

CASE II. 
65. To Add like Monomials which have Unlike signs. 

14. What is the sum of 5a J — ^db — 706 + 9a J + 6oi 

-.8aZ>? 

Analysis. — For convenience in opbration. 

adding, we write the negative terms Sdb — yxb 

one under another in the right- ^ab — Tab 

hand column, with the sign — be- ^^j g^j 

fore each, and the positive terms r r~ 

in the next column on the left. ^oflj - l8ai = 2ab, Ans. 

We then find the sum of the coefficients of the positive and negative 



64. How add monomlalts which have like f-iga» ? 
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terms separately ; and taking the less stun from the greater, the result 
2ab, is the answer. Hence, the 

EuLE. — I. Write the positive and negative terms in sepa- 
rate colum^is with their proper signs, and find the sum of the 
coefficients of each column separately, 

11. From the greater subtract the less j to the remainder 
prefix the sign of the greater, and annex the common letters. 

Note — ^If two equal quantities have opposite signs, they 5atonca 
each other, and may be omitted. 

15. Add 4d + sd — sd + 6d— 2d. Ans. 6d. 

16. Add — ^x + 6x + Sx — ^x + gx — yx, 

17. Add ^abc + i2abc — 6abc + sabc — loabc — ^abc. 

18. Add 2b — $b -{- 4b — Sb — yb. 

19. Add — 6y + 4y — 8^ — 9y + 8y — y. 

20. Add 4m + 1 6m — Sm — gm + ^m — lom. 

21. If 6ab -f- i4ab — 'jab + i^ab — i2aJ + i6ab = 32, to 
what is ab equal ? 

22. To what is bed equal, if bed — ^bcd + 4bcd + 4bcd 
— s^cd = 75 ? 

Bbmabk. — The sum in Arithmetic is always greater than any of its 
parts. But, in Algebra, it will be observed, the sum of a positive 
and negative quantity is always less than the positive quantity. It is 
thence called Algebraic Sum, 

66. Unlike Quantities cannot be united in one term* 
Their sum is indicated by writing them one affer another, 
with their proper signs. (Art. 63, Prin. i.) 

Thus, the sum of yg and 3cZ is neither log nor lod, any more than 
7 guineas and 3 dollars are 10 guineas or 10 dollars. Their sum is 
79 + 3d. (Art. 63, Prin. i.) 

67. Polynomials are added by uniting like quantities, 
as in adding monomials. 

■ 

65. How add monomials having nnlike si^s ? R&n. What is trae of the snm in 
Arithmetic ? In Algebra ? 66. How add unlike quantities ? 67. Polynomials ? 
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23. What is the Bum of the polynomial 30^ — 3* + 4^ 
— 3a;; — sab + 4a: — c — 2d; and bg + d + 2ab + b? 

Analysis. — For opkratioh. 

convenience, we Sdb — 3^ + 4^' — 3^ — 

write the quanti- — ^ab -\- b — 2d -{- ^ 

ties so that like gaJ + d + bg ' 

terms shall stand ; ; ; 

one under another. - 2 J + 3^ + x + bg - e, Ans. 

and uniting those which are alike, the result is —2b+^d-\-x-\-hg^c. 

68. From the preceding illustrations and principles we 
deduce the following 

GENERAL RULE. 

I. Write the given quantities so that like terms shall stand 
one under another. 

n. Unite the terms which are alike, and to the result 
annex the unlike terms tvith their proper signs. 

1. Add sa — 3a + 6a + ya + ga + 2b — 3d. 

2. Add ^mn + ^mn — ^mn + gmn — xy + be. 

3. Add 3bc — ybc + xy — mn + iibc + gbc. 

4. Add sab — ^mn — a6 + ^ab -h 22; — 4ab + ab. 

5. Add 3xy ^xy + ab— yxy + b -^ Sxy — rry + i^xy. 

69. Compound Quantities inclosed in a paren- 
thesis, are taken collectively, or as one quantity. Hence, if 
the quantities are alike, their coefficients and exponents are 
treated as the coefficients and exponents of like monomials. 
(Art. 64.) 

6. What is the sum of '3 {a + b) + 5 (« + &) + 7 (« + &) ? 
Solution. 3 (a + 6) and 5 (a + 5) and 7 («^ + 5) are 1 5 (a + h). Ans. 

7. Add 13 (a + *) + 15 (a + ^) - 7 (« + *). 

8. Add Sc {x — y) -f 7c (x—y) — 5^ {x—y) -j^gc (x—y). 

9. Add saVxy + s^Vxy — '^a'^/xy -f- 6a\/xy. 

10. Add 5 V« + 3\/rt — 8Va + 9\/« — 3 V«- 

1 1. Add 2>Vx — y — 3 a/^^ — y + 5 V^ — y- 

68. The general rule for addition? 69. How add quantities included in a paren- 
thesi^i ? 
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70. The 8um of unlike quantities having a common letter 
or letters, may be expressed by inclosing the other letters, 
with their signs and coefficients, in a parenthesis, and an- 
nexing or prefixing the common letter or letters to the result. 

12. What is the sum of sax + 35a; — 4ca;? 

Solution. 5aa;+ 362;— 4caj = (5^+ 3&— 4c)aj, or a;(5a+ 3&— 4c). Am. 

13. Add 7« — 6la + 3rf« — ^ma. 

14. Add dby + 3y — 2ct/ — 5;wy. 

15. Add 9m + abm — *jcm + 3^7W. 

16. Add 13^0; — ^bx -^ ex — ^dx + ma. 

1 7. Add axy + hxy — cxy. 

PROBLEMS. 

71. Problems requiring equal quantities to be added to each 

side of the equation* 

1. A has 3 times as many marbles as B, lacking 6; and 
both together have 58. How many has each ? 

Analysis. — If x represents opbbation. 

B's number, then will 30?— 6 Let X = B's No. ; 

represent A's, and X'\-2tX—t \\^qj^ ^^r — 6 = A^S " 

= 58, the sum of both. To , /: o u xt. 

^ J , , iC + 3a; — 6 = 58, both, 

remove —6, we add an equal 

pogitvoe quantity to each side ^"r3^ o-f-o 50-j-o 
of the equation. (Axiom 2.) 4^ = ^4 

Uniting the terms, we have x=z 16, B's No. 

4X = 64, and x = 16, B's, and 33; — 6 = 42, A's " 

3 times 16—6, or 42 = A's No. 

72. When a negative quantity occurs on either side of an 

equation, that quantity may be removed by adding an equal 

positive quantity to both sides. 

Note. — In forming the equation, we treat x as we do the answer 
in proving an operation. 

2. A kite and a ball together cost 46 cents, and the kite 
cost 2 cents less than twice the cost of the ball. What was 
the cost of each ? 

70. How may the Bnm of unlike qaaotities which have a common letter he ex- 
pressed ? 
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3. In a basket there are 75 peaches and pears ; the num- 
ber of pears being doable that of the peaches, wanting 3. 
How many are there of each? 

4. The sum of two numbers is 85^ and the greater is 
5 times the less, wanting 5. What are the numbers ? 

5. A certain school contains 40 pupils, and there are 
twice as many girls, lacking 5, as boys. How many are 
there of each ? 

6. K 44a: + 6$x — 24 = 85, what is the yalue of a; ? 

7. If 7a; — 3 + 2« = 60, what is the value of a; ? 

8. If 4y + 2y + sy — 7 = 70, what is the value of y ? 

9. The whole number of votes cast for A and B at a cer- 
tain election was 450 ; A had 20 votes less than 4 times the 
number for B. How many votes had each ? 

10. The sum of two numbers is 177 ; the greater is 3 less 
than 4 times the smaller. What are the numbers ? 

1 1. What is the value of y, if 4y + 3y -h 2y — 12 = 60 ? 

12. A lad bought a top and a ball for 32 cents ; the price 
of the ball was 3 times that of the top, minus 4 cents. 
What was the price of each ? 

13. A man being asked the price of his saddle and bridle, 
replied that both together cost 40 dollars, the former being 
4 times the price of the latter, minus 5 dollars. What was 
the price of each ? 

14. A lad spent a dollar during a holiday, using three 
times as much of it in the afternoon as in the morning, 
minus 4 cents ; how much did he spend in each part of the 
day? 

Find the value of x in the following equations : 

15. 3a; + 6rr + 4a; -f 5a; — 8 = 154. -4ns. 9. 

16. 2a; + 5a; + 3a; — 10 = 130. 

17. 4a; + 3a; + 7a; — 12 = 86. 

18. loa; — 4a; + 9a: — 25 = 155. 

19. 15a; — 7a; — 2a; — 60 = 300. 
ao. 18a; — 4a; -h a;— 75 = 225. 



CHAPTER III. 

SUBTRACTION. 

73. Subtraction is finding the difference between two 
quantities. 

The Minuend is the quantity from which the subtrac- 
tion is made. 
The Subtrahend is the quantity to be subtracted. 
The Difference is the result found by subtraction. 

74. Since quantities expressed by letters are regarded as 
concrete^ the coefficient of one letter may be subtracted from 
that of another, like concrete numbers. (Art. 62.) 

Thus, 7a — 3a = 4a ; 8& — 5& = 3&. 

PRINCIPLES. 

75. 1°. Like quantities only can he subtracted one from 
another. 

2°. The sum of the difference and subtrahend is equal to 
the minuend. 

3°. Subtracting a positive quantity is equivalent to add' 
ing an equal negative one. 

Thus, let it be required to subtract +4 from 6+4. 

Taking +4 from 6 + 4, leaves 6. 
Adding —4 to 6 + 4, we have 6 + 4—4. 
But (Ax. 7) 6+4—4 is equal to 6. 

4°. Subtracting a negative quantity is the same as adding 
an equal positive one. 

73. Define RQbtraction. TheHiDnend. Sabtrahend. Difference. 75. Name the 
first principle. Second. Ulnstrate Prin. 3 upon the blackboard. Illastrate Prin. 4. 
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Thus, let it be reqaired to subtract —4 from 10— 4. 

Taking —4 from 10—4, leaves 10. 
Adding +4 to 10—4, we have 10—4+4. 
But (Ax. 7) 10—4+4 is equal to 10. 

Again, if the assets of an estate be $500, and the liabilities $300, 
the former being considered powtive and the latter negcUvoe, the net 
value of the estate will be $500— $300 = $200. Taking $50 from the 
assets has the same effect on the balance as adding $50 to the liabilities. 
In like manner, taking $50 from the liabilities has the same effect as 
adding $50 to the assets, 

76. To Find the Difference between two like Quantities. 

This proposition inclades three classes of examples, as 
will be seen in the following illustrations : 

I. From 25a subtract 17a. 

Remark. — i. In this example the signs are 
alike, and the subtrahend is less than the min- 
uend. Subtracting a positive quantity is 
equivalent to adding an equal negative one. 
(Prin. 3.) We therefore change the si^ of 
the subtrahend, and then unite the terms as in addition. Thus, 
25«— i7a = 8a. 



OTBItATXON. 



25^ Minaend. 
— l^a Subtrahend. 

Set Difference. 



2. From 4a subtract 7a. 

Remabk. — 2. In this example the signs 
are alike, but the subtrahend is greater than 
the minuend. Changing the sign of the sub- 
trahend, and uniting the terms as before, the 
subtrahend cancels the minuend, and has 
—3a left. (Prin. 3.) 

3. From 45«& subtract — 29^6. 

Remark. — 3. In this example the signs 
are unlike. Subtracting a negative quantity 
is the same as adding an equal positive one. 
(Prin. 4.) Changing the sign of the sub- 
trahend and proceeding as before, we have 
4506 + 2gab = J4ab, A718, 



OFBBATIOK. 

4fl Hinnend. 

— 7^ Sttbtrahend. 

— 3a Difference. 



OFSBATIOH. 

45 a& Minaend. 
-\- 2gab Subtrahend. 

T4ab, Anfi, 



76. How find the difference between two like quantities ? 
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4. From 9&C + yd — 5a?, take $bc + 2^ — 43:. 

Analysis. — In subtraction of ofebation. 

polynomials, for convenience, we q}^ _[_ y J e^: 

place like tenns under each other. ^i^ 2d A- AX 

Then, changing the signs of all the 

terms in the subtrahend, we unite °^^ + 5^ — ^> Ans, 

them as before. 

77. From the preceding illustrations and .principles we 
deduce the following 

GENERAL RULE. 

1. Write the subtrahend tender the minuend, placing like 
terms one under another. 

II. Change the signs of all the terms of the subtrahend, or 
suppose them to be changed, from + to — , or from — to 
+, and then proceed as in addition, (Art. 74, Prin. 3, 4.) 

Notes. — i. Unlike quantities can be subtracted only by changing 
the signs of all the terms of the subtrahend, and then writing them 
after the minuend. (Art; 66.) 

2. As soon as the student becomes familiar with the principles of 
subtraction, instead of actually changing the signs of the subtrahend, 
he may simply suppose them to be changed. 

EXAMPLES. 

1. From 43c + d, take 25c + d. Ans, iSc. 

2. From 49a;, take 232: + 3. Ans, 26x — 3. 

3. From 2SX1/Z, take i4xyz. 

4. From — 43^^, take + igab. 

5. From 4ab, take — i^ab. 

6. From 4sxy, take + i6xy. 

(7.) (8.) (9-) (10.) 

From 2oac 42ax^ 37«^S — ■ 2gay^y^ 

Take — 230^ saa? — i^a^ + 15x2^2 



77. General rule for sab traction ? Ifote. How subtract unlike quantities. 
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(ll.) (I2.) (13.) (14-) 

From aia^i igaba^ —33^^ ^^^ 

Take — 7a% igaba? + ^rnhi — 122^ 

15. A is worth $100, and B owes $50 more than he is 
worth. What is the difference in their pecuniary standing ? 

16. What is the difference in temperature, when the ther- 
mometer stands 15 degrees above zero, and when at 10 
degrees below ? 

17. By speculation, A gained on a certain day $275, and 
B lost I14S. What was the difference in the results of their 
operations ? 

(18.) (19.) • (20.) 

From 'jxy ^%a 86* + 7am 13a?* — 7^' 

Take ^xy — 2a — 5^ — 9^^^ — S^ -^ ^y^ — ^^ 

21. From 1305 H- rf — a;, subtract ^m — 371. 
•22. From gcd — aS, take 2m — 3W — 4y. 

23. From 13m — 15, take — 5m + 8. 

24. From jx^ — 5a: -h 15, take — 5a? + 8a; + 15. 

25. Frorii 19^5 — 2c — yd, take sab — 15c — SdL 

26. From a, take b — c, and prove the work. 

27. From II {a + b), take 5 {a + b). 

28. From 17 (« — b + x), take 8 (a — J + a;). 

29. Subtract — 18 (a + S) from — 13 (a + J). 

30. Subtract 21 {a^ — y) from 14 (a:^ _ ^^^ 

31. A and B formed an equal partnership and made 
$1,000. B's share by right was $1,000 — $500; but wish- 
ing to withdraw, he agreed to subtract $100 from his share. 
What would A*s share be ? 

32. What is the difference of longitude between two 
places, one of which is 23 degrees due east from the meridian 
of Washington, the other 37 degrees due west? 

Remark. — The subtrahend, in Algebra, is often greater than the 
minuend, and the difference between a positice and negative quantity 
greater than either of them. It is thence called Algebraic Dif- 
ference, 
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78. The Difference of unlike quantitieB which have a 
common letter or letters may be indicated by enclosing all 
the other letters, with their coefficients and signs^ in a 
parenthesis, and annexing, or prefixing the common letter 
or letters to the result 

33. From lam, take 2bm. 

Analysis, yim = 3a times m, and 2bm = 2b times m ; therefore, 
saw— 2hm = (3a— 2b) m, or m (3a— 2ft). Ans. 

34. From zbofi, take ca^ — da?. 

35. From aby, take cy + dy — xy. 

36. From 7^2^ take ba^ — ca^. 

37. From abx, take 302; + da; + ?wa;, 

38. From 8a:y, take aJa:y — cxy + dicy. 

39. From $ac + Jmc, take ^ac — dc. 



APPLICATIONS OF THE PARENTHESIS. • 

79. A parenthesis, we have seen, shows that the quanti- 
ties inclosed by it are taken collectively, and subjected to 
the operation indicated by the sign which precedes it. 
(Art: 15.) 

80. A parenthesis having the sign + prefixed to it, may 
be removed from an expression, if the signs of the included 
terms remain unchanged. 

Thus, a— &+(c— (?+e) = a— 6+c— d+e. Hence, 

8!L Any number of terms may be inclosed in a parenthe- 
sis and the sign + placed before it, if the signs of the 
inclosed terms remain unchanged. 

Thus, a+6— c+<? = a+(6— c + (i), or a+h + (—c^d). 

Note. — This principle affords a convenient method of indicating 
the addition of polynomials. (Art. 67.) 



78. How subtract unlike quantities having a common letter or letters ? 79. What 
is the object of a parenthesis ? 80. How removed when the sigii + is prefixed to it. 
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82. A parenthesis having the sign — prefixed to it^ may 
be removed by changing the signa of all the inclosed terms 
from + to — and — to +. 

Thus, removing it from the equal expresBions, 

. ,^ , 'J.=a — 6 + c — d. Hence, 
a — 6 — (d — c) ( 

83. Any number of terms may be inclosed by a paren- 
thesis, and the sign — placed before it, if all the signs of 
the inclosed terms are changed. 

Thus, a— 6+c— (1= a— (6— c+d), or a— 6— (— c+d), etc 

Note. — This principle enables us to express a polynomial in differ- 
ent forms without changing its value. 

1. How express a — x + c, using a parenthesis? 

Ans. a — r a; 4- c = a — (a; — c), or o — (— c + x). 

2. How express a — 5 — a; — ^-f-;?, using a parenthesis ? 

Ana. a — b — {x + y --- z), or 
a — b — (y + X — z), or 
a — b — ( — z + X + g). 

84. When two or more parentheses occur in the same 
expression, they are removed by the same rule, beginning 
with the interior parenthesis. 

Thus, a— [5— c- (d + ar) + e]=a— (6— c— d— aj+ 6)=a— 6+c + d +ir— «. 

Note. — Quantities may be included in more than one parenthesis, 
by observing the preceding rules. 

Eemove the parentheses from the following expressions-. 

3. ab — {be — d), Ans. db — be -\- d, 

4. b — {c — d + m). 

5. ^x—{—y+ab-'4d). 

6. 2a — [b -{- c — {^ + y) — d], 

7. a — (b — c) — {a — c) + c — {a — b). 

^^r The principles governing the signs in the use and removal of 
parentheses should be made familiar by practice. 



82. How when the sign — is prefixed? 83. How inclose terms in a parenthesis 
with — prefixed to it? 



CHAPTER lY. 

MULTIPLICATION. 

85. Multiplication is finding the amount of a quan- 
tity taken or added to itself, a given number of times. 

Thus, 3 times 4 are 12, and 4 taken 3 times (4+4+4) = 12. 

The Multiplicand is the quantity to be multiplied. 
The Multiplier is the quantity by which we multiply. 
The Product is the quantity found by multiplication. 

86. The Factors of a quantity are the multiplier and 
multiplicand which produce it. 

PRINCIPLES. 

87. 1°. The multiplier must he considered an abstract 
quantity. 

2°. The product is of the same nature as the multiplicand ; 
for, repeating a quantity does not alter its nature, 

3°. Tlie product of two or more factors is the same in 
whatever order they are multiplied. 

CASE I. 

88. To Multiply a Monomial by a Monomial. 

I. What is the product of « multiplied by c? 

Ans. a X c, or ac. 

Note. — The product of two or more letters, we have seen, is ex- 
pressed by writing them one after another, either with or without the 
sign of multiplication between them. (Art. 10.) 

85. Define mnltiplication. The multiplicaod, ^loltiplier, Product, 66. Fao* 
tors. 87. Name Prin. i. Prin. 2. Prin. 3, 
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2. If I ton of iron costs a dollars, what will x tons cost ? 

Analtbis. X tons will cost % times as much ajs i ton ; and x times 
a dollars are ax dollars. That is, a dollars are taken x times, and are 
equal to a+a+a . . . . , and so on to a; terms. 

3. What is the product of 4a by 2 J ? 

Analysis. — Since each coefficient and each letter opibatiob. 

in the multiplier and multiplicand is a factor, it fol- 4^ 

lows that the answer must • be the product of the 2b 

coefficients with all the letters of both factors an- a ^r~T 
nezed. Hence, the 

EuLE. — Multiply the coefficients together, and prefix the 
product to the product of the literal factors. 

Multiply the following quantities : 



4. 


^ab by 5a:. 


Ans. zoabx. 


s. 


6bc by 7a. 


9. jxy by Sab. 


6. 


'jabc by sxy. 


10. 6ac by jdx. 


7. 


Sdm by xy. 


II. gbdhyScm, 


8. 


gbcd by 'jxyz. 


12. jxyz by gai^f. 



SIGNS OF THE PRODUCT. 

89. The investigation of the laws that govern the signs 
of the product, requires attention to the following 



PRINCIPLES. 

1°. Repeating a quantity does not change its sign, 
2°. The sign of the multiplier shows whether the repetitions 
of the multiplicand are to be added, or subtracted. 

90. If the Signs of the factors are alihe, the sign of the 
product will be positive j if unlike, the sign of the product 
will be negative, 

88. How multiply a monomial by a monomial ? 89. Name Principle x. Prin. 3, 
90. If signs of fiictors are alike^ what is the si^ of the product ? If unlike ? 
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91. Demokstbatiok. — There are four points to be 
proYcd: 

First. That -|- into + produces +. 

Let +a be the multiplicand and +4 the multiplier. It iB plain 
that + a taken +4 times is +4a. (Prin. i.) The sign of the multi- 
plier being + , shows that the product + 4a, is to be added, which is 
done by setting it down without changing its sign. (Art. 66.) 

Second, That — into + produces — . 

Let —a be multiplied by +4. Now —a taken 4 times is —4a ; for 
a negative quantity repeated is stiU negative. (Prin. i.) But the 
sign before the multiplier being + , shows that the negative product 
— 4a, is to be added. This also is done by setting it down without 
changing its sign. (Art. 66.) 

Third. That + into — produces — . 

Let +a be multiplied by —4. We have seen above that +a taken 
4 times is +40. But here the sign of the multiplier being —, shows 
that the product +4^, is to be subtracted. This is done by changing 
its sign from + to — , on setting it down. ThuSi +a x —4 = —4a. 
(Art. 77.) 

Fourth, That — into — produces +. 

Let —a be multiplied by —4. It has also been shown that —a 
taken 4 times is ~4a. But the sign of the multiplier being ~, shows 
that this negative product —4a, is to be subtracted. This is also done 
by changing its sign from — to + , when we set it down. Thus, 
—a X —4 = +4^. (Art. 77.) • Hence, universaUy, 

92. Factors having like signs produce +, and unlike 
signs — . 

13. Multiply + 4aJ by — *jcd. Ans. — 2Saicd. 

14. Multiply — sxy by -|- gab. 

15. Multiply + 6ab by + jdc. 

16. Multiply — Sxy by — igabc. 

17. Multiply + iSabc by — 232^. 

18. Multiply — 35icy by — 2'jbcd, 



9z. Prove the first point from the hlackhoard. The secoud. Third. Fourth. 
92. Bole for Bigns. 



( 
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93. When a letter is multiplied into itself^ or taken twice 
as a factor, the product is represented by a x a, or aa; 
when taken three times, by aaa, and so on, forming a series 
of powers. Bnt powers, we have seen, are expressed by 
writing the letter once only, with the index above it, at the 
right hand. (Art 31.) 

19. What is the product of aaa into aa ? 

Ahaltsis. aaa xaa = aaaaa, or a\ Ans, Now aaa = cfi, and 
aa = a*; but adding the exponents of a* and a' we have a', the same 
as before. Hence, 

94. To multiply powers of the same letter together, add 
their exponents. 

NOTBS. — I. All powers of i are 1. 

2. When a letter has no exponent, i is always understood. 

Multiply the followiug quantities : 

20. al^(^ by aV)c. Arts, cfii^c^, 

21. sa^^hj 206^. Ans. dd^^hhuy. 

22. 3a:y2 ijy j^a^ 25. alf" by aJ". - 

23. ^c^b by 4aS*. 26, Tficyz by 2xy. 

24. a^^y by c?^y. 27. (ioif'Vc by ^c^Vc. 

28. If a = 3, what is the difference between 3a and a"? 

29. K a; = 4, what is the difference between 4a; and a:* ? 

95. The preceding principles illustrating monomials may 
be summed up in the following 

BuLE. — Multiply the coefficients and letters of both factors 
together; to the product prefix the proper sign, and give to 
each letter its proper index. 

Note. — It is immaterial in what order the factors are taken, but it 
is more convenient, and therefore customary, to arrange the letters in 
alphabetical order. (Art. 87, Prin. 3.) 

30. Multiply — ^xy by — 2x, 

31. Multiply 6aW by — 7,d^bc. 

94. How multiply powers of the same letter together? 95. What is the rule for 
multiplying monomiala ? 
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(33.) 


(34.) 


(35.) 


7fl4» 


8c»^ 


4a«i» 


3a** 


S«^ 


— yaJ 


(37.) 


(38.) 


(39.) 


^db<^ 


4a»c» 


xys^ 


iab<^ 


— 7a« 


xyz 



(32.) 

Multiply 4iry 
By Q^ 

Multiply z^y 
By — 2xf 



CASE II. 

96. To Multiply a JPolynofnial by a Manofniaim 

1. What is the product of a + ft multiplied hy S ? 

Analysib.— Multiplying each term of the opmutioh. 

mnltiplicand by the multiplier, we have axb (l -t 

= a5, and6x6 = 62. The result, 06+6*, is the b 

product required. Hence, the Ans, ab 4- l^ 

EuLE. — Multiply mch term of the multiplicand by the 
multiplier; giving each partial product its proper sign, and 
each letter its proper hidex. 

Multiply the following quantities : 

2. be — ad by ab. Ans. aV^c — a%d, 

3. ^ax^ + ^\cd by 2c. 

4. 5aft2 — 2cd + a: by 302:. 

5. 4^2 — ^ab + 771^ by — 2bd, 

6. 3a2 — . 4J2 __ 2c2 by — 50^. 

CASE III. 

97. To Multiply a PolytwmieU by a Bolynovnial. 

7. What is the product of a + J into a + J ? 

AiTALYSis. — Since the multiplicand is to opbration. 

be taken as many times as there are units in a -\' b 

the multiplier, the product must be equal to a -^-b 

a times a-\-h added to & times /z+&. Now 
a times a-\-h = a^-^-cib, and h times a+h 



a^ + ab 

= +ab+Ij^. Hence, a+h times a+b must + ao + c^ 

be equal to a^ + 2ab-\-b^. Ans, a^ + 2ab -f J* 



96. How multiply a polynomial by a monomial 1 
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8. Multiply J + aa — 3C by a + & 

AKALT8I8. — We mnlti- owratiow. 

ply each tenn in the multi- aa + b — 3c 

plicand bj each term io tbe a + b 

maltipUer, giving to each 2^2+ ab — SOC 

product the proper sign. . , . x* i 

jArt.89.) Finally we^^d +i£* +±^zJ^ 

the partial product8,andthe Ans. 20* + $ab — jflC + ^ — sbc 
result is the answer required. 

98. The various principles developed in the preceding 
cases, may be summed up in one 



GENERAL RULE. 

Multiply each term of the multiplicand by each term of 
the multiplier^ giving each product its proper sign, and each 
letter its proper exponent. 

The sum of the partial products will be the true product. 

Note. — ^For convenience in adding the partial products, like terms 
should be placed under each other. 

Multiply the following quantities: 

1. 2a + J by 3a? + y. 5. 3a + 4* — c by a; — y. 

2. 3a; + 4y by a — J. 6. 5a; + 3y + « by a + b. 

3. 4J — c by 3d — a. 7. Tcdx — ^ab by 2m — ^n. 

4. 6xy — 2a by i +.c. 8. Safe + 4m by ^x — 4y. 
9. Multiply 3aJ" by So^J. Ans. 24a8J'•"^^ 

10. Multiply — 7aa;"» by — Scftc". Ans. 560^"*+*. 

11. Multiply 3a Jc" by rcy;?"*. 

12. Multiply acd^ by iibcd". 

13. Multiply — aa;® by — ax". 

14. Multiply x{a + b)^ by c (a + d)^. (Art. 15.) 

15. Multiply c{a — b)^ by 5 (a — by. 

16. Multiply a (a; + y)"* by Jc (a; + y)\ 

17. Multiply 3a; (fl + by by — (a + b), 

98. Bow waltiply a polynomial by a polynomial ? 
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99. When the polynomials contain different powers of the 
same letter, the terms should be arranged so that the first 
term shall contain the highest power of that letter, the 
second term the next highest power, and so on to the last 
term. This letter is called the leading letter. 

(i8.) (19.) 

a + b 4a% — 306 



a^+Za^b+T^aV^+l^, Ans. I2fl5^>2_^^^_3^3j2^ ^^^^ 

20. Multiply a^ — ab -^ff^hj a + b, 

21. Multiply a^ — ab + i^hya^+ab + V, 

22. Multiply a:^ -|_ a; -|_ I by a? — .T + I. 

23. Multiply 32^2 — 2xy + S by a;^ + zxy — 6. 

24. Multiply 4aa? — 2ay by Mx + yiy, 

25. Multiply rf + Ja; by rf + ca;. 

100. The Multiplication of polynomials may be indi- 
cated by inclosing each factor in a parenthesis, and writing 
one after the other. 

Thus, {a + 6) (a + 6) is equivalent to (a + 6) x (a + 6). 

Note. — Algebraic Expressions are said to be developed or 
expanded, when the operations indicated by their signs and exponents 
are performed. 

26. Develop the expression {a + b) {c + d), 

Ans. ac + be + ad + bd. 

27. Develop {x + y) {x — y). 

28. Develop (a^ -|_ i) (^ _}_ i). 

29. Expand (a^ + 2xy + y^(x + y). 

30. Expand (a"» 4- Zi") (a»» + &«). 

31. Expand (a; + y + 2;) (a: + y + z). 

99. How arrann;e different powers of the same letter ? too. How indicate the miih 
tiplication of polynomials ? 
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GENERAL PRINCIPLES AND FORMULAS OF 

MULTIPLICATION. 

101. The square of the sum of two quantities is equal to 
the square of the first, plus twice their product, plus the 
square of the second. 

1. Let it be required to multiply a + l into itself. 

Analtbib.— Each term of the multipli- a + d 

cand being multiplied by each tenn of the a A- b 

multiplier, we have a times a + 6 and h times 

a + 6, the sum of which is a« + 2a6 + 6*. ^' + ^* 
Hence, the + fl& + ^ 

FoEifULA. {a+hy = a*+ 2db+V. Ans. c? -\- 2db -\-V 

102. The square of the difference of two quantities is 
equal to the square of the first, minus twice their product, 
plus the square of the second. 

2. Let it be required to multiply a — J by a — J. 

Analtbis. — Reasoning as before, the re- d — h 

suit is the same, except the sign of the mid- a h 

die term, 206, has the sign — instead of +. ^~1_ ^^ 

Hence, the ■, , ,9 

— ao + €^ 

PoBMULA. (a— J)* = a*— 2a& + J2. Ans. cfi — zah + ^ 

103. The product of the sum and difference of two quan- 
tities is equal to the difference of their squares. 

3. Let it be required to multiply a + 5 by a — J. 

Analysis. — This operation is similar to a + h 

the last two ; but the partial products -^ab a — t 

and —oft, being equal, balance each other. c?~-\-~ab 

Hence, the ^J _ ^ 



Formula. {a + V){a—V)=a^--1^. Ans. a^ — ^ 

Remark. — The product of the sum and dijference of two tgiuires is 
equal to the difference of their fourth powers. 



zoi. To what is the sqnare of the earn of two qaantitiee equal ? 102. The sqnare 
of the difference ? 103. The product of the sum and deference of two quantities ? 
Remark. Of two squares ? 
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104. The product of the sum of two quarUities into a third, 
is equal to the sum of their products, 

4. Let X and y be two quantities, whose sum is to be 
multiplied by a. Thus, 

Vhe product of the Bum (^-{-y) x a = 6KB+ o^ 

The sum of the products of xxa-\-yy. a •=aa-\'ay 
And ax^-ay^ax-^-ay. Hence, the 

FoBMULA. a{x + y) -=. ax + ay, 

105. The product of the difference of two quantities into a 
third, is equal to the difference of their products. 

5. Let X and y be two quantities, whose difference is to be 
multiplied by a. Thus, 

The product of the difference (a?— y) x a = ax^ay 

The difference of the products of a: x a— y x a = ax— ay 
And ax— ay = ax— ay. Hence, the 

FoEMULA. a{x — y) = ax — ay. 

Remark. — The application of the preceding principles is so frequent 
in algebraic processes, that it is important for the learner to make 
them very familiar. 

Develop the following expressions by the preceding for- 
mulas: 



I. 


{a+ i){a+ i). 


II. 


{/\x — i) (4ic — 1). 


2. 


(2a + i){2a 4- i). 


12. 


(5* + 1) (5^ + i). 


3- < 


(2a — b) {2a — 5). 


13- 


(i-a:)(i-a;). 


4. 


{x H- y) {x + y). 


14. 


(i + zx) (l + 2X). 


5- 


[x -y){x-- y). 


15- 


(8J 3a) (8& 3a). 


6. 


(i+a;)(i —x). 


16. 


[ah + cd) (ab + cd). 


7. 


{7f - y) {ly^^ - y). 


17. 


(3a — 2y) (3a + 2y) 


8. 


(4?» — 3w) (4m + 3^)- 


18. 


{7^ + y) (a:^ - y). 


9- 


{x^^y)(x^ + y). 


19. 


{X -f){x- f). 


10. 


[i — ^x) (i + 72^)- 


20. 


{20^ + x) (2/72 — x). 



io4« What is the product of ihamm of two quantitioB into a third equal to? 
X05. Of iliQ difference f 
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PROBLEMS. 

106. Problems requiring eacli side of the equation to be 

multiplied by equal quantities. 

1. George ha.s 1 third as many pears as apples, and the 
number of both is 24. How many has he of each ? 

Analysis.— If x represents the nam- I^t x =: No. apples ; 
ber of apples, then - will represent the _ = Dears. 

number of pears, and x-\ — will equal x 

3 a; + - = 24 

24, the number of both. The denomi- 3 

nator of a; is removed by multiplying 3a; + a: = 72 

each term on both sides of the equation 4a; = 7 2 

by 3. (Ax. 6.) The result is ya-^x, or . ^ = iS apples. 

40; = 72. Hence, x= iS, the apples, 

and i8-«-3 = 6, the pears. Hence, - = 6 pearS. 

107. When a term on either side of the equation has a 
denominatoTy that denominator is remoyed hy multiplying 
every tenu on both sides of the equation by it. (Ax. 4.) 

2. What number is that, i seventh of which is 9 ? 

Ans. 63. 

3. What number is that, 2 thirds of which are 24 ? 

4. A man being asked how many chickens he had, 
answered, 3 fourths of them equal 18. How many had he? 

5. What number is that, i third and i fourth of which 
are 21? 

Analysis. — If x represent the number, then j^^. ^ __ jj-^ 

X X 

will - + - = 21, by the conditions. Multiplying a? X 

3 4 - + - = 21 

each term on both sides by the denominators 3 3 4 

and 4 separately, we have 40;+ 32? = 252. (Ax. 4.) 4^ + 3^ = 25 2 

Uniting the terms, 70? = 252, and x -= 36, Ans. . • . a; = 36 

Pboop. J of 36 = 12, and J of 36 = 9. Now, 12 + 9 = 21. 



107. When s quantity on either Bide .of an equation hae a denominator, how re- 
move it? 
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6. What number is that, 2 thirds of which exceed i half 
of it by 8? 

7. A general lost 840 men in battle, which equaled 
3 seyenths of his army. Of how many men did his army 
consist ? 

8. If 3 eighths of a yacht are worth $360, what is the 
whole worth ? 

9. If — equals 20, to what is x equal ? 

10. If — is equal to 20, to what is x equal ? 

\x 

11. K — is equal to 24, to what is x equal ? 

12. If — is equal to 28, to what is x equal ? 

13. Henry has 30 peaches, which are 5 sixths the number 
of his apples. How many apples has he ? 

14. A farmer has 3 sevenths as many cows as sheep, and 
his number of cows was 30. How many sheep had he ? 
How many of both ? 

15. Divide 28 pounds into two parts, such that one may 
be 3 fourths of the other. 

16. A lad having given i third of his plums to one school- 
mate, and I fourth to another, had 10 left. How many had 
he at first ? 

17. What number is that i third and i sixth of which 
are 21? 

18. What number is that i fourth of which exceeds 

1 sixth by 12 ? 

19. Divide 36 into two parts, such that one may be 

2 thirds of the other ? 

20. One of my apple trees bore 3 sevenths as many apples 
as the other, and both yielded 21 bushels. How many 
bushels did each yield ? 



CHAPTER V. 
DIVISION. 

108. Division is finding how many times one quan- 
tity is contained in another. 

The Dividend is the quantity to be divided. 
The Divisor is the quantity by which we divide. 
The Quotient is the quantity found by division. 
The Remainder is a part of the dividend left after 
division. 

109. Division is the reverse of multiplication, the divi- 
dend answering to the product, the divisor to one of the 
factors, and the quotient to the other. 

PRINCIPLES. 

110. 1°. Wlien the divisor is a quantity of tlie same kind 
as the dividend, the quotient is times, or a number, 

2°. When the divisor is a number, the quotient is a quan- 
tity of the same kind as the divide^id, 

3°. The product of the divisor and quotient is equal to the 
dividend. 

4°. Cancelling a factor of a quantity, divides the quantity 
by that factor. 

CASE I. 

111. To Divide a Monomial by a IMonomial. 

I. What is the quotient of abed divided by erf? 

Analysis.— The diviSbr cd is a factor of the divi- opebatioh. 
dend ; therefore, if we cancel this factor, the other cd ) abcd 
factor a6, will be the quotient. (Prin. 4.) Ans, db. 

X08. Define division. The dividend. Divieor. Qaotlent. Remainder. 109. Of 
what is division the reveree ? Explain, no. Name the first principle. The second. 
Third. Fourth. 
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2. What is the quotient of iSaJ divided by 6a ? 

A17ALT8IS. — Dividing the coefficient of the divi- oibbatiow. 

dend by that of the divisor, and cancelling the com- 6a ) iZah 

mon factor a, we have \Z(ib-\-ta = 36, the quotient Ans. xb, ^ 
required. (Prin. i.) Hence,' the 

EuLE. — Divide one coefficient by the other, and to the re- 
sult annex the quotient of the literal parts. 

Divide the following quantities : 

(3) (4.) (5-) (6.) 

2C ) 4abc 4 J ) 2obxy Sxy ) ^oxy 16b) szab 

(7.) (8.) (9.) 

gm ) 4S^bm 2omn ) 6obcmn 24xy ) gSmnxy 



SIGNS OF THE QUOTIENT. 

112. The rule for the signs in division is the same as 
that in multiplication. That is^ 

If the divisor and dividend have like signs, the sign of the 
quotient will be + ; if unlike, the sign of the quotient 
will be — . 



Thus, +a X +6 = +ab 
—a X +6 = —06 
+ a X —6 = —ab 
—a X —b = +06 



hence, +ab -*- +6 = +a. 

hence, —ab -«- +6 = —a. 

hence, +«& -? b = —a. 

hence, —06 -i h = +a. 



Divide the following quantities :» 

10. — ^2abc by — 4ab. Ans. 8c. 

11. iSabxhj—$z. Ans, 

12. 2iabc by — -jab. 15. 4Sabc by — Sac, 

13. — zSbcd by — 4cd. 16. 6^bdfx by gbx, 

14. 35crfm by 7cm. 17. -— Tzacgmhy Scm, 



til. How divide a monomial by a monomial? zi2. What is the role for the 
signs? 
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113. To Divide Powers of tho Mine loiter. 

1 8. Let it be required to divide cfi by a*. 

Analtsib. — The term a* =: acuxaa, and a* = aaa. Bejecting the 
factors aaa from the dividend, the result aa, or a', is the quotient. 
Subtracting 3, the index of the diyisor, from 5, the index of the divi- 
dend, leaves 2, the index of the quotient. That Is, a^-^a^ ^ a*. 
(Arte. 31, no. Prin. 4.) Hence, the 

Rule. — Subtract the itidex of the divisor from that of the 
dividend. 



Divide the following quantities: 

19. (Fbyd*. 22. 

a;" by ofi, 23. 



20. 



21. ac^byoc*. 



24. 



xyz^^ by ocys?, 
i6aV by 4a J. 
6a:y by zf- 



114. The preceding principles may be summed up in 
the following 

Rule. — Divide the coefficient of the dividend by that of the 
divisor; to the result annex the quotient of the literal factors^ 
prefixing the proper sign and giving each letter its proper 
eaponent. 

Proof. — Multiply the divisor and quotient together, as in 
arithmetic. 

Note. — If the letters of the divisor are not in the dividend, the 
division is expressed hv writing the divisor under the dividend, in the 
form of a fraction. 



25- 

26. 
27. 
28. 
29. 

so- 



^x 
What is the quotiipt of $x divided by 3y ? Ans. — -• 



— 24fl2^c^ -^ 3flJ. 

— Tfi^y^ -rr dxyz. 

— 7a<y3 -1. ^ xy, 
af¥<? -^ aWc. 



32 
33 
34 

35 

36 

37 



32a:*yV -T- ^yz. 
g6a^l^c-T- i2ab. 
S4(p3:Y -^ jdhcy. 
loSabx*^ -T- ^bo^. 
1 3 27hi^ -7- 1 ix^y^. 
121 vf&nh^ -f- 1 im^naft 



Z13. How divide powers of the same letter? 114. Rale for division of mono- 
mials ? Proof? If the letters of the divisor are not in the dividend, what is done ? 
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CASE II. 

115. To Divide a BolynomiaZ by a Monomial. 

1. Divide ah +ac + ad by a. 

Analysis.— Since the factor a enters into opbratioh. 

each term of the dividend, it is plain that a ) ab -\r ac -{- cuj 

each tenn of the dividend must be divisible A fig J _l /• j_ d 
by this factor. Hence, the 

EuLE. — Divide each term of the dividend by the divisor, 
and connect the results by their proper signs. 

Note. — If a polynomial which contains the same factor in every 
term, be divided by the other quantities connected by their si^s, the 
quotient will be that factor. 

Divide the following quautities : 

2. 6a^ + loa^ — 14a by 2a, Ans. ^d^ + 5^ — 7- 

3. 40* — 8a* + i2fl2 by -- 2a*. Ans. — 20^ + 4a — 6. 

4. a¥ + ac^ + ad^ by a. 

5. 150% + 252;^ by 5a:y. 

6. 6abc—2a + Sab by 2a, 

7. —166^84.4^8 by —8y. 

8. i4a?^y — jxf by — jxy. 

9. xy^ + XZ — xhy X. 

10. 35a + 286—42 by —7. 

11. i$a^ — 15^2 by 5fl. 

12. iSx^ac + i2accP — 4x0^0 by — 4ac. 

13. 4a* — 2oa^ + Sab by 4a. * 

14. 3a J + i^a^ — 2'ja^d by $ab, 

15. 8a25c — iSaG^c — 2oab(? by 4a Jc. 

16. 6x(a + S)^ + 9aJ^ (a + b)^ by 3a?. 

17. i5(^ — y) + 3o(^ — y) by 5. 

18. ax^ {b — c) — aH {b — c) by aa;. 

19. i8a* (a + S)2 — i2a8 (a + 6)2 by 6a^ {a + 6)1 

20. 0^+^ — a»+2 ^ ^n+3 by fln. 

^ ^^^^™^M^^^ ■ ■■ ■ ■ ■ ■ — ■ II — IIP.- - ■ — ^^1^— ^ii^— ^» 

1x5. How divide a polynomial by a monomial ? 
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CASE III. 

116. To Divide a Polynomial by a Polynomial. 

I. Divide «» + 3a^ + 3ai^ + l^hj a^ + idb + V. 
Analysis. — For cowoe^ oibbatioh. 



a^+2ab + V 



a + b QpaL 



Analysis. — For conve-' 
nienee, we turange the tenns a* + ^d^b + 30^ + V 
BO that the first or leading cfi -\- 2<i^b •{- oH^ 
letter of the divisor shall be ^7~ ^ „ 

the first letter of the divl- ' a ^-+-20^+^ 

dend. The powers of this €^b + 2ai^+V 

letter should be arranged in 

order, both in the divisor and dividend, the highest power standing 
first, the 7iext highest next, and so on. The divisor may be placed on 
the left of the dividend, or on the right, and the quotient under it, at 
pleasure. 

Proceeding as in arithmetic, we find the first term of the divisor is 
contained in the first term of the dividend a times. Placing the a in 
the quotient under the divisor, we multiply the whole divisor by it, 
subtract the product, and to the remainder bring down as many other 
tenns as necessary to continue the operation. Dividing as before, a^ 
is contained in 0*6, +b times. Multiplying the divisor by +6 and 
subtracting the product, the dividend is exhausted ; therefore a+bia 
the quotient. Hence, the 

EuLE. — I. Arrange the divisor and dividend according to 
the powers of one of their letters ; and finding how many 
times the first term of the divisor is contained in the first 
term of the dividend^ place the result in the quotient 

II. Multiply the whtie divisor by the term placed in the 
quotient ; subtract the product from the dividend, and to the 
remainder bring dotvn as many terms of the dividend as the 
case may require. 

Repeat the operation till all the terms of the dividend are 
divided. 

Note. — If there is a remainder after all the terms of the dividend 
are brought down, place it over the divisor, and annex it to the quotient. 

1x6. How divide a polynomial by a polynomial ? If there ie a remainder, what is 
done with it? 
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2. Divide ^ + 4aJ + 5^ by 2a +b. Ans. za + J. 

3. Divide a^ + 2a;y + y* by a; + y. 

4. Divide a^ _ 20* + 5* by a — • J. 

5. Divide o^ — ^a^b + saff^ — *» by a — J. 

6. Divide ac -\- be + ad+ bd hj a + b. 

7. Divide aa: + ^a; — (w? — Jrf by a + J. 

8. Divide 22^ + yxy + 6y^ hj x + 2y, 

9. Divide a^ --If^ hj a + b. 

10. Divide x^ — y^ by a? — y. 

11. Divide a^ — V by a — J. 

12. Divide 6a^ + 13a J + 61^ by 2a + 3 J. 

13. Divide a^ _ ^ _ 5 by a — 3. 

14. Divide a^ -r- ^dhc + 3aa;^ — a:^ by a — x, 

15. Divide 6x^ — 96 by 3a; — 6. 

16. Divide a:^ + 7a; + 10 by a; + 2. 

17. Divide a;® — 5a; + 6 by a; — 3. 

18. Divide <^ — 2cx + a:^ by c — ar. 

19. Divide a^ -{- 2ab + V^ \iy a + b. 

20. Divide 22 (a — J)^ by 11 (a — b). 



PROBLEMS. 

1. A father being asked the age of his son, replied, My 
age is 5 times that of my son, lacking 4 years; and the 
sum of our ages is 56 years. How old was each ? 

2. John and Frank have 60 marbles, the former having 

3 times as many as the latter. How%any has each ? 

3. The sum of two numbers is 72, one of which is 5 times 
the other. What are the numbers ? 

4. A man divided 57 pears between two girls, giving one 

4 times as many as the other, lacking 3. How many did 
each have ? 

5. Three boys counting their money, found they had 
190 cents; the second had twice as many cents as the first, 
and the third as many as both the others, plus 4 cents. 
How many cents had each ? 
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6. A farmer has 9 times as many sheep as cows, and the 
number of both is 200. How many of each ? 

7. Divide 57 into two such parts that the greater shall be 
3 times the less, plus 3. What are the numbers ? 

8. Given 2X + ^ + x — 3 = 60, to find z, 

9. A and B are 35 miles apart, and travel toward each 
othei, A at the rate of 4 miles an hour, and B, 3 miles. In 
how many hours will they meet ? 

10. Given a + sa + 6a + 2a + 7 = 119, to find a. 

11. Given 8^ + 5J -f 7J — 10 = 130, to find b. 

12. A lad having 60 cents, bought an equal number of 
pears, oranges, and bananas; the pears being 3 cents apiece, 
the oranges 4 cents, and the bananas 5 cents. How many 
of each did he buy ? 

13. A cistern filled with water has two faucets, one of 
which will empty it in 5 hours, the other in 20 hours. How 
long will it take both to empty it ? 

14. Given a; + - = 45, to find x. 

3 

15. What number is that, to the half of which if 3 be 
added, the sum will be 8 ? 

16. Three boys have 42 marbles ; B has twice as many as 
A, and C three times as many as A. How many has each ? 

17. If A has 2a; dollars, and B twice as many as A, and 
C twice as many as B, how many have all? 

18. Divide 40 into 3 parts, so that the second shall be 
3 times the first, and ihe third shall be 4 times the first 

19.' A man divided 60 peaches among 3 boys, in such a 
manner that B had twice as many as A, and C as many as 
A and B. How many did each receive ? 

20. Divide 48 into 3 such parts, that the second shall be 
equal to twice the first, and the third to the sum of the first 
and second ? 

21. What number is that, to three-fourths of which if 5 
be added, the sum will be 23 ? 



CHAPTER Yl. 

FACTORING. 

117. Factors are quantities which multiplied together 
produce another quantity. (Art 86.) 

118. A Composite Quantity is the product of two 
or more integral fdctws^ each of which is greater than a 
unit. 

Thas, sa, 5&, also a^^, are composite quantities. 

119. Factoring is resolving a composite quantity 
into its factors. It is the converse of multiplication. 

120. An Exact Divisor of a quantity is one that will 
divide it without a remainder. Hence, 

Note.— The Factors of a quantity are aJwajs eocaet divisors of it, 
and fiiee versa, 

121. A Prime Quantity is one which has no integral 
divisor, except itself d^mSi i. 

Thus, 5 and 7, also a and 5, are prime quantities. Hence, 

Note. — The least divisor of a composite quantity is a prime factor. 

122. Quantities are prime to each other when they 
have no common integral divisor y except the unit i. 

Thus, II and 15, also a and 6c, are prime to each other. 

123. A Multiple is a quantity which can be divided 
by another quantity without a remainder. Hence, 

A multiple is 9i product of two or more factors. 

1x7. What are flMtors? zt8. A composite quantity? 119. What is fectoringf 
xaa An exact diyisor? lai. A prime qnantityt 122. When prime to each other? 
123. A multiple? 
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PRINCIPLES. 

124. I^ ijT one quantity is an exact divisor of another, 
the former is also an exact divisor of any multiple of the 
latter. 

Thus, 3 is a divlBor of 6 ; it is also a divisor of 3 x 6, of 5 x 6, etc. 

2^ If a quantity is an exact divisor of each of two other 
quantities, it is also an exact divisor of their sum, their dif- 
ference, or their product. 

Tims, 3 is a divisor of 9 and 15, respectively ; it is also a divisor of 
9 + 15, or 24 ; of 15—9, or 6 ; and of 15 x 9, or 135. 

3°. A composite quantity is divisible by each of its prime 
factors, by the product of two or more of them, and by no 
other quantity. 

Thus, the prime factors of 30 are 2, 3, and 5. Now 30 is divisible 
bj 2, bj 3, and by 2 x 3 ; by 2 x 5 ; by 3 x 5 ; by 2x3x5, and by no 
other number. 

CASE I. 

125. To Find the Prime Factors of Monomials. 

I. What are the prime factors of i2a^^ 

Analysis. — The coefficient 12 = 2x2x3, and a*6 = aab. There- 
fore the prime factors of i2a*h are 2 x 2 x ^adb. Hence, the 

EuLE. — Find the prime fa^ctors of the numeral coefficients, 
and annex to them the given letters, taking each as many 
times as there are units in its exponent. 

Note. — In monomials, each letter is a factor. Hence, the prime 
factors of literal monomials are apparent at sight. 

Resolve the following quantities into their prime factors ; 

7. I'jx^y^z. 

8. 2$al^ca^. 

9. yya^c^d. 
10. 6^m^n^x, 

124. Name Principle i. PriDciple 3. Principle 3. 135. How find the prime fbc- 
tofB of monomialB ? 



2. 


iS^f, 


3- 


i8a2J2. 


4. 


2oba^. 


5- 


35«^^^^- 


6.' 


2\xy^^, 
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CASE II. 

126. To Factor a Polynomial. 

1. Resolve ^b + Sab — 6ac into two factors. 

AI7ALY8I8. — By inspection, we per- opbratidh. 

ocive the factor 2a is common to 2a ) /^b + Zab — 6gg 

each tenn ; dividing by it, the quo- 2ad 4- 4^ — 2fi 

tient 2«ft+46-3<J is the other factor. ^^^ ^^ ^^^j + 4J — 3c) 
For convenience, we enclose this fac- 
tor in a parenthesis, and prefix to it the factor 2a, as a coefficient 

Pboof. — The factor (206 + 4&— 3c) x 2a=4a^& + 806 —6ac. Hence, the 

Rule. — Divide the polynomial by the greatest common 
monomial factor ; the divisor will be one factor, the quotient 
the other. (Art. 115.) 

Note. — ^Any common factor, or the product of any two or more 
common factors, may be taken as a divisor ; but the result will very 
in form according to the factors employed. (Ex. 2.) 

2. Resolve a^ + aV into two factors, one of which shall 
be a monomial Ans. ab (a + J), a (aJ + &'), or b {a^ + ab). 

3. Factor a + ab + ac. Ans. a (i + S + c). 

4. Factor by -}- be + ^bx, 

5. Factor 2ax + 2ay -— 4az. 

6. Factor ^bcx — 6bcx — ^abc, 

7. Factor Sdmn — 24dm. 

8. Factor 35 aw + i4ax. 

9. Factor 2jbdx -•' $4dmy. 

10. Factor 6a^ -f gaV. 

11. Factor 2iaa^y + ZS^^V- 

12. Factor 25 -f 152^2 _ aoa:^^, 

13. Factor x + x^ + ofi, 

14. Factor 3a; + 6 — gy, 

15. Factor i^a^x — iga^. 



126. How iUctor a polyDomial ? 
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CASE III. 

127. To Resolve a Trinomial into two equal Binomial Factors. 

1. Resolve a^ + 2xy 4- y^ into two equal binomial factors. 

Analysis. — Since the $quare of a opbutioh. 

quantity is the product of two equal 
factors (Art. 30), it follows that the 
square root of a quantity is one of the 
two equal factors which produce it. 
(Art. 32.) Therefore the square root of 

a^ iBX, that of ^ is y. And since the middle term 2iey is twice the 
product of these two terms, a^ + 2iry+y'^ must be the square of the 
binomial x+y. Consequently, ;c+y is one of the two equal binomial 
factors. 

2. Resolve a^ — 2xy 4- y^ into two equal binomial factors. 



.'. a?+2xy+f^z=i 
{x+y){x + y)y Arts. 



Analysis. — Reasoning as before, the 
quantity aJ*— 2ary+y* is the square of 
the residual x^y. Therefore, the two 
equal factors must be aj— y and x—y. 
Hence, the 



OPBBATIOH. 



^/^ z=z X, V^ = y 
.*. a^ — 2xy + y^ =z 
(x—y) (x — y), Ans. 



Rule. — Find the square root of each of the square termsy 
and connect these roots by the sign of the middle term. 

Note. — A trinomial, in order to be resolved into equal binomial 
factors, must have two of its terms squares, and the other term ttoice 
the product of their square roots. (Art. loi.) 

Resolve the following into two equal binomials: 



3 

4 

5 
6 

7 
8 



a^ + 2ab H- V^, 
^ — 2xy + y2, 
rri^ -\- ^mn -\- ^li^, 
i6«2 + 8a 4- I. 

49 + 70 + 25. 
4^2 — \2ah + 952. 



9 
10 

II 

12 

'3 
14 



y1 J^ 2y ■\- I. 
I — 2C2 + 6-*. 

ic-"* 4- 2:x^y^ + y'^, 
^dr^ — - 4a" -f I. 
a* + 2aW 4- ¥, 
d^x^ + 2ax^y + y^. 



127. How repolve a trinomial into equal binomial fkctorB ? 
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CASE IV. 

128. To Factor a Binomial consisting of the Difference of 

two Squares. 

I. Resolve 40^ — 96^ into two binomial factors. 

Akalysis.— Both of these terms opkratioh. 

are squares ; the root of the first is V4a^ = 2a 

2<r, that of the second is 36. But the /~M h 

difference of the squares of two quan- ^ '^ 

titles is equal to the product of their •'' 4^ 9^ = 

sum and difference. (Art. 103.) Now (2^ + 35) (2a — 3 J), ^7W. 

the sum of these two quantities is 

2fl 4- 3ft, and the difference is 2a — 36 ; therefore, 4a' — 96* = 

(2a 4- 3&) (2a — 36). Hence, the 

Rule. — Find the square root of each term. The stem of 
these roots will be one factor, and their difference the other. 

Note. — This rule is one of the numerous applications of the for- 
mula contained in Art. 103. 

2. Resolve a^ — a^ into two binomial factors. 

3. Resolve 9a:® — i6t/^ into two binomial factors. 

4. Resolve y^ — 4 into two binomial factors. 

5. Resolve g — a^ into two binomial factors. 

6. Resolve a^ — i into two binomial factors. 

7. Resolve i — i^ into two binomial factors. 

8. Resolve 25^^ — i6i^ into two binomial factors. 

9. Resolve 43:2 — ^ i^to two binomial factors. 
10. Resolve i — i6a^ into two binomial factors. 

II. Resolve 25 — i into two binomial factors. 

12. Resolve a:* — y* into two binomial factors. 

13. Resolve a^a^ — ^y^ into two binomial factors. 

14. Resolve m* — w* into two binomial factors. 

15. Resolve a^"* — Ir^ into two binomial factors. 



19S. How fiictor ft Unomial coosistiBg of the differeoce of two squares V 
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CASE V. 

129. Various classes of examples of higher powers may be 
factored by means of the following 

PRINCIPLES. 

1°. The difference of any two powers of the same degree is 
divisible by the difference of their roots. 

Thus, (a!»-y«) -^ (x-y) = x+y. 

(«*— y*) •♦- (aj-y) = aj*+ajV+aJ'y*+a5y*+y*. 

2°. I7ie difference of two even powers of the same degree is 
divisible by the sum of their roots. 

Thus, (aj»-y«) + (aj+y) - aj-y. 

(aj«— y«) -I- (aj+y) = aj»—aJ*y4-ay*— y». 

(a5«-y«) ^ (ir+y) = aj*~aj*y+a5V*-**y*+a?y*— y*. 

3°. ?%e 5W7W of two odd poivers of the same degree is divi- 
sible by the sum of their roots. 

Thus, (aj«4-y*) -i- (x+y) = a^— ipy+y*. 

(aj*+y*) -f- (aj+y) = a^— a;»y+^y*— 2?y»+y*. 

(aj'+y') -^ {x-\ry) = a5«— aj^y+a^'— ajV+aJ»y*— a^+y«, etc 

Note. --The indices and «^« of the quotient follow regular laws : 
iflt. The index of the^7*«< letter regularly decreases hy i, while that 
of the following letter increases by i. 

2d. When the difference of ^t«? powers is divided by the difference 
of their roots, the signs of all the terms in the quotient are plus. When 
their sum or difference is divided by the sum of their roots, the odd 
terms of the quotient are plus, and the coen terms minus. 



If the principles and examples of this Case are deemed too 
difficult for beginners, they may be deferred until the Binomial 
Theorem is explained. (Arts. 268-270.) 



X29. Recite Prin. i. Prin. 2. Prin. 3. Note. What is the index of the flret let- 
ter ? Of the foUowing letter ? What is said of the bI^b ? 
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130. To Factor the Difference of any ttvo Powers of the 

8ame Degree. 

1. Eesolye a? -—j^ into two £EM3tors. 

Solution.— The binomial (aj*— y") -«- (a?— y) = a^+ajy+y*. /. x—y 
and Q^-k-xy-¥f^ are the factors. (Prin. i.) Hence, the 

BdLE. — Divide the difference of the powers by the differ- 
ence of the roots; the divisor will be one factor ^ the quotient 
the other, 

Eesolve the following into two &ctors : 

2. a;®— I. 4. a?— I. 

3. af^ — f. 5. I — 36»*. 

131. To Factor the IHfference of two eveiri. Powers of the 

same Degree. 

6. Resolve a* — • J* into two fsu^tors. 

SoLUTiOK.— By Prin. 2, a*— 6* is divisible by a +6. Thus, (a*— &*) 
-f- (a+6) = a*— <«*6 + a6*— &*, the divisor being one factor, the quotient 
the other. Hence, the 

BuLE. — Divide the difference of the given powers by the 
sum of their roots; the divisor tvill be one factory the quo- 
tient the other. (Art. 129, Prin. 2.) - 

Eesolve the following quantities into two factors: 

7. b^-^a?^. 10. .^ — 1. 

8. rf* — 2;*. II. I —a*. 

9. (fi—V, 12. cfi — 1. 

132. To Factor the ^m of two odd Powers of the same 

Degree. 

i 13. Eesolve ufi + Ifi into two factors. 

Solution. — Dividing a* 4-6* by a +6, the factors are a+6 and 
a«— a6+6». (Prin. 3.) Hence, the 

EuLE. — Divide the sum of the powers by the sum of the 
roots; the divisor and quotient are the factors, 

130. How ftictor the difference of any two powerp of the eame degree ? 131. How 
.factor tbe difference of two even powere of tbe same degree ? 132. The sum of two 
odd powere of the Bame degree ? 
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Resolve the following quantities into two factors: 

14. a* + y*. 17. i + y*. 

15. a*+ I. 18. I + a\ 

16. a* + I. 19. I + b\ 

133. It will be observed that in the preceding examples 
of this Case, binomials have been resolved into two factors. 
These factors may or may not be prime factors. 

Thus, in Ex. 6, «*-&* =(a+ft)(^«-a«6+a6*^6«). But the factor 
(a*— a*6 + ai>*— &«) is a composite quantity = (a— 6)(a«+J»). 

134. When a binomial is to be resolved into prime fac- 
tors, it should first be resolved into two factors, one of 
which is prime; then the composite factor should be 
treated in like manner. 

20. Let it be required to find the prime factors of a* — J*. 

Solution.— The y'a* = a«, and ^y/6* = 6«. (Art. 128.) 
Nowa*-6* = (a«-^')(a« + &')- But ^««-6» = (tf+6)(a-6). (Art. 103.) 
Therefore the prime factors of a^— 6* are (a* +6*) (a +6) (a— 6). 

Eesolve the following quantities into their prime factors : 

21. a* — I. Ans. (a^ 4- i) (a 4- i) {a — i). 

22. I — y*. Ans, (i + y^) (i + y) (i — y). 

23. ofi — y^. 

Ans. {7^---xy + f) {x^ + xy + y^) (x + y) (a; — y). . 

24. 7^ — 27?y^ + y*. 

Ans, {x^ — ff ={x + y){x-\- y) {x — y) (a; — y). 

25. a:^ — I. 

Ans. (x + i){x— i){x^ + X -{- i){a^'—x + 1). 

26. cfi + 2aW + ^. 

Ans. {a + h){a-\- h) {a^ -ab + lP) (a^ -ab + ¥). 

27. a^ + ga + 18. Ans. {a + 6) (a + 3)- 

28. 4^2 — i2a^ + 9^. -4w,9. (2fl5 — 3^) {2a — 3^). 



Z34. How resolve a binomial into prime foctors f 



CHAPTER YII. 
DIVISORS AND MULTIPLES. 

135. A Common Divisor is one that will divide two 
or more quantities without a remainder. 

136. Commensurable Quantities are those which 
have a common divisor. 

Thus, aJb^ and abc are oommensorable by ab. 

137. Incommensurable Quantities are those 
which have no common divisor. (Art. 122.) 

Thus, db and xyz are incommensurable. 

138. To Find a Common Divisor of two or more Quantities. 

1. Find a common divisor of abx, acy, and adz. 

Analysis. — Resolving the given quanti- opbbatioh. 

ties into factors, we perceive the factor a, is Clbx =z axbxx 

common to each quantity, and is therefore a acy = axcxv 

common divisor of them. (Art. 119.) Hence, ^^^ = axdxz 

® Ans. a. 

EuLE. — Resolve each of the given quantities i?ito factors, 
one of lohich is common to all. 

Find a common divisor of the following quantities : 

2. $abcd and gabm, Ans, $ab, 

3. T^yz and 2abx, 6. 2ax, 6bx, i^cx, 

4. a% bed, al^.vy, 7. 3Smn, jm% 42 m^, 

5. 2abc, aca^, a^cy, 8. 24a^, i2ab^, 6aW, 



135. What is a common diviBor? 136. Commenenrable qnantities ? 137. Incom- 
mensnrnble qnantities ? 138. How find a common divisor of two or more quantities ? 



1 
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139. The Greatest Common Divisor of two or 

more qnantities is the greatest quantity that will divide 
each of them without a remainder. 

Notes. — i. A common divisor of two or more qnantitiee is always a 
common factor of those quantities, and the g, c. <!•* is their greatest 
common factor* 

2. A common divisor is often caUed a common meature, and the 
greatest common divisor, the greatest common measure. 



PRINCIPLES. 

140. 1°. The greatest common divisor of two or more 
quantities is tlie product of all their common prime factors. 

2°. A common divisor of two quantities is not altered by 

multiplying or dividing either of them by any factor not 

found in the other, 

Thas, 3 is a common divisor of i8 and 6 ; it is also a common divisor 
of 1 8, and of {6 x 5) or 30. 

3**. Changing the signs of a polynomial is the same in 
effect as dividing it by — 1. 

Thus, {— 3a+4&— 5c)h — i = 3a— 46+ 5c. (Art. H2.) Hence, 

4°. TJie signs of the divisor, or of the dividend, or of both, 
may be changed without changing the common divisor. 

141. To Find the Greatest Common Divisor of Monomials by 

Prime Factors. 

I. What is the g. c. d. of 35aca:, 28aJc, and 2iay ? 

Analysis. — Resolving the oPKRAnoir. 

given quantities into their prime ^eacx =5X7XaX<?X-C 

factor8,7 and a only are com- zSabc =z 2 X2 X7 Xaxbxc 
mon to each ; therefore their 

, ^ . . - 2iay = sxj xaxy 

product 7 X a, is the g, c, a, re- ^ ^ » 

quired. (Prm.i.) .•. Txa = ia. Ans. 

139. What is the greatest commoD divisor of two or more quantities f Note x. 
What is true of a common divisor of two or more qnantities ? Of the g. r. rf. ? 
140. Name Principle i. Prkiciple 2. Principle 3. 

* The initials g. c, d, are used for the greatest common divisor. 
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2. Find the gr. c. d. of 40^4^^, ioa*d*, and i^dx. 

Analysis. — Resolving these quan- opkbation. 

titles into their prime f actors^ the 4Cfii^ = 2 x 2 X (Utdbhc 

factor 2 is common to the coefficients; ioc?V == 2 X 5 X aabbb 

also, a and 6 are common to the lit- 140^^2; = 2 X 7 X abdx 

eral parts. Now multiplTing these j , , 

-_,.,, ■• AflSm 2 X tf X ^ — 2(l0 

common factors together, we have 

2xaxh = 2db, which is the g, c. cl. required. (Prin. i.) Hence, the 

Rule. — Resolve the given quantities into their prime fac- 
tors ; and the product of the factors common to all, will be 
the greatest common divisor. (Prin. i.) 

Note. — In finding the common prime faetart of the literal jMirt, 
give each letter the least exponent it has in either of the quantities. 

3. Find the gr. c, d. of 6(^(? and ^c. 

4. Of i6a^y and iSaca^. 

5. Of i2cfiffhfis^ and i6a«a;^. 

6. Of 6al^sfi, i2cfia^s^, and iSahfls?, 

142. To Find the Greatest Common Divisor of Quantities by 

Continued lyivision. 

I. Required the greatest common divisor of 302; and 422;. 

Analysis. — If we divide the greaier opkbation. 

quantity by the leas, the quotient is i, 302; ) 42X ( I 

and 12a; remainder. Next, dividing the 30a; 

first divisor 301?, by the first remainder x / 

1 22? ) xox ( 2 
I2ir, the quotient is 2 and the remainder ^ ^ ^ 

6a;. Again, dividing the second divisor ^ 

by the second remainder, the quotient 6x) I2X ( 2 

is 2 and no remainder. The last divisor, j 2x 

6aj, is the g* c. d. 

Demonstration. — Two points are required to be proved : 
I St. That tx is a common divisor of the given quantities. 
2d. That 6x is their greatest common divisor. 
First. We are to prove that 6a; is a common divisor of 303; and 42a'. 
By the last division, tx is contained in 122*, 2 times. Now as 6x is a 

141. How find the g, e, d» of monomials by prime Ikctore f Note. In finding the 
prime Actors of the literal part, what exponents are given ? 
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divisor of laa;, it ifl also a divisor of the prodvet of 122 into 2, or 24ir. 
(Art. 124, Prin. i.) Next, since 6a; is a divisor of itself and 24^?. it 
most be a divisor of tlie turn of 6x-\-24X, or ^ox, wliich is the smaller 
quantity. For the same reason, since 6a; is a divisor of 12a; and sor, it 
must also be a divisor of the sum of i2ar + 3ar, or 42a;, which is the 
larger quantity. Hence, 6a; is a ctmimon divisor of 30a; and 42a;. 

Second. We are to prove tliat tx is the grecUest common divisor of 
3ar and 42X. 

If the greatest common divisor is not 6x, it must be either greater 
or less than 6a;. But we have shown that 6a; is a common divisor of 
the given quantities ; therefore, no quantity less than 6a; can be the 
greatest common divisor of them. The assumed quantity must there- 
fore be greater than (a. By supposition, this assumed quantity is a 
divisor of 30a; and 42a; ; hence, it most be a divisor of their difference^ 
42a;~3oa;, or 12a;. And as it is a divisor of 12a;, it must also divide the 
prodv4:t of 12a; into 2, or 24a;. 

Again, since the assumed quantity is a divisor of 30a; and 24a;, it 
must a]80 be a divisor of their difference, which is 6a; ; that is, a greater 
quantity will divide a less without a remainder, which is impossible. 
Therefore, 6a; must be the greatest common ditisor of 30a; and 42a;, 
the second point to be proved. Hence, the 

ISiv Jj^— Divide the greater quantity by the less, then divide 
the first divisor by the first remainder , the second divisor by 
the second remainder, and so on, till there is no remainder. 
The last divisor will be the greatest common divisor. 

Notes.— I. If there are more than two quantities, find the ff, c. d. 
of the smaller two, then of this common divisor and a third quantity, 
and so on with all the quantities. 

2. The flr, c. d. of l^olytioniiiilH is found by the same rule, 
and may be demonstrated in the same manner. 

2. What is the y, e.d. of 48a, j2a, and loSa, 

Suggestion. — The greatest common divisor of 48a and 72^ is 24a ; 
and that of 24a and io8a is 12a. Therefore, 12a is the greatest com- 
mon divisor required. 



143. How find the ff. c, d, of polynomials ? Show upon the blackboard the truth 
pf this rule? 
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. What is the g. c. €?. of 40* — 21a' + 15a + 20 and 



a2_6a + 8? 



4a^ — 2ia^ + 15a + 20 
4a° — 24^2 + 32a 



OFIBA.TI0N. 

a^ — 6a + 8 istdiviBor. 

iBt qaotlent 



4^ + 3 



170 + 20 
4- 3^^ — i 8a 4- 24 

a — 4 



^2 _ 6^ _j. g 

a^ — 4a 

— 2a + 8 

— 2a 4- 8 



a — 2 



xet remainder and ad dlTlaor. 
sd quotient 

-4w«. a — 4. 



Analysis. — Dividing the greater quantity by the less, the remain- 
der is a— 4. Again, dividing the first divisor by the first remainder, 
the quotient is a— 2, and no remainder. The last divisor, a— 4, is the 
greatest common divisor. 

143. It is sometimes necessary, in order to avoid frac- 
tions, to introduce a factor into one or both the given 
quantities, or to cancel one before finding the greatest com- 
mon divisor. 

It is also sometimes necessary to change the signs of 
the divisor or dividend, or of both. (Art. 140, Prin. 4.) 

4. What is the g. c.d. of ar* — 2xy -\- ^ and 0^ — y^^ 



Analysis— Dividing the 
greater by the less, the first 
remainder is — 2Ty + 2y'. 
Cancelling from it the com- 
mon factor 2y, we have for 
the second divisor — a; + y. 
Changing the signs, it be- 
comes a;— y. (Art. 140, Prin. 4.) 
Dividing as before, the quo- 



OPBBATTOH. 



7? — 2xy-\- y^ 
a^ — y^ 



2y) —2xy + 2y^ 



Divisor, — ^4-y 
or, x—y 

Qnotient, X + y 



7^—y^ DlviPor. 
I Quotient 



Q? — ^ 



tient is a; + y, and no remainder. The last divisor, x—y, is the greatest 
common divisor. 



143. How does it affect the g. c. d. if a factor ie introduced into either or hoth the 
given quantities ? How if one is cancelled ? What is tme of the sifirns ? 
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5. What is the g.e.d.ot 43^^60^ — 4X+ s 

23fi + 3fi + X^l? 



and 



4a:* + 23^ + 2a? — 2 



OFKRATIOH. 

22^ + 0^ + X — I zftdiviMT. 
2 i8t qaotient. 



ad divisor, 


^Sx^ 


-6a: + 5 


ad qaotient, 






'X 


3d dividend, — 


- Sa;^ — 6x + 

- 8a^ + 36.T — 


5 
16 


— 


21)- 


422; + 


21 


4fh divisor, 


2a?- 


- I 



Sa:* + 4a:* + 4X — 4 ad dividend 

Sa^ + 63^ — 5a: 



— 2a^ 4- 9a? — 4 3d divisor. 

3d qnotient. 



4tb quotient, 



22? — I — 2a^ + 9a; — 4 4tli dividend. 

— a; + 4|— 22:*+ x 



.'. 2a? — I is the J/, c. d. 



8a; — 4 
8a; — 4 



Analysis. — Dividing the greater by the less, the first term of the 
first remainder, — 8^^, is not contained in 20^, the first term of the 
second dividend. We therefore multiply this dividend by 4, and it 
becomes 8^+4^ + 42;— 4» and dividing this by the second divisor, the 
second remainder is —ax* + 92:— 4. Dividing the pi*ea>ding divisor by 
this remainder, we see that the third remainder, ~42;e+2i, is not 
contained- in the next dividend. Cancelling the factor —21, the fourth 
divisor becomes 2j; — i, the greatest common divisor required. 

Find the ff. c. d. of the following quantities: 

6. a^ — y^ and a?^ — 2xy + y^. 
fl^ + ^ and a^ + 2ab + ^. 
^ — 4 and Z>2 + 4J + 4. 
a-a — 9 and ar^ 4- 6a; + 9. 
a* — 3a + 2 and a^ — a — 2. 
cfi + sa^ + 4a + 12 and a^ -h 40^ + 40 + 3. 
a:^ 4- I and x^ + mx^ + mx + 1. 
a^ — V^ and c? — }?. 

c? — sab + 4^ and a^ — a^b + ^ab^ — 3^. 
3a:'^ — loa;^ + 15a; + 8 and a;* — 2a;* — 6aj^ 4- 41^ 
4- 13a; 4- 6. 



7 
8 

9 
10 

II 

12 

13 
14 
15 
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MULTIPLES. 

144. A Multiple is a quantity which can be divided 
by another quantity without a remainder. (Art. 123.) 

145. A Common Multiple is a quantity which can 
be divided by two or more quantities without a remainder. 

Thus, i8a is a common multiple of 2, 3, 6, and 9. 

146. The Least Common Multiple of two or 

more quantities is the lecist quantity that can be divided by 
each of them without a remainder. 

Thus, 21 is the least common multiple^f 3 and 7 ; 30 is the least 
common multiple of 2, 3, and 5. 



PRINCIPLES. 

147. 1°. ^ multiple of a quantity must contain all the 
prime factors of that quantity. 

Thus, 18 is a multiple of 6, and contains the prime facers of 6, 
which are 2 and 3. 

2°. A common multiple of two or more quantities must 
contain all the prime factors of each of the given quantities. 

Thus, 42, a common multiple of 14 and 21, contains all the prime 
factors of those quantities ; viz., 2, 3, and 7. 

3°. TJie least common multiple of two or more quantities 
is the least quantity which contains all their prime fact or Sy 
each factor being taken the greatest number of times it occurs 
in either of the given quantities. 

Thus, 30 is the least common multiple of 6 and to, and contains all 
the prime factors of these quantities ; viz., 2, 3, and 5. 



144. What is a mnltiple? 145, A common multiple? 146. The least common 
multiple? 147. Name Principle X. Principles. Principle 3. 
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148. To Find the Least Common Multiple of Monomiale by 

I^rime JFactors. 

I. Find the L cm.* of 150^?^ si^cx, and gbc^ 

Analysis. — ^The prime factors onBATioEr. 

of the coefficients are 5, 3, and 3. 150^ =:3X5Xa*Xa? 

The prime factors of the letter a ^i^cx ±z ^xt^XCXX 

are a, a, a, a, which are denoted by qbc^Z =^X^X&XC®Xi5 

a*. In like manner, the prime fac. ^^^ AKol^l^ch^^z 

tors of X are denoted by a?^, those of • ^:> • 

b by 6^, and those of e by r' ; e is prima. Taking each of these factors 
the greatest number of times it ocwb in either a4 the given quanti- 
ties, the product, 45«*&*c'aJ*e, is the I, c, in* required. (Art. 147, Prin. 2.) 
Hence, the 

Rule. — Resolve the piantities into their prime factors ; 
multiply these factors together, taking each the greatest num- 
ber of times it occurs in either of the given quantities. The 
product is the L c. m. required. 

Or, Find the least common multiple of the coefficients, and 
annex to it all the letters, giving each letter the exponent of 
its highest power in either of the quantities. 

NCKTE.— ^In finding the I, c. in, of algebraic quantities, it is often 
more expeditious to arrange them in a horizontal line, then divide, 
etc., as in arithmetic. 

Required the ?. c. m. of the following quantities : 

2. ^a% 'L2(M, and 2^a^y, Ans. 'j2a^7^y, 

3. iab% 28&C®, and s6a*i^d. 

4. i6a^t^z, 2oy^z, and Sxysfi. 

5. i^a^i^c, gab^(^, and iSa^Jc*. 

6. 2Sab% i^a%^, 35^^^^ and 42a*J. 

7. 2iQ[^y^z^, zS^y^^y and 6^xy^z, 

8. 'jm^n^y, iiw^ny^, and T^mv^y^, 

148. How find the I. e. tn, of monomiale by prime factors ? What other method ? 
* The initials /, e. 'in. are used for the least common multiple. 
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149. To Find the Least Common Multiple of Polynomiale. 

9. Eequired the I. c. ni. oicfi + 1^ and c^ — l^, 

Ai^ALYBis. — Resolving ofbbation. 

the quantities into their a^ — ^=(o + A)x(a — b) 

prime factors, as in the C^+V =z {a-\-h)x{a^-^db + ¥) 

margin, (a+6) is common (^^ j) ^ /^_j) ^ (a^^ah + ¥) = 
toboth,andistheir^ccl. a4_«8j + ^_j4. ^^: 

(Art. 139.) Now multiply- 
ing these factors together, taking each the greatest nnmher of times 
it occurs in either of the given quantities, the product a^^aH>-\'ab^—b^ 
is the L c. m. required. (Art. 148.) 

Second Method. 

Since the ff, c, (I, contains all the factors common to both quan- 
tities (Art. 147, Prin. 2), it follows if oni» of them is divided by the 
fjr. c. (I. and the quotient multiplied by the other, the product will 
be the L c. i/t. Hence, the 

EuLE. — Resolve the quantities into their prime factors 
and multiply these factors together, taking each the greatest 
number of times it occurs in either of the given quantities. 
Their product is the I. c. tn. required. 

Or, Find the greatest common divisor of the given quanti- 
ties, and divide one of them by it. The quotient, multiplied 
by the other, will be their U c. m. 

10. Find the ?• c. m. of 2a — i and 4^^ — i. 

Solution. —The g, c. d. is 2a— i. Now (4a*— i)-*-(2a— i)=(2a + 1) ; 
and {2a + 1) X (2a— i) = 4a*— I, Ans, 

Find the h c. m. of the following quantities : 

11. ic* — y2 and a>^ — 2xy + y\ 

Ans. ofi — Qi^y — xi^ + y®. 

12. c? — 1? and a^ — 5^. 

13. Q^ — I and ^ + 2X ■\- \. 

14. 2c? -f 3^5 — 2 and dc^ — a — i. 

15. m^ -f w — 2 and m^ — 1. 

Z49. How find the I. e. «n. of polynomiAle ? What other method ? 



CHAPTER YIII. 
FRACTIONS. 

150. A Fraction is one or more of the equal parts into 
which a unit is divided. 

151. Fractions are expressed by two quantities called the 
numerator and denominator, one of which is written below 
tbe other, with a short Jine between them. 

152. The Denominator is the quantity helow the 
line, and shows into how many equal parts the unit is 
divided. 

153. The Numerator is the quantity above the line, 
and shows liow many parts are taken. 

Thus, the expreesion - showe that the qoantity is divided into h 
equal parts, and that a of those parts are taken. 

154. The Unit or Sase of a fraction is the quantity 
divided into equal parts. 

155. The Terms of a fraction are the numerator and 
denominator. 

156. An Integer is a quantity which consists of one 
or more entire units only ; as «, 3a, s, 7. 

157. A Mixed Quantity is one which contains an 
integer and a fraction. 

Tlius, a + - is a mixed quantity. 



Z50. What is a fhiction? 151. How expreused ? 152. What does the denomiii»> 
tor show? 153. The numerator? X54. What is the hase of a fhtction ? 155. The 
terms of a fraction ? 156. An integer ? 157. A mixed quantity ? 
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158. Fractions arise from division, the namerator being 
the dividend and the denominator the divisor. Hence, 

159. The Value of a fraction is the quotient of the 
namerator divided by the denominator. 

Thus, the value of 6 thirds is 6+3, or 2 thirds ; of is 39». 



SIGNS OF FRACTIONS. 

160. JEvery Fraction has the sign + or — , expressed 
or understood, before the dividing line. 

161. The Dividing Line has the force of a vincu- 
lum or parenthesis, and the sign before it shows that the 
value of the lohole fraction is to be added or subtracted. 

162. Every Numerator and Denominator is 

preceded by the sign + or ~, expressed or understood. 
In this case, the sign affects only the single term to which 
it is prefixed. 

163. If the Sign before the Dividing Line is 

changed from + to — , or from — to +, the value of the 
fraction is changed from positive to negative, or from nega- 
tive to positive. 

__, hX , n bX , 

Thus, a + — = a + 0, but a = a—o. 

X X 

164. If all the Signs of the Numerator are 

changed, the value of the fraction is changed in a corre- 
sponding manner. 

,^ +ax J —ax ' 
Thus, -^ — = +a, and = —a. 

X X 



158. From what do fhtctions arise? 159. What is the value of a fraction? 
160. WTiat is prefixed to the dividing line of a fraction ? 161. What is the force of 
the dividing line? 162. By what is the numerator and denominator preceded? 
How fiur does the force of this sign extend ? 163. If the sign before the dividing 
line is changed, what is the effect ? 164. If all the signs of the namerator are 
changed ? 
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165. If all the Signs of the Denominator are 

changed, the valine is also chaDged in a corresponding 
manner. 

Thus, — = + a ; but — = —a. Henoe 

+aj —a; 

166. If any two of these changes are made at the same 
time, they will balance each other^ and the value of the 
fraction will not be altered. 

Thus, . — = + a. Changing the signs of both numerator and 

denominator, = +a. 



PRINCIPLES. 

167. The principles for the treatment of fractions in 
Algebra ai*e the same as those in Arithmetic. 

1°. Multiplying the numerator ^ or ) Multiplies the 
Dividing the denominatory ) fraction. 

-^ 2X2 4 2 . , 2 2 

Thus, - = ^ = -. And - = - • 
6 63 6-^2 3 



Multiplying the denominator^ 



2°. Dividing tlie numerator, or ) z^. .7 jt /. 

^ > Divides the fraction. 

.—, 2-1-2 I . , 2 2 1 

Thus, 7 —J. And - = — = - • 
6 6 6x2 12 6 

3°. Multiplying, or dividing both ) Does not change its 
terms by the same quantity f value. 

_,, 2x2 4 2 I ., 2-J-2 I 

Thus, = -— = - = -. And — - 

6x2 . 12 6 3 6-5-2 3 

4°. Multiplying and dividing a ) Does not change its 
fraction by the same quantity ) value. 

rp, 2X2-f-2 2 

Thus, = - . 

6x2-4-2 6 



165. If all the signs of the denominator are changed ? 166. If both are changed t 
167. Name Principle 1. Principle 2. Principle 3. Principle 4. 
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REDUCTION OF FRACTIONS. 

168. Seduction of Fractions is changing their 
terms without altering the velue of the fractions. 

CASE I. 

169. To Reduce a Fraction to its Lowest Terms. 

Def. — The Lowest Terms of a fraction are the 
sfnallest terms in which its numerator and denominator 
can be expressed. (Art. 122.) 

1. Reduce - — ^ — to its lowest terms. 

iSaocx 

Analysis.— By inspection, we perceive the opbeation. 

factors 5, a, 6, and x are common to both terms. 5^ ^^'^ aba 

Cancelling these common factors, the fraction i^abcz ^c 

becomes . Now since both terms have been divided by the 

same quantity, the value of the fraction is not changed. (Art. 167, 
Prin. 3.) And since these terms have no common factor, it follows 

that are the lowest terms required. (Art. 122.) 

Note. — It will be observed that the factors 5, fl, 6, and x are prime ; 
therefore, the product $abx is the g, c. tL of the numerator and 
denominator. (Art. 121.) Hence, the 

KuLE. — Cancel all the factors common to the numerator 
and denominator. 

Or, Divide both terms of the fraction by their greatest 
common divisor, (Art. 167.) 

2. Reduce f- to its lowest terms. Ans. -• 

i2abc 3 

3. Reduce to its lowest terms. Ans. — 

sac c • 



i68. What 18 reduction effractions ? 169. What are the lowest terms of a fiuc- 
tion ? How reduce fhustions to the lowest terms ? 



i 
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Reduce the following fractions to the lowest terms 

i2d^b(? a + be 

^' 4abcd ' (a + be) x x* 

^ ijt^cxy ^^ ^ — f 

^lU^cxy ' 7^ — y* 

%dfi^W& ax -^7? 

^' loSabxY ^^' a* — a^' 

d^ — V a — I 

8. zi^-.-rz:-. -To- 14. 



c^ + 2(ib + 6' a* — 2a + 1 

^ — IS' ^^ - 



.w^ ^ — 2xy-\''f ^ x^+2xy + y'^ 

CASE II. 
170. To Reduce a Fraction to a Whole or Mixed Quantity. 

I. Reduce to a whole or mixed quantity. 

Analysis.— Since the value opbration. 

of a fraction is the quotient of 2a -\- 4b -\- C , c 

the numerator divided by the 2 ^2' 

denominator, it follows that per- 
forming the division indicated will give thfe answer required. Now 
2 is contained in 2a, a times ; in 4b, 26 times. Placing the remainder 

c over the denominator, we have a + 2b + -, the mixed quantity 

2 

required. Hence, the 

Rule. — Divide the numerator by the denominator, and 
placing the remainder over the divisor, annex it to the 
quotient. 

Note. — This rule is based upon the principle that both terms are 
divided by the same quantity. (Art. 167, Prin. 3.) 



170. How reduce a fhiction to a whole or mixed quantity? Note. Upoo what 
principle is this rule based? 



X 

ai-m 


a 
*« — c» 


b + e 
*» + c» 

• 



a-b 


(fi + a^ — aa? 

cfi — ax 
120^ + 4X — 3y 
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Reduce the f oHowing to whole or mixed quantities : 

ax — a^ , a* — 2ah + l^ 

2. • 6. 



3* • 7* 

^ a 

J2 fA 

4« -^ — ; • 8, 



CASE III. 
171. Jo Reduce a Mixed Quantity to an Tmpnyper Fraction. 

1. Seduce a + - to the form of ^ fraction. 

3 

Analysis. — Since in i unit there are ofbsatiok. 
three thirds, in a units there must bea h^ ^^j_^ 

times 3 thirds, or ?^; and ?? + ? = 2^, "" 3^^ 3 

3 3 3 3 3a,J_3« + J 

the fraction required. Hence, the "7" ' 7 — 1 

^ 3 3 3 

BjJLE.^Multiply the integer by the denominator; to the 
product add the numerator, and place the sum over the 
denominator. 

Note.— An integer may be reduced to the form of a fraction by 

miaMng i its denominator. Thus, a = -. 

Reduce the following to improper fractions : 

' c . abd — c 

2. ab ^' Ans. — -j — • 

d d 

xy —b , I — a; 

3. Z^ + — 6. a;— iH ; — . 

y I + X 

^ a — c a — b 

, 2X o « "i^ — ^ 

5. a + b-i --y. 8. Sx + 

^ a+ b 5» 



Z7X. How reduce a mixed qaantity to an improper fraction ? liote. An integer f 





OraUTIOB. 




3a 


3« 
I 


30 


XS 


_'S« 


I 


XS 


s 
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CASE IV. 

172. To RaduM an Intagar to a Fraction having any required 

J}etunninator. 

1. Seduce $a to fifths. 

Analysis. — Since in la there are 5 fifths, in 
ja there must be 3 times 5 fifths, or - - . 

Or, reducing the integer 3a to the form of a 
fraction, it becomes — ; maltiplying both 

terms by the required denominator, we have — -. Hence, the 

^BuLE. — Multiply the integer by the required denominaiory 
and place the product over it, 

2. Beduce 22; to a fraction having 6m for its denominator. 

3. Reduce Sax to a fraction having 4ab for its denominator. 

4. Reduce 3a + 4b to a fraction having 6(? for its 
denominator. 

5. Reduce a; — y to a fraction having a: -f- y for its 
denominator. 

6. Reduce 2x^y to a fraction having 3a* — 2 J for its 
denominator. 

173. To Reduce a Fraction to any Required Denominator. 

I. Change - to a fraction whose denominator is 12. 

Analysis. — Dividing 12, the required de- opbbatiok. 

nominator, by the given denominator 3, the 1 2 ~ 3 =: 4 

quotient is 4. Multiplying both terms of a X 4 4a 

the given fraction by the quotient 4, the -^'*«» ^ ^ . ^' 

result, — , is the fraction required. Hence, the 

Rule. — Divide the required denominator' by the denomi- 
7iator of the given fraction, and multiply both terms^by the 
quotient, 

X73. How redace an integer to a fhiction having any reqnired denominator f 
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Beduce the following to the required denominators : 

2. Kednce — to thirty-fifths. 

Solution. 35 -«- 7 = 5. Now - — = = -— . Ans. 

7x5 35 

3. Eeduce - to the denominator ac. 

c 

4. Eeduce — to the denominator 49a. 

7 

5. Reduce ^ to the denominator 7^ — 2xy -f ^. 

X — y 

6. Seduce — — to the denominator ^^ix -f- y)\ 

x + y \ iff 

COMMON DENOMINATORS. 

174. A Common Denominator is one that belongs 
equally to two or more fractions. 

PRINCIPLES. 

1°. -4 common denominator is a multiple of each of the 
denominators ; for every quantity is a divisbr of itself and 
of every multiple of itself (Art. 124, Prin. i.) Hence, 

2°. The least common denominator is the least common 
multiple of all the denominators. 

CASE V. 

175. To Reduce Fraotione to Equivalent Fractions having a 

Common Denominator, 

a c X 

I. Reduce t> -j^ and -, to equivalent fractions having 

a common denominator. 



173. How redace a fraction to any required denominator? 174. What ie a com- 
mon denominator ? Principle i ? I^inclple 2 ? 
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SoLUTiOK.— Miiltipl3riDg the denomiiuiton b, d, and y together, we 
have bdy, which is a common denominator. 

b X d X y ^=^ hdy The comiiKm denomlnatQr. 

a X d X y = ady 1 

ex b X y = bey > The new nnmention. 

X X b X d = bdx ) . 
. a __ ady c _ bcy^ x __ bdx 

^^' b'-bdy' d^bdy' y^bdy' 

To reduce the given fractions to this denominator, we moltiply 
each numerator hy all the denominators except its own, and place the 
results over the common denommator. Hence, the 

Rule. — Multiply all the denominators together for a com- 
mon denominator^ and each numerator into all the denorn-- 
inators except its oicn. for the neto numerator. 

Notes.-:- I. It is advisahle to reduce the fractions to their lowest 
terms, before the rule is applied. (Art. 169.) 

2. This rule is based on the principle, that the vcdne of a fraction is 
not changed by multiplying both its terms by the same quantity. 
(Art. 167, Prin. 3.) 

Beduce the following to equivalent fractions having a 
common denominator: 

2. ?, ?, h Ans. ^, ^, ^. 

c y A Acy 4cy 4cy 

c h 2d o 2a c + I 

3- r x' T ' '"' T' ~d~' 

a b X 



2X (r y 

2a X 

3b (t + b 

. x—y x+y 

6. ^, — -^' II. 



2a 


X 


3^ « 


+ b 


x-^y 
x + y' 
a + h 


^ + y 

x^y 
5«— I 


3 ' 


a 



7. -^—y ""—Z 12. 



2 a 


c + a 


3' ^' 


c^d 


xy \ 
z' 2' 


2a 
h 


20 

4' '' 


aa + y« 


a^x 


a-\- X 



a + x' a — X 



X75. How reduce fhictlons to equivalent fractions having a common denomina- 
tor ? Note. Upon what principle is this role based ? 
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CASE VI. 

176. To Reduce Fraotions to the Least Common Denominator. 

I. Eeduce -, — , and — to the hc.d. 
x xy yz 

Solution. — The l^c.m, of* the denominatore is xyz. (Art. 148.) 



xyz =:Lc» d. 



xyz-^x =yz. 
xyz TT-xy —.z 


The 
mnltiplien. 


xyz-^yz=:x J 





a X yz _^ ayz 
■ ayz 
hz 



X 


X y^ 


h 


X z 


xy 


X z 


d 


X X 



The 

)■ fVactionB 
''^y*' required. 

dx 
yz X X xyz 

To change the ^ven fractions to others whose denominator is xyz, we 
multiply each numerator by the quotient arising from dividing this 
multiple by its corresponding denominator. Hence, the 

EuLE. — I. Find the least common multiple of all the 
denominators for the least common denominator, 

II. Multiply each numerator by the quotiefit arising from 
dividing this multiple by its corresponding denominator. 

Note. — ^All the fractions must be reduced to their lowest terms 

before the rule is applied. 

« 

Reduce the following fractions to the I, c. d. : 



2. -^ 



a he y 
ly x' 4c 
cd 2X xy 
ab' 3a ' ac 
a b c X 



8. 



4. -, - 



2' 3' 4' y 



s. 

6. 



a^c 2cd 
ab' Ti 
zab 3 



^y 

4bc 



X 

a^c' 



sac 4 
2a cd 
4 J ' be' bcx 



I 

— ) 

8 



, _ _ ^ 

/• .7.9 -L^y -L^^ 



10. 



II. 



12. 



13- 



a + b a — b a^ + l^ 
iTTj' a^5' fl2_^" 

2(x+y) a ab 

z{x+yy xy' '^x^y) 
d X 



X 



m. 



y 



ac' y^c' c^d 
X a + b d 
y^ xy xz 

m + n m—n m^ 



W 



2ax^ ' 4cx 



176. How redace fractions to the least common denominator ? 
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ADDITION OF FRACTIONS. 

177. When fractions have a comntofi detiominator, their 
numerators express like parts of the same unit or basCy and 
are like quantities. (Art. 43.) 

178. To Add Fractions which have a Cknnmon Denominator. 

1. What is the sum of |, i, and | ? 

SoLmoK. I and { are ^, and f are Y* ^^m. Hence, the 

Rule. — Add the numerators, and place the sum over the 
common denominator, 

2. Add — , — , and — • Ans. -^-« 

m m m m 

Aji ^cic HOC Sac , Kac 

3. Add - — , , , and - — 

2xy 2xy 2xy 2xy 

4. Add -—J- , -^- , — r- , and -^ • 

Saoc s^bc ^abc s^bc 

5. Add '^±^ to ^-^ 6. Add 3^±i* to '^=^. 

^ X X c c 

179. To Add Fractions which have Ikifferent Denominators. 

7. What is the sum of t, -,» and — ? 

b d X 



bxdxxz=z bdXy c. d, 
a adx c bcx 



Analysis. — Since these fractions 

have different denominators, their 

numerators cannot be added in their b bdx d bdx 

present form. (Art. 66.) We there- m bdm 

fore reduce them to a common denam- x bdx 

inatOT, then add the numerators. ^^^ ^ j^^ ^ j^^ 

(Art. 178.) Hence, the T-3 -y Ans, 

Rule. — Beduce the fractions to a common denominator, 
and place the sum of the numerators over it. 

Note.— All answers should he reduced to the lowest terms. 



177. When fractions have a common denominator, what is true of the numerators? 
Z78. How add such fractions ? 179. How, when they .have different denominators ? 
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Find the sum of the following fractions : 



8. 
9- 

lO. 

T T 


2X 2y 2xy 
y X m 
Sa X y 

4 5 3* 

2X I 3y. 

3 2a 4 
ax 


12. 

13- 
14. 


b+c^ b—c 

^+y , «~y 

2^y a;y 

2 +2? 3 + aa; 

y «y 

a , ab 



. 27^ -f- 2y*wi -+- 22:^ 

mxy 

cd ^ ^y ^ bx 

15. h -^ H 

^ 3^^ 2d ^ S 



16. 



a 2n + d 



d 3A 

a . d 

17. - H 

y — w 

— a: . —A 
18. h 



y m — n 

— 4—16 

19. — - H 

^ 2 7 — 3 

4a . 6c ^m 
ar + ^ic — y b a 32; 

180. To Add Mixed Quantities. 

h vn 

1. What is the sum of a -f - and d ? 

c n 

SoLunoir. — Adding the integral and fractional parts separately, 

the result is a + (2 -i , the sum required. Hence, the 

en, 

EuLE. — Add the integral and fractional parts separately ^ 
and unite the results, (Art. 179.) 

KOTE. — Mixed quantities may be reduced to improper fractions, and 
then be added by the rule. (Art. 171.) 

2. What is the sum of a + - and c + - ? 

2 X 

fi __ /ij I (^ 

3. What is the sum of iu + v aud ? 

b m — y 

4. What is the sum of 3d and a A ? 

2 I 

5. What is the sum of 52; + t and — - ? 



z8o. How add mixed quantities ? Noie. How else may they be added ? 
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181. To Incorporate an Integer with a Fraction. 

6. Incorporate the integer ah with the fraction — — — 

Solution.-- Reducing ab to the denominator of the fraction, we 

, . vibx+aby . ^abx-^aby c— d ' ytbx+aby+c—d . 
have ab = ; and = + = , Aug, 

Hence, the 

Rule. — Reduce the integer to the denominator of thefrac- 
tiofi, and place the sum of the numerators over the given 
denominator. (Art. 172.) 

2a 

7. Incorporate the integer 3d with the fraction -r- 

8. Incorporate -4y With ^L±^. 



9. Incorporate — a with ^ ' 
lo. Incorporate 3a: + y with ~ 



X'-y 



11. Incorporate -— a + 5* with 1- 

12. Incorporate 2x + 2y with * 

•C — ^ I 



SUBTRACTION OF FRACTIONS. 

182. The numerators of fractions which have a common 
denominator, we have seen, are like quantities. (Art 177.) 
Hence, they may be subtracted one from another as integers. 

1. Subtract f from |. 

Solution, i — | = ^^ = ^or-. ^n*. • 
88884 4 

T? ^ uj^ 4.^ A a c a — c 

2. From T subtract ^* -47W. t — 7 = — 7 — • 



x8i. How Incorporate an integer with a fraction? 182. What ie true of the 
numerators of (tactions having a common denominator ? How snbtract such fmc,-' 
tions? 



3 


X 2 = 


6, <?. 


€{. 




^a _ 


14a 






3 


6 






3«__ 

2 


9a 
6 




14^1 
6 


9a 

" 6 ■" 


5« 
6' 


^7i 
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.-, ixdbc , , , Aobc 

3. From -^r- subtract -^-r-^ 

a a 

4. From — -^ subtract - — • 

^a a 

183. To Subtract Fractions which have Different 

Denominators. 

5. From 7« subtract ^• 

Analysis. — Since these fractions 
have different denominators, they can- 
not be subtracted one from the other 
in their present form. We therefore 
reduce them to a common denominator, 
which is 6, and place the difference of 
the numerators over it. Hence, the 

EcTLE. — Reduce the fractions to a common denominator, 
and stibtract the numerator of the subtraJiend from that 
of the minuend^ placing the difference over the common 
denominator. 

Notes. — i. The integrai and fractional parts of mixed quantities 
should be subtracted separately, and the results be united. 

Or, mixed quantities may be reduced to improper fractions, and then 
be subtracted by the rule. (Art. 171.) 

2. A fraction may be subtracted from an integ-er, or an integer 
from a fraction, by reducing the integer to the given denominator, 
and then applying the rule. 

6. From 5^^, take 5^. Ans. ^-^-^^ -i^. 

X y xy 

-r^ a . , d — b 

7. From — , take — • 

m y 

8. From , take • 

m y 

9. From — —^—, take ~ . 



183. How when they have different denominators ? Note i. How subtract mixed 
quantities ? Note 2. Bow a fraction from od integer, or an integer from a fraction ? 
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-n * X 1 h + d 

ID, From — , take — • 

m y 

11. From -, take m, 

y 

12. From 4a + - , take za — 3- 

c ^ a 

13. From a + -, take ~ » 

2 3 

14. From T , take -. • 

— X d + y 

X id 

15. From a , take — • 

16. From ^^, take ^-^ — 

10 X + y 

17. From g — ^ "^ , take -^— ^— -a. 

2 3 



MULTIPLICATION OF FRACTIONS. 

CASE I. 

184. To Multiply a Fraction by an Integer. 

a 



OFB&ATION. 

a am 



1. Multiply T by m. 

Analysis. — Multiplying the numerator of the 
fraction by the integer, the product is am. ? v 7?l ^ 

(Art. 167, Prin. i.) b b 

2. What is the product of v- x a;? 

Analysis. — A fraction is multiplied by — v a; = ^ 

dividing its denominator ; therefore, if we bx bx -^ X 

divide bx by x, the result will be the product a a 

required. (Art. 167, Prin. i.) Hence, the x^ . ^ ^^ j* 

EuLE. — Multiply the numerator by the integer. 
Or, Divide the denominator by it. 

Notes. — i. A fraction is multiplied by a quantity equal to its 
denominator, by cancelling the denominator. (Art. no, Prin. 4.) 

Z84. How multiply u fraction by an integer ? 
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2. A fraction is also multiplied by any factor in its denominator, by 
cancelling that factor. 

Find the product of the following quantities; 

— — 7 X (a — b\ Ans, xx. 
a — ' 

ah , . db 

— , X a. AiiB. — • 

cd c 

■^-^ X (3 + m). 12. -J- X (12a; 4- 18). 

ab , abc . , . 

— X 6. 13. -, X (a — x\ 

2X — 3y t . ^ a-\-l 

T/ X (3«? + 20). 14. X 4^. 

15c + 4a ^"^ ' 20a: 

ax — X^6x. 15. ^ X (Siz;— 2). 



3 
4 

5 
6 

7 
8 



10 



II 



3a; 40i2; — 10 

X 5x. 16. =^ X 15. 



20a; + 252;^ 20 

flr 4- fl^ 3a; , „ . 

7 — ; — X 2ac, 17. —^ — X (y^— i). 
be + c. y — I 

!— ^ X 20a;. 18. ^ _ ^ X (a;'+ ^). 



CASE II. 
185. To Multiply a Fraction by a FractUm. 

I. What is the product of - by — 

Analysis. — ^Multiplying the numerator of opbratton. 

the fraction - by d, the numerator of the a X d ad 

c 

multiplier, we have — . But the multiplier is 

— ; hence the product — is m times too large. 
m c 

To correct this, multiply the denominator 
by m, (Art. 167, Prin. 2.) 



c 


c 


ad 
c xm 


ad 
"" em 


a d 
- X — 
c m 


__ ad 

cm 



Note I. How is a fraction multiplied by a quantity equal to its denominator? 
Note 2. How by any flEU^tor in its denominator? 
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2. Required the product of —-, multiplied by — • 

Analysis. — ^The factors 2, a, and c are ofidutiov. 

common to each term of the given f rao- 2ab cm. 2dbcfni 

tions. Cancelling these common factors, 6ce/ OX 6<xcdx 

the result is ^, the product required. 2abcm _ *W ^^^ 

^ 6acdx ^dx* 

(Art. 167, Prin. 3.) Hence, the 

BULE. — Cancel the common factors; then multiply the 
numerators together for the new numerator ^ and the derumv- 
inatorsfor the new denominator. 

Notes. — i. Mixed quantities should be reduced to improper fractions, 
and then be multiplied as above. 

Or, the fractional and integral parts maj be multiplied separately, 
and the results be united. 

2. Cancelling the common factors shortens the operation, and gives 
the answer in the lowest terms. 

3. The word of in compound fractions has the force of the sign x . 
Therefore, reducing compound fractions to simple ones is the same as 
multiplying the fractious together. Thus, foff = |xf=A. 



Find the products of the following fractions: 

2X xxy 2dy ^13 

3. — X — I X — ^- 6. — ; X f- 

y 2d X a + 3a: 8 

be X d (a-\-m)y.h Ay 



a by c ^x (a + wi)xc 

- ^-y ^ ^ + y o a\h cd 

5. X ; — • o, — -Tj — X — • 

y^ y + ^ (r X 

o. What is the product of — ^- - by — ? 

^ ^ ^—y ^ 4 

Solution. — Factor and cancel. Ans, — (a?+y). 

4 



185. How maltlply a fraction by a fraction? NoU i. How mixed quantities? 
Nate 3. How shorten the operation ? Ndie 3. What is the force of the word f^ in 
compound fractions ? 
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lo. Multiply by -r^. Ans. — t"^* 

X — y 3a 3a 

12. Multiply ^—^ by -^. 

13. Multiply a H ■ — by t-* 

14. Multiply a; + — by -^. 



#2 



15. Multiply a; — — by - + ^. 

•2/ u X 

2fl 2(tb 

16. Multiply fl + — by -^. 



CASE in. 

186. To Multiply an Integer by a Fractiatu 

dx 

I. Multiply the integer a by — • 

cy 

Analysis. — Changing the integer to the ^ 

a a = - 

form of a fraction, we have - to be multiplied i 



dos , . , , ctdx 



a dx adx 



by — , which equals . Hence, the ~ ^ TZ. — .,77 * 

^ cy ey 1 cy cy 

KuLE. — Reduce the integer to a fraction ; then multiply 
the numerators together for the neio numerator, and the 
denominators for the new denominator. 

Notes. — i. Multiplying an integer by 9l fraction is the same as find- 
ing 9k fractional part of a quantity. Thus, a? x f is the same as finding 

f of aj, each being equal to ^ That is, 

4 

2. Three times i fourth of a quantity is the same as i fourth of 
3 times that quantity. 



186. How multiply an integer by a fraction ? N(ri£. To what U this operation 
similar t 
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Find the product of the following quantities : 

2. obex—' 9. {a^-y)x ^ 



ad X ^-^- 10. («» + ab) X ^^ 



a^y ^ 2 (a + ^) 

4, oa? X II. (a^ 4- i) X 



4a . 3(2^—0 

{a + h) X ^- 12. 2xy(a — *) x ^ 



6- (3« - y) X ^. 13. 3a (a: — i) X ^rZTi' 

7. (i^ + i) X -^^. 14. {206 + V)x "^ 



ic— I ■^\ •/ 4a -^ b 

8. (i - «2) X -^. 15. (i - to2) X ^ 



i+a •'v ^7i-l_i 

187. The principles developed in the preceding cases may 
he summed up in the following 

GENERAL RULE. 

Reduce whole and mixed qtiantities to improper fractions , 
then cancel the common factors, and place the product of the 
numerators over the product of the denominators, 

1. Multiply " hy 152?. 

2. Multiply -^- by ^ — i. 

3. Multiply x + ^hj ^^. 

4. Multiply ^? X ^- by ^%. 

5. Multiply ^- by ^. 

C^ — TS^ ri /p 

.6. Multiply X — — T by 



a a + b '' a 



187. Whftt Is tbe general rule for multiplying fhictions ? 
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7. Multiply ^3;^ hj x + z. 

8. Multiply ^ by 2/. 

9. Multiply ^ by a:* _ 2iry + y'. 

if 

10. Multiply T^ by Si? — 2. 

11. Multiply a; — -^ by - + ?. 

^ •' a; "^ y ■ X 

12. Multiply a + ^ by -^. 
,3. Multiply ^^i:^>- by 4^ 



2a (<? + d) 

TIT IX,-* 1 2a; — V , 6a; — 2y 

14. Multiply ^ by ^--^-^. 

15. Multiply J + ^-^^ by * - ^^. 

16. Multiply by ^• 

^•^ a; — y "^ oa? 



DIVISION OF FRACTIONS. 

CASE 1. 
188. To Divide a Fraction by an Integer, 

1. If 3 oranges cost — dollars, what will i cost? 

n 

Analysis.— One is i third of 3; therefore. opbbation. 

I orange will cost i third of — dollars, and 17 "^ ^ — ~n 

- of — dollars is — dollars, Ans, 
^ n n 

2. Divide - by m. 

c '' 

Analysis.— Since we cannot divide opbbation. 

the numerator of the fraction by w, - -2- wi = ^ — — . 

we multiply the denominator by it. C ' C X m cm 
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The result ifl — . For, in each of the fractionfi - and — , the same 
cm c cm 

number of parts is taken ; but. since the unit is divided into m times 

as many parts in the latter as in the former, it follows that each part 

in the latter is only — th of each part in the former. Hence, the 

BuLE. — Divide the numerator by the integer. 

Or, Multiply the denomiiiator by it. 

Note. — If the dividend is a mixed quantity, it should be reduced 
to an improper fraction before the rule is applied. (Ex. 3.) 

Divide the following quantities : 
3. a + — by rf. 

4. ^ + J^ by ^y- 

5. — - by zxy. 

6. — by b. 

7. a + — by a. 

c 

8. ax + ^ by a^. 

a ^ 





. ax -\- be 

Ana. — J 

dx 




. abx + y 
abxy 


9- 


c? -\- ajx ^ 

^l by a + X. 


10. 


a^ — <? . 

-^— — by a — c. 


II. 


— J__^_i_j^ by a^ + y 

a + c ^ ^ 


12. 


X + 2y . . , 
f hy a + b. 
a^b -^ 


CASE 


II. 



189. To Divide a Fraction by a Fraction* 

This case embraces two classes of examples : 

First. Those in which the fractions have a common 
denominator. 

Second. Those in which they have different denominators. 



188. How divide a fraction by an integer? Note. If tlie diridend ie a mixed 
nantity, how proceed ? 
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1. At — dollars apiece, how many kites can a lad buy for 

— dollars ? 
m 

Akaltsis. — Since these fractions have a wm- owbatiok. 

mon denominator, their numerators are like 12a ^ 3a 

quantities, and one may be divided by the f/^ ' m 

other, as integers. (Art. 177.) Now 3a is con- Ans. 4 kites, 
tained in 12a, 4 times. (Art. no, Prin. i.) 

2. How many times is - — contained in -^ ? 

-^ X x 

1 c fit* ^7 be 

3. What is the quotient of ^^ divided by ^- 

/» /• 

4. It is required to divide - by -• 

X y 

Analysis. — Since these frac- 
tions have different denomina- 
tors, their numerators are unlike 
quantities ; consequently, one 
cannot be divided by the other 
in this form. {Art. 114^ note.) We 
therefore reduce them to a com- 
mon denommRtor ; then dividing a C a y ay 

one numerator by the other, the a;~^t/ x c c5' '^"^' 
result is the quotient. 

Or, more briefly, if we iiivert the divisor, and multiply the dividend 
by it, we have the same combinaHona and the same result as before. 
(Art. 185.) Hence, the 

EuLE. — Multiply the dividend by the divisor inverted. 
Or, Reduce the fractions to a common denominator, and 
divide the numerator of the dividend by that of the divisor. 

Notes. — i. A fraction is inverted, when its terms are made to 

change places. Thus, ^ inverted, becomes - • 

2. The object of inverting the divisor is convenience in multiplying. 

3. After the divisor is inverted, the common factors should be can- 
celled before the multiplication is performed. 





FntST OPEBATIOK. 




a 

X 


_ay 
xy' 


■ 


c _ 


cx 
xy' 




xy ' 


cx 
xy 


_ay 

^^^ — — • 

cx 






BBC0N9 


OPEBATIOK. 





189. How divide a fraction by a fraction when they have a common denominator ? 
When the denominators are different, how ? 
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Divide the following fractions : 



5 
6 

7 
8 



lO 



II 



12 



cd ^ ay' 
6aby ^ ax 

«— I •'2 

a— I , 2 

by — • 

X ''ax 

5^ by -'-^^. 
loaA 2oaia; 

i2j(«+y) j^y4(iP+y) 



ab 



2ad 



13- 
14. 

IS- 
16. 

17. 

18. 

19. 
20. 



2^^ "J AA. 



4Crf ^ 

2xy 



x + y 

2^y^ 

a + b 



by 

by 



6&C 

2d' 
3^ 

2y ' 



7^ ' ax 

by 



36fld 

360^ 

10 Ay 



ia; 



by 

by 
by 



lidb 

m A 

loby 
loby 
iSab 

5* 



iSab ^ s6ad 



CASE III. 
190. To Divide an integer by a Fraction. 

sad 



I. Divide the integer ydc by ^^• 

Analysis. — Having reduced the 
integer to a fraction, and inverted 
the divisor, we cancel the common 
factor d, and proceed as in the last 
case. Hence, the 



OFBRATIOS. 

7 3«^ 
jdc -^ ^- = 



ydc b 

- — X 



J = — , Ans. 
sad 3a 



RcLE. — Reduce the integer to a fraction, and multiply it 
by the divisor inverted. 

Divide the following quantities : 
2. aby -T- 



ex 
dm 



5- (s^-y)H--^ 



3- 


ax-i ~— . 

m + n 


6. 


(a^ + I) -h 


4- 


(a + x)^ ^. 


7- 


(i ««) : 



X+ I 

~~Sa~' 
I + a 

3^ 



190. How divide an integer by a fraction ? 



DIVISION OF FBACTI0K8. 
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191. Complex JFtax^tions are reduced to simple ones, 
by performing the division indicated. 



a 



8. Beduce — to a simple fraction. 
3 



Analysis. — The given fraction is equiv- 
alent to =- -^ -. Performing the division 

indicated, we have -r, the simple fraction 



3* 



required. 



T , the dividend. 



- , the divisor. 
4 

? s, 4 _ 4« . 
b 3 sb 



Keduce the following fractions to simple ones : 



10. 



II. 



b 

^^^•^ . 

cd 

a + I 
a — I 
a — I 

a + L 

a -—b 

X — y 

cT+b 



Ans, 



_?1 
bed 



12. 



13- 



a — b 

a — b 
a + b 



192. The various principles developed in the preceding 
cases may be summed up in the following 



GENERAL RULE. 



Reduce integers and mixed quantities to improper frac- 
tions, and complex fractions to simple ones : then multiply 
the dividend by the divisor inverted. 



jgi. How reduce complex fimctione ? 192. What U the general mle for dividing 
firactionB? 



94 DIVISION OF FKACTIONS. 



1. Divide - — by 3bc. 

4xyz 

2. Divide ^ — by oxy. 

2iy 

TV. . , i6xy , 2cd 
1. Divide — ^ by 

i3« 39« 
4. Divide -^^^ « by 



a^a — y2 ^ a;_y 

5. Divide -y-'-^^L^ by ^. 

6. Divide ^-J_-£- by — 7?- 

30c 240^ 

TV. .-, a* — m* , a^ + am 

7. Divide -^1 ; — « by 

or — 2am + m^ "^ a — m 

Solution. — Factoring and cancelling, we have, 

a*—2am-\-m^ ~~ {a—m){a—m) * a—m "" a—m ' ' 

>— — w — -^ X — r = , or a + — , An$. 

{a—m) {a—m) a(a+m) a a 

8. Divide ^^ by -^-. 

o. Divide by ^• 

x-{- y -^ X -^ y 

xo. Divide ^^? by li^ll^. 
ac -{- ax '^ 4{d + x) 

2(y C 

II. Divide -5— — s bv 



a^ + (^ " a -{- c 

la. Divide ii?'--^ by 3i^-5). 

X '^ a — X 

T^, ., a — b - a^ — J2 

13. Divide -z z Yo by =- 

14. Divide -= by 

^ x^— I "^ x— 1 

T^. . , hc^ 4- ^<?^ , 5 ((? + d) 

15. Divide by — ^^— -> 

^ X + ax '^ I + a 



CHAPTER IX. 

SIMPLE EQUATIONS- 

193. An Equation is an expression of equality between 
two quantities. (Art. 27.) 

194. Every equation consists of two parts, called the 
first and second members. 

195. The First Member is the part on the left of the 
sign (=). 

The Second Member is the part on the right of the 
sign (=). 

196. Equations are divided into degrees, according to the 
exponent of the unknown quantity; as the first, second, 
third, fourtl^, etc. 

Equations are also divided into Simple, Quadratic, 
Cubic, etc. 

197. A Simple Equation is one which contains 
only the first power of the unknown quantity, and is of the 
first degree ; sua, ax = d. 

198. A Quadratic Equation is one in which the 
highest power of the unknown quantity is a square, and is 
of the second degree ; o^ aa^ + ex = d. 

199. A Cubic Equation is one in which the highest 
power of the unknown quantity is a cube, and is of the 
third degree ; as, act^ + bx^ — ex =:d. 



Z93. Wbat is an equation? 194. How many parts? 195. Which is the firot 
member ? The second ? 196. How are equation? divided? What other divisions ? 
Z97. What is a simple equation ? 198. A quadratic ? 199. Cubic ? 
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200. An Identical Equation is one in which both 
members haye the same form^ or may be reduced to the 
same fonn. 

Thus, oft— c = ab-^c, and 8jc— 33? = 5«, are identlcaL 
Note. — Such an equation Ib often caUed an identity. 

201. The Transformation of an equation is chang- 
ing its form without destroying the equality of its members. 

Note.— The members of an equation will retain their egualUy, so 
long as they are equally increaeed or diminished. (Ax. 2-5.) 

TRANSPOSITION. 

202. Transposition of Terms is changing them 
from one side of an equation to the other without destroy- 
ing the equality of its members. 

203. Unknown Quantities may be combined with 
known quantities by addition^ subtraction^ multiplication, 
or division. 

Note. — The otject of transposition is to obtain an equation in which 
the terins containing the unkrunon quantity shall stand on one side, 
and the knoum terms on the other. 

204. To Transpose a Term from one Member of an 

Equation to the other. 

1. Given x + b = a, to find the value of x. 

Solution. — ^By the problem, x+b = a 

Adding —6 to each side (Ax. 2), «+&— & = a—h 
Cancelling { + &—&) (Ax. 7), .•. x = a—h 

This result is the same as -changing the sfgn of b from + to — in 
the first equation, and transposing it to the other side. 

2. Given x — dz=c, to find the value of x. 

Solution. — By the problem, «— d = c 

Adding 4-d to each side (Ax. 2), x—d+d = c+ef 
Cancelling (— d+(f), (Ax. 7.) .*. a? = c+(i 

900, Identical ? aoi. What is the transformation of an equation ? Note. Equality. 
03. What is transposition of terms ? 303. How combine unknown quantities ? 
Tote. Object of transposition ? 
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This result is also the same as changing the sign of d from — to + , 
and transposing it to the other side. Hence, the 

Hvj^— Transpose the term from one member of the equa^ 

tion to the other y and change its sign* 

Note. — In the first of the preceding examples, the unknown 
quantity is combined with one that is known by addition; in the 
second, with one by siMraction, 

3. Given J — c + a: = a— d, to find x. 

4. Given x + ab — c=^a + b, to find a?. 

205. The Signs of all the tenns of an equation may be 
changed without destroying the equality. For, all the 
terms on each side may be transposed to the other, by 
changing their signs. 

206. If all the terms on one side are transposed to the 
other, each member will be equal to o. 

Thus, if aj+c = d, it follows that x-^e—d = o. 



REDUCTION OF EQUATIONS. 

207. The Reduction of an equation consists in finding 
the value of the unknown quantity which it contains. 

208. The Value of an unknown quantity is the number 
which, substituted for it, will satisfy the equation. Hence, 
it is sometimes called the root of the equation. 

209. The reduction of equations depends on the following 

PRINCIPLE. 

Both members of an equation may be increased or dimin- 
ished by the same quantity luithout destroying the equality. 

204. How tranepoee a term f^om one member of an equation to the other? 
905. What is the effect of changing all the signs ? 206. Of transposing all the termf* ? 
207. In what does the redaction of an equation consist ? 208. What is the value of 
an unknown quantity ? What sometimes called ? 909. Upon what principle does 
the reduction of equations depend ? 
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210. This principle may be illtustrated by a pair of 
scales. If 4 balls, each weighing i lb., are placed in each 
scale, they balance each other. 

Adding 2 lbs. to each scale, 

4 + 2 = 4+2 

SubtractiDg 2 lbs. from each, 

4—2 = 4-*2 
Multiplying each by 2, 

4x2 = 4x2 
Dividing each by 2, 

4-r-2 = 4-1-2 

211. To Reduce an Equation containing One Unlcnown 

Quantity by Transposition. 

5. Given 22: — 3a -f 7 = a; + 35, to find x. 

Solution. —By the problem, 2aj— 3a + 7 = a? + 35 

Transposing the terms (Art. 204), 2X^x = 35—7 + 30 
Uniting the terms, . Ani. « = 28 + 3a 

Therefore, 28 + 3a is the value of x required. Hence, the 

Rule. — Transpose the unknown quantities to one side, 
and the known quantifies to the other, and unite the terms. 

Notes. — i. Transposing the terms is the same, in effect, as adding 
equal quantities to, or subtracting them from each member; hence, 
it is often called reduction of equations bj addition or svblrnction, 
(Arts. 72, 75, Prin. 4.) 

2. Uniting the terms depends upon Axiom 9. 

212. When the same term, having the same sign, is on 
opposite sides of the equation, it may be cancelled. 

6. Eeduce 3a: -f a — 6 = i — 4 + 2a;. 

7. Eeduce a; — 3+c = 2a?-fa — J. 

8. Eeduce 2y + bc — ad:=y + 2m — 8. 

9. Eeduce $ab — y + d = — 2y + 17. 

10. Eeduce ^cd + 27 — 4a; + d = 28 — 3a: + 3JA. 

11. Eeduce S -f c — 4a: = 32 + J — 5a; + d 

12. Eeduce a: + 4 — 2a; — 3 = 3a; + 4 -f 8 — 5a;. 

a 10. Illnstrate this principle? an. What is the mle for redacing equations? 
Note. To what is transpoBition equivalent? 312. When the same term, having the 
gatne sign, is on opposite sides, what may be done ? 
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CLEARING OF FRACTIONS. 
213. To Reduce an Equation containing Fraotions. 

1. Given - + -^ = 27, to find the yalue of x. 

26' 

Solution.— By the problem, ? ^. ^ = 27 

* 2 6 
Multiplying each term by 6, the Lc,m»\ ^ 

of the denominators (Art. 148), \ 3«+ a« = 162 
Uniting the terms, 50; = 162 

Dividing each side by the coefficient, Ant, x = 32} 

2. Given - + - = —, to find the value of a;. 

23 4 

Solution.— By the problem, _ + _ -r ?- 

234 

Malt, by 12, the L c« iM . of denominators, 6d;+4^ = 90 
Uniting terms, and dividing (Art. 211), Ans. 2=9 
Therefore, the valne of a; is 9. Hence, the 

Rule. — Multiply each term of the equation hy the least 
common multiple of the denominators; then, transposing 
and uniting the terms, divide each member by the coefficient 
of the unknown quantity. 

Notes. — i. An equation may also be cleared offractioTiM, by multi- 
plying both sides by eadh denominator separately. 

2. The reason that clearing an equation of fractions does not destroy 
the equation, is because both members are multiplied by the same 
quantity. (Ax. 4.) 

3. A fraction is multiplied by its denominator by caneeHing the 
denominator. (Art. 184, Note i.) 

4. Removing the coefficient of a quantity divides the quantity by it. 

5. If any given numerator is a multiple of its denominator, divide 
the foTTner by the latter before applying the rule. 

6. The unknown quantity in the last two problems is combined 
with those that are known by multiplication and division. Hence, the 
ox)eration is often caUed, reduction of equations by multiplication and 
dvoiaiUm. 

2x3. Rale for clearing an equation of fhictions ? Notes, i. In what other way may 
fractions be removed ? 2. Why does not this process destroy the equation ? 3. What 
is the effect of cancelling? a denominator? 4. Effect of removing a coefficient' 
5. If a numerator is a multiple of its denominator, how proceed ? 



100 SIMPLE EQUATIONS. 

'3. Reduce ^ + 12 = — + i. 
S 3 

4. Beduce = 6a? — 66. 

36 

5. Reduce ^ + § = 35 — a?. 

10 5 

214. When the sign — is prefixed to a fraction and the 
denominator is removed, the signs of all the terms in the 
numerator must be changed from + to — , or — to +. 

6. Reduce 3a; = 20. 

SOLTJTiON. — ^By the problem, 3« = 20 

Remoyiog the denominator 5, 152— 2; + 2 = 100 

Uniting and transposing the terms, 142 = 98 

Dividing by the coefficient, Ans, x=- 7 

7. Qiven i-^-5- = — ^ , to find x* 

X d 

8. Given xx -- — z= a , to find x. 

S 10 

0. Given — a;H [-— = —, to find x, 

3 4 24 

X X 

10. Given aH-6-fc = -H h a + h-\- c-r- 5, to find x. 

2 4 

215. The principles developed by the preceding illustra- 
tions may be summed up in the following 

GENERAL RULE. 

I. Clear the equation of fractions, (Art 213.) 

11. Transpose and unite the terms. (Art. 204.) 

III. Divide both sides by the coefficient of the unknown 
quantity* (Art. 213, Note 4.) 

Proof. — For the unJcnoion quantity substitute its vcdue, 
and if it satisfies the equation, the ivorTc is right. 

3x4. If Bign — is prefixed to a fraction ? 215. What is the general rule for simpk 
'M^uations? How proved,? 
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EXAMPLES. 



1. Given x -\ [--=14, to find a^ 

2 4 

X IX 

2. Given - -f a; = — + 40, to find x. 

2 10 

3. Given — + 10 = 1-13, to find x. 

o ^1 10 . 

4. Given — - — [-6 = 8, to find x. 

X — 2 

5. Given x H = 10, to find x. 

6. Given 2x + ^ "^ " = i8 + ^lul? ^ ^^^ ^ 

5 4 

/»• /»• /|» 

7. Given - H (- - = 78, to find x, 

234 

8. Given ^—z 8 = h 5, to find x. 

6 4 

^. 3^ — 5 4a; — 8 i«, 

9. Given X + ^^ ^ + -^—7 — = 12, to find x. 

2 o 

10. Given 2a:— 16 =z— , to find x. 

3 

^. 2a: — 8 . a; + 32 , a; j, n ji 

11. Given 1 ^^ + - = 30, to find x. 

4 23 

X 2X X 

12. Given - + -2- = 16 + -, to find ar. 

20 o 

n- 32^+1 2a: , a;— I , ^ , 

13. Given - — ■ 10 = 1 2 — y ^ ™d X. 

2 30 

^. 6a? sa; 4a? ^ . /« 1 

14. Given 1- %- = -^ — iA> to find x. 

^ 10 6 IS ''' 

15. Given 8a? + 6^ — ? = 8^ - — + — , to find x. 

Note. — Sometimes there is an advantage in uniting similar terms, 

X 

before clearing of fractions. Thus, uniting 6\ with 8 J ; also with 

I fix 2X 

-— , we have, 8* = 2 + 8a: ; .-. a? = 7, Ana. 

2 7 
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i6. Qiyen ^ — ^,6 + -r- = 7 + 2, to find a?, 
o op 

17. Given — = ~ + 15 — 12, to find x. 

5 4^ 

18. Given 2.1; — 4 = - + 2, to find a:. 

2 

19. Given ^ + i£-if = ^4- 17J, to find ic 

4 5 5 

20. Given - = J + c, to find x. 

a 

OfX 

21. Given — = rf, to find x. 

n 

22. Given 1 = c, to find x. 

2 3 

23. Given = ■ — , to find ar. 

a c 

24. Given 1-- = - + -, to find x, 

a X 2 a 

25. Given h — + — = Vh , to find x. 

3526^2' 

26. Given ^ 4- ?? = 4* i5f ^ g^^ ^ 

23s 3 

27. Given ^ 5 =-, to find x, 

X ^ x^ 

X ^— I I 

28. Given — ; 1- i = -, to find x, 

X + 1 a 

29. Given - H = - + a, to find x. 

^ a c — a c 

30. Given a; + J = — — ^ , to find x. 

X -\- 

31. Given x-^a^r:^ — -^— , to find x, 

a; — a 

32. Given 3 f j + f j =:4( "" j, to find a;. 

33. Given — =:a; --. to find a:. 

9 3 
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34. Giyen — + x = 25, to find x. 

42 • 

X X 

35. Given 80 = 43? -z.y to find x, 

'16, Given — ^^t— = 22: , to find x, 

3 4 

37. Given 10 — 2a; = ^ ^^ , to find x, 

3 3 

38. Given a; -T- 3 = 15 '■ — -y to find x. 

30. Given a; + 2 = 3a; H ' — , to find x. 

4 3 

40. Given — H = x — 6y to find x. 

422 

^. ii«— I 5a;— II a;— I . « J 

41. Given = , to find x. 

12 4 10 

42. Given — — — = 120, to find x. 

43. Given a? — 20 = ^^^— , to find x. 

5 

44. Given = h 12 — a*, to find x. 

2 3 

^. I — a? 2a; I — xx ^, 

45. Given — f- 10 = ^-, to find x» 

6 32 

46. Given — ; = b, to find x. 

a + I a— I 

47- Giyen -^_|-±| = ^, to find a. 

48. Given ^Ljl£ _ 5 ^ _ ^ to find x, 

X X 

49. Given — =d , to find x, 

2 3 

I — • X 

50. Given 8a = , to find x. 

^ I -f a: 

^. a?' + 4a; + 4 4ah , ^ , 

51. Given — L_n_]:_!t = ^ to find a?. 

^ a; 4- 2 16J 
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• PROBLEMS. 

216. The Solution of a problem is finding a quantity 
which will satisfy its conditions. It consists of two parts : 

First.— The Formation of an equation which will 
express the conditions of the problem in algebraic language. 
Second. — The Seduction of this equation. 

217. To Solve Problems in Simple Equations containing 

one unknown Quantity. 

I. A farmer divided 52 apples among 3 boys in such a 
manner that B had i half as many as A, and G 3 fourths as 
many as A minus 2. How many had each ? 

1. Formation— Let x = A's number. 

By the conditions, - = B's " 

2 

4 
Therefore, by Ax. 9, a; + - + — — 2 = 52, the whole. 

2. Reduction^ 40; + 20; + 33?— 8 = 208 

Transposing, etc., 90; = 216 

Removing the coefficient, x = 24, A's number. 

Ans. A had 24, B had 12, and C had 18—2 = 16. 

Prom this illustration we derive the following 

GENERAL RULE. 

I. Represent the unknown quantity hy a letter^ then state 
in algebraic language the operations necessary to satisfy the 
conditions of the problem. 

IL Clear the equation effractions ; then, transposing and 
uniting the terms, divide each member by the coefficient of the 
unknotvn quantity. (Art. 213.) 

NoTE.-^A careful study of the conditions of the problem will soon 
enable the learner to discover the quantity to be represented by the 
letter, and the method of forming the equation. 

216. What is the eolation of a problem ? Of what does it conBist f 3x7. What is 
the general rule ? 
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2. The bill for a coat and Test is $40 ; the yalue of the 
coat is 4 times that of the Test What is the Tulue of each ? 

3. A bankrupt had $9000 to pay A^ B, and C ; he paid B 
twice as much as A^ and as much as A and B. What 
did each receiTe ? 

4. The whole number of hands employed in a factory was 
1000 ; there were twice as many boys as men, and 1 1 times 
as many women as boys. How many of each ? 

5. Two trains start at the same time, at opposite ends of 
a railroad 120 miles long, one running twice as fast as the 
other. How far will each haTC run at the time of meeting ? 

6. A man bought equal quantities of two kinds of flour, 
at $10 and $8 a barrel. How many barrels did he buy^ the 
whole cost being $1200 ? 

7. If 96 pears are divided among 3 boys, so that the 
second shall have 2, and the third 5, as often as the first 
has I, how many will each receive ? 

8. A post is one-fourth of its length in the mud, one- 
third in the water, and 12 feet aboTC water; what is its 
whole length ? 

9. After paying away ^ of my money, and then i of the 
remainder, I haTe $72. What sum had I at first ? 

10. Divide $300 between A, B, and C, so that A may 
haTe twice as much as B, and G as much as both the others. 

11. At the time of marriage, a man was twice as old as 
his wife; but after they had liTed together 18 years, his age 
was to hers as 3 to 2. Eequired their ages on the wedding day. 

12. A and B iuTest equal amounts in trade. A gains 
1 1 260 and B loses $870; A's money is now double B's. 
What sum did each invest ? 

13. Eequired two numbers whose difference is 25, and 
twice their sum is 114. 

14. A merchant buying goods in New York, spends the 
first day ^ of his money ; the second day, I ; the third day, 
I; the fourth day, J; and he then has $300 left. How 
much had he at first ? 
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15. What number is that, from the triple of which if 17 
be subtracted the remainder is 22 ? 

16. In fencing the side of a field whose length was 450 
rods, two workmen were employed, one of whom built 9 rods 
and the other 6 rods per day. How many days did they 
work? 

17. Two persons, 420 miles apart, take the cars at the 
same time to meet each other; one travels at the rate of 40 
miles an hour, and the other at the rate of 30 miles. What 
distance does each go ? 

18. Divide a line of 28 inches in length into two such 
\wrtA that one may be J of the other. 

19. Charles and Henry have $200, and Charles has seven 
times as much money as Henry. How much has each ? 

20. What is the time of day, provided ^ of the time past 
midnight equals the time to noon ? 

21. A can plow a field in 20 days, B in 30 days, and C in 
40 days. In what time can they together plow it? 

22. A man sold the same number of horses, cows, and 
sheep; the horses at $100, the cows at $45, and the sheep 
at ^5, receiving $4800. How many of each did he sell ? 

23. Divide 150 oranges among 3 boys, so that as often as 
the first has 2, the second shall have 5, and the third 3. 
How many should each receive ? 

24. Four geese, three turkeys, and ten chickens cost $10 ; 
a turkey cost twice as much as a goose, and a goose 5 times 
as much as a chicken. What was the price of each ? 

25. The head of a fish is 4 inches long ; its tail is 1 2 times 
as long as its head, and the body is one-half the whole 
length. How long is the fish ? 

26. Divide 100 into two parts, such that one shall be 20 
more than the other. 

27. Divide a into two such parts, that the greater divided 
by c shall be equal to the less divided by d, 

28. How much money has A, if J, |, and } of it amount 
to $1222 ? 



ONE UNKNOWN QUANTITY. 107 

29. Wliat number is that, i, |, i, and i of which are 
equal to 60 ? * 

30. A man bought beef at 25 cents a pound, and twice as 
much mutton at 20 cents, amounting to $39. How many 
pounds of each ? 

31. A says to B, " I am twice as old as you, and if I were 
15 years older, I should be 3 times as old as you/' What 
were their ages ? 

32. The sum of the ages of A, B, and C is 1 10 years ; B is 
3 years younger than A, and 5 years older than C. What 
are their ages ? 

SS- At an election, the successful candidate had a 
majority of 150 votes out of 2500. What was his number 
of votes ? 

34. In a regiment containing 1200 men, there were 
3 times as many cavalry as artillery less 20, and 92 more 
infantry than cavalry. How many of each ? 

35. Divide $2000 among A, B, and C, giving A $100 
more than B, and $200 less than C. What is the share of 
each? 

36. A prize of $150 is to be divided between two pupils, 
and one is to have i as much as the other. What are the 
shares ? 



* When the conditions of the problem contain fractional expressions, 
as i, i, i, etc., we can avoid these fractions, and greatly abridge the 
operation, by representing the quantity sought by such a number of 
ofB as can be divided by each of the denominators without a remainder. 
This number is easily found by taking the least common multiple of 
all the denominators. Thus, in problem 29, 

Let 123; = the number. 

Then will 6aj = i half. 

** « 4a? = I third, 

** " 33? = I fourth, 

" " 2aj = I sixth, 

Hence, tx+4X+2x+2X = 60 

.-. ar = 4 
Finally, wxu or izx = 48, the number required. 
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37. Two horses cost $616, and 5 times the cost of one was 
6 times the cost of the other. What was the price of each ? 

38. What were the ages of three brothers, whose united 
ages were 48 years, and their birthdays 2 years apart ? 

39. A messenger travelling 50 miles a day had been gone 

5 days, when another was sent to overtake him, travelling 
65 miles a day. How many days were required ? 

40. What number is that to which if 75 be added, f of 
the sum will be 250 ? 

41. It is required to divide 48 into two parts, which shall 
be to each other as 5 to 3.* 

42. What quantity is that, the half, third, and fourth of 
which is equal to a ? 

43. A and B together bought 540 acres of land, and 
divided it so that A's share was to B's as 5 to 7. How many 
acres had each ? 

44. A cistern has 3 faucets; the first will empty it in 

6 hours, the second in 10, aud the third in 12 hours. How 
long will it take to empty it, if all run together ? 

45. Divide the number 39 into 4 parts, such that if the 
first be increased by i, the second diminished by 2, the third 
multiplied by 3, and the fourth divided by 4, the results 
will be equal to each other. 

46. Find a number which, if multiplied by 6, and 12 be. 
added to the product, the sum will be 66. 

47. A man bought sheep for $94 ; having lost 7 of them, 
he sold i of the remainder at cost, receiving $20. How 
many did he buy ? 

48. A and B have the same income ; A saves J of his, but 
B spending I50 a year more than A, at the end of 5 years is 
$100 in debt. What is their income ? 



* When the quantities sought have a given ratio to each other, the 
solution may be abridged by taking such a number of ii*s for the 
unknown quantity, as will express the ratio of the quantities to each 
other without fractions. Thus, taking 50; for the first part, 3a; will 
represent the second part ; then ^x-^yc = 48, etc, 
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49. A cistern is supplied with water by one pipe and 
emptied by another; the former fills it in 20 minutes^ the 
latter empties it in 15 minutes. When fuU^ and both pipes 
run at the same time^ how long will it take to empty it ? 

50. What number is that^ if multiplied by m and n 
separately, the difference of their products shall he d? 

51. A hare is 50 leaps before a greyhound^ and takes 
4 leaps to the hound's 3 leaps; but 2 of the greyhound's 
equal 3 of the hare's leaps. How many leaps must the 
hound take to catch the hare ? 

52. What two numbers, whose difference is J, are to each 
other as'a to c ? 

53. A fish was caught whose tail weighed 9 lbs.; his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail together. What was 
the weight of the fish ? 

54. An express messenger travels at the rate of 13 miles 
in 2 hours ; 12 hours later, another starts to overtake him, 
travelling at the rate of 26 miles in 3 hours. How long and 
how far must the second travel before he overtakes the first ? 

55. A father's age is twice that of his son ; but 10 years 
ago it was 3 times as great. What is the age of each ? 

56. What number is that of which the fourth exceeds the 
seventh part by 30 ? 

57. Divide I576 among 3 persons, so that the first may 
have three times as much as the second, and the third one- 
third as much as the first and second together. 

58. In the composition of a quantity of gunpowder, the 
nitre was 10 lbs. more than f of the whole, the sulphur 
4^ lbs. less than J of the whole, the charcoal 2 lbs. less than 
^ of the nitre. What was the amount of gunpowder ? * 



* The operation will be shortened by the following artifice : 

Let 42a; + 48 = the number of pounds of powder. 

Then 280^+42 = nitre ; 7x+2i = sulphur ; 40;+ 4 = charcoal. 

Hence, 39a; + 49 J = 42a! + 48. 

.•. a? = J, and 4235+48 = 69 pounds, Ana, 
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59. Divide 36 into 3 parts, such that i of the first, i of 
the second, and ^ of the third are all equal to each other. 

60. Divide a line 2 1 inches long into two parts, such that 
one may be ^ of the other. 

61. A milliner paid $5 a month for rent, and at the end 
of each month added to that part of her money which was 
not thus spent a sum equal to i half of this part; at the 
end of the second month her original money was doubled. 
How much had she at first ? 

62. A man was hired for 60 days, on condition that for 
every day he worked he should receive 75 cents, and for 
every day he was absent he should forfeit 25 cents; at the 
end of the time he received $12. How many days did he 
work ? 

63. Divide $4200 between two persons, so that for every 
$3 one received, the other shall receive $5. 

64. A father told his son that for every day he was perfect 
in school he would give him 15 cents; but for every day he 
failed he should charge him 10 cents. At the end of the 
term of 1 2 weeks, 60 school days, the boy received $6. How 
many days did he fail? 

65. A young man spends ^ of his annual income for 
board, | for clothing, -j^ in charity, and saves $318. What 
is his income ? 

66. A certain sum is divided so that A has $30 less than J, 
B i5io less than J, and C $8 more than J of it. What does 
each receive, and what is the sum divided ? 

67. The ages of two brothers are as 2 to 3 ; four years 
hence they will be as 5 to 7. What are their ages?* 

Note. — To change a proportion into an equation, it is necessary to 
assume the truth of the following well established principle : 

If four quantities are proportional, the product of the extremes is 



* A strict conformity to system would require that this and similar 
problems should be placed after the subject of proportion ; but it is 
convenient for the learner to be able to convert a proportion into an 
equation at this stage of his progress. 
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equal to the product of the means. Hence, in such cases, we have only 
to make the product of the extremes one side of the equation, and the 
product of the means the other. 

Thus» let 2X and ys be equal to their respective ages. 

Then 2aj+4 : 3aJ+4 :: 5 : 7. 

Making the product of the extremes equal to the product of the 

means, we have, 

1405+28 = i5a?+2o. 

Transposing, uniting terms, etc., a; = 8. 

.*. 2X = 16, the younger ; and 33? = 24, the older. 

68. What two numbers are as 3 to 4, to eacli of which if 
4 be added, the sums will be as 5 to 6 ? 

69. The sum of two numbers is 5760, and their difference 
is equal to ^ of the greater. What are the numbers ? 

70. It takes a college crew which in still water can pull at 
the rate of 9 miles an hour, twice as long to come up the 
river as to go down. At what rate does the river flow ? 

71. One-tenth of a rod is colored red, -f^ orange, ^ yellow, 
-^ green, ^ blue, ^ indigo, and the remainder, 302 inches, 
violet What is its length ? 

72. Of a certain dynasty, \ of the kings were of the same 
name, \ of another, J of another, -^ of another, and there 
were 5 kings besides. How many were there of each name ? 

73. The difference of the squares of two consecutive 
numbers is 15. What are the numbers? 

74. A deer is 80 of her own leaps before a greyhound ; 
she takes 3 leaps for every 2 that he takes, but he covers as 
much ground in one leap as she does in two. How many 
leaps will the deer have taken before she is caught ? 

75. Two steamers sailing from New York to Liverpool, a 
distance of 3000 miles, start from the former at the same 
time, one making a round trip in 20 days, the other in 
25 days. How long before they will meet in New York, 
and how far will each have sailed ? 



OHAPTEE X. 

SIMULTANEOUS EQUATIONS. 

TWO UNKNOWN QUANTITIES. 

218. Simtiltaneotis * Equations consist of two or 
more equations, each containing two or more unknown 
quantities, the respective values of which are the same in 
each equation. 

Thus, a;+y = 7 and sar— 4^ = 8 are BimaltaneouB equations, for in 
each x = 4 and y = 3. 

219. Independent Mqnations are those which 
express different conditions, so that one cannot be reduced 
to the same form as the other. 

Thus, 6a;— 4y=i4 and 2aj+ 3^=22 are index)endent equations. 
But the equations a;+y = 5 and 3a; + 3y = 15 are not independent, for 
one is directly obtained from the other. Such equations are termed 
dependent. 

Note. — Simultaneous equations are uBuaWj independent ; but inde^ 
pendent equations may not be simultaneous ; for the letters employed 
may have the same or different values in the respective equations. 

Thus, the equations x-\-y = 7 and 2a;— 2^=14 are independent, 
but not simultaneous ; for in one x = 7—y, in the other x= j + y, etc 

220. Problems containing more than one unknown quan- 
tity must have as many simultaneous equations as there are 
unknown quantities. 

If there are more equations than unknown quantities, 
some of them will be superfluous or contradictory, 

218. What are pimultaneonB equations ? 219. IndepeDdetit equations ? 220. How 
many equations must each problem have ? 

^ From the Latin simul, at the same time. 
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If the nnmber of equations be less than the number of 
unknown quantities^ the problem will not admit of a definite 
answer, and is said to be indeterminate or impossible, 

221. Elimination* is combining two equations 
which contain two unknown quantities into a single equa- 
tion, having but one unknown quantity. There are three 
methods of elimination, viz.: by Camparisofifhy Substitutiouy 
and by Addition or Subtraction. 



CASE I. 
222. To Eliminate an Unlcnown Quantity by CompariMm. 

I. Given a: + y = i6, and ar — y = 4, to find x and y. 

SOLXJTION. — By the problem, 



U II 



Transposing the ^ in (i), 
" the y in (2), 

By Axiom i. 
Transposing and uniting terms, 

Substituting the value of y in (4), 



aj+y = 16 


(I) 


»-y= 4 


(2) 


X = 16— y 


(3) 


«= 4+y 


<4) 


4+y=i6-y 


(5) 


?y= 12 


(6) 


.•. y= 6 




«= 10 





In (5) it will be seen we have a new equation which contains 
only one unknown quantity. This equation is reduced in the usual 
-way. Hence, the 

EuLE. — I. From each equation find the value of the quan- 
tity to he eliminated in terms of the other quantities, 

II. Form a new equation from these equal values, and 
reduce it by the preceding rules, 

NoTB. — This rule depends upon the axiom, that things which are 
equal to the same thing are equal to each other. (Ax. i.) 



For convenience of reference, the equations are numbered (i), 
(2), (3), (4), etc. 



221. What iB elimination ? Name tbe methods. 222. How eliminate an unknown 
quantity by comparison ? Note. Upon what principle does this role depend ? 

* From the Latin eliminare, to caitt out. 
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CASE II. 

223. To Eliminate an Unlcnown Quantity by Substitutionm 

8. Given x + 2y := lo, and $x+ ly = i8, to find x and y. 

Solution. — By the problem, a;+2y = to (i) 

" 3aj+2y = i8 (2) 

Transposing 2y in (i), x = lo— 2y (3) 

Substitating the value of x in (2), 30—4^ = 18 (4) 

Transposing and uniting terms (Ait. 211), 4^ = 12 (5) 

- y= 3 
Substituting the value of y In (i), a; = 4 

l^gr For convenience, we first find the value of the letter which is 
least involved. Hence, the 

EuLB. — I. From one of the equations find the value of the 
unknown quantity to he eliminated, in terms of the other 
quantities. 

II. Substitute this value for the same quantity in the 
other equation, and reduce it as before. 

Notes. — i. This method of elimination depends on Ax. i. 
2. The given equations should be cleared of fractions before com- 
mencing the elimination. 

9. Given a:+3y = 19, and $x — ly = 10, to find x and y. 

X U XV 

0. Given - + - = 7, and - -f ^ = 8, to find x and y. 

1. Given 2'x-\-^y = 28, and 3X + 2y = 27, to find x and y. 

2. Given 4X+y =^ 43, and ^x+2y = 56, to find x and y. 

3. Given 52^+8 = jy, and 5^ + 32 = jx, to find x and y. 

4. Given 4X-\-sy = 22, and 7a; + 3y = 27, t/O find x and y. 

333. How eliminate an unknown qnantity by Bubstitation ? Note. Upon what 
principle does this method depend ? 
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CASE I II. 

224. To Eliminate an Unlinown Quantity by Addition or 

S^uhtraction. 

15. Given 4a;+3y=i8, and 52:— 2y=ii, to find x and y. 

Solution. — By the problem, 40^+3^=18 (i) 

" " 50?— 2y=ii (2) 

MultiplTing (i) by 2, the coef. of y in (2), 8aj+ 6y = 36 (3) 

Multiplying (2) by 3, the coef. of y in (i), isx—dy = 33 (4) 

Adding (3) and (4) cancels ty, 232B = 69 (5) 

/. « =3 
Subetituting the value of a; in (i), 12 + 3y = 18 

y= a 
QP" In the preceding solution, y is eliminated by addition. 

16. Given 6a;-|- 5^=28, and 8a;+3y=3o, to find x and y. 

Solution. — By the problem, 6aj+ sy = 28 (1) 

" " 8aj+ 3y= 30 (2) 

Multiplying (i) by 8, the coef. of a; in (2), 4805 +4oy = 224 (3) 

Multiplying (2) by 6, the coef. of a; in (i), 480;+ i8y = 180 (4) 

Subtracting (4) from (3), 22y = 44 

:. y= 2 

Substituting the value of y in (2) 8ic + 6 = 30 

:. x= 3 

In this solution, x is eliminated by svbtrdction. Hence, the 



EuLE. — I. Select the letter to he eliminated ; then multiply 
or divide one or both equations by such a number as tvill 
make the coefficients of this letter the sams in both. (Ax. 4, 5.) 

II. If the sigiis of these coefficients are alike, subtract one 
equation from the other / if unlike j add the two equations 
together, (Ax. 2, 3.) 

Notes. — i. The object of multiplying or dividing the equations is to 
equalize the coefficients of the letter to be eliminated. 

2, If the coefficients of the letter to be eliminated are prime num- 
bers, or prime to each other, multiply each equation by the coefficient 
of this letter in the other equation, as in Ex. 15. 

aa4. What Ib the rale for elimination by addition or eubtraction ? Notes.— 1. The 
object of mnltiplying or divi^ng the eqnation ? 3. If coefficients are prime ? 
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3. If not prime, divide the L c, m . of the coefficients of the letter 
to be eliminated by each of these coefficients, and the respective 
quotients will be the multipliers of the corresponding equations. 
Thus, the I. e. in» of 6 and 8, the coefficients of a; in Ex. 16, is 24 ; 
hence, the multipliers would be 3 and 4. 

4. If the coefficients of the letter to be eliminated have common, 
factors, the operation is shortened by cancelling these factors before 
the multiplication is performed. Thus, by cancelling the common 
factor 2 from 6 and 8, the coefficients of x in the last example, they 
become 3 and 4, and the labor of finding the I, c, 9»i.*i8 avoided. 

17. Given 3a; -f- 4^=2 9, and 7a;-f-iiy=76, to findarandy. 

18. Given 9a:— 4^=8, and 13.^+7^=101, to find xsudy. 

19. Given 3a;— 7^=7, and 12a: + 5^=94, to find x and y. 

20. Given 33;+ 2^=118, and a;+ 5^=191, to find a;and^. 

21. Given 4a;+5y=22, and 7a;+3y=27, to find x and y. 

Note. — The preceding methods of elimination are applicable to aJl 
simultaneous simple equations containing two unknown quantities, 
and either may be employed at the pleasure of the learner. 

The first msthod has the merit of clearness^ but often gives rise to 
fractions. 

The second is convenient when the ooeffident of one of the unknown 
quantities is i ; if more than i, it is liable to produce /ra<;^M>n^. 

The third never gives rise to fractions, and, in general, is the most 
simple and expeditious. 

EXAMPLES. 

• 

Find the values of x and y in the following equations : 

I.- 2a: + zy= 23^ 5- 5^+ iy= 43> 

5a:— 2y = 10. iia; + 9y = 69. 

2. 4a: + y= 34, 6. 8a; — 2iy= 33, 
4y+ a:= 16. 6a; + 35^=177. 

3. 30a; + 40^ = 270, 7. 2iy + 20X = 165, 
50a; + 3oy = 340. 77y — 30X = 295. 

4. 2a; + jy= 34, 8. iia;— ioy= 14, 
5a; + 9y= 51- 5^+ 7.V= 41. 

Not£8.—'i. If not prime, how proceed ? 4. If the coefBciente have commoD &c- 
tors, how shorten the operation ? ^ 
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9. 6y — 2a: = 208, 15, 8x -h y = 42, 

loa;— 4^=156. 2X + 41/ =1 18. 

10. 4x + sy = Z2, 16. 2x + 4y = 20, 

52:— 7y= 6. 4X+ sy— 28- 

2a; + 7y= 81. 3a;— 3y= 6. 

12. 5a:— 7y= 33, 18. 32;+ 5y= 57, 

iia;+i2y=ioo. 52;+ 3y = 47. 

13. 5 -t- f = '8' »9. ; + § = 7, 

- — - = 21. - + ^ = c. 

24 3^4^ 

14. 16a: + 17// = 500, 20. 2a? + y = 50, 

17a;— 3y= no. ^ ^ 2^ — t 



6 ' 7 



PROBLEMS. 



1. Required two numbers whose sum is 70, and whose 
difference is 16. 

2. A boy buys 8 lemons and 4 oranges for 56 cents; and 
afterwards 3 lemons and 8 oranges for 60 cents. What did 
he pay for each ? 

3. At a certain election, 375 persons voted for two candi- 
dates, and the candidate chosen had a majority of 91. How 
many voted for each ? 

4. Divide the number 75 into two such parts tbat three 
times the greater may exceed seven times the less by 15. 

5. A farmer sells nine horses and seven cows for J1200 ; 
and six horses and thirteen cows for an equal amount. 
What was the price of each ? • 

6. From a company of ladies and gentlemen, 15 ladies 
retire; there are tben left two gentlemen to each lady. 
After which 45 gentlemen depart, when there are left five 
ladies to each gentleman. How many were there of each at 
first? 



i 
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7. Find two nnmbers, Buch that the sum of five times the 
first and twice the second is 19; and the difference between 
seven times the first and six times the second is 9. 

8. Two opposing armies number together 21,110 men ; 
and twice the number of the greater army added to three 
times that of the less is 52,219. How many men in each 
army? 

9. A certain number is expressed by two digits. The 
sum of these digits is 11 ; and if 13 be added to the first 
digit, the sum will be three times the second. What is the 
number ? 

10. A and B possess together $570. If A's share were 
three times and B's five times as great as each really is, then 
both would have $2350. How much has each ? 

11. If I be added to the numerator of a fraction, its value 
is I; and if 1 be added to the denominator, its value is J. 
What is the fraction. 

12. A owes I1200; B, $2550. But neither has enough to 
pay his debts. Said A to B, Lend me i of your money, 
and I shall be enabled to pay my debts. B answered, I 
can discharge my debts, if you lend me i of yours. What 
sum has each ? 

13. Find two numbers whose difference is 14, and whose 
sum is 48. 

14. A house and garden cost $8500, and the price of the 
garden is ^ the price of the house. Find the price of each. 

15. Divide 50 into two such parts that | of one part, 
added to f of the other, shall be 40. 

t6. Divide $1280 between A and B, so that seven times 
A's share shall equal nine times B's share. 

17. The ages of twt) men differ by 10 years ; 15 years ago, 
the elder was twice as old as the younger. Find the age of 
each. 

18. A man owns two horses and a saddle. If the saddle, 
worth $50, be put on the first horse, the value of the two 
is double that of the second horse ; but if the saddle be put 
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on the second horse, the value of the two is $15 less than 
that of the first horse. Bequired the value of each horse. 

19. A war-steamer in chase of a ship 20 miles distant, 
goes 8 miles while the ship sails 7. Uow far will each go 
before the steamer overtakes the ship ? 

20. There are two numbers, such that | the greater added 
to I the less is 13 ; and if j the less be taken from ^ the 
greater, the remainder is nothing. Find the numbers. 

21. The mast of a ship is broken in a gale. One-third of 
the part left, added to i of the part carried away, equals 
28 feet; and five times the former part diminished by 
6 times the latter equals 12 feet. What was the height of 
the mast? 

22. A lady writes a poem of half as many verses less two 
as she is years old ; and if to the number of her years that 
of her verses be added, the sum is 43. IIow old is she ? 
How many verses in the poem ? 

23. What numbers are those whose difference is 20, and 
the quotient of the greater divided by the less is 3 ? 

24. A man buys oxen at $65 and colts at $25 per head, 
and spends $720 ; if he had bought as many oxen as colts, 
and vice versa, he would have spent $1440. How many of 
each did he purchase ? 

25. There is a certain number, to the sum of whose 
digits if you add 7, the result will be 3 times the left-hand 
digit ; and if from the number itself you subtract 18, the 
digits will be inverted. Find the number. 

26. A and B have jointly $9800. A invests the sixth part 
of his property in business, and B the fifth part of his, and 
each has then the same sum remaining. What is the entire 
capital of each ? • 

27. A purse holds six guineas and nineteen silver dollars. 
Now five guineas and four dollars fill fj of it. How many 
will it hold of each ? 

28. The sum of two numbers is a, and the greater is « 
times the less. What are the numbers ? 



120 SIMPLE EQUATIONS 



THREE OR MORE UNKNOWN QUANTITIES. 

225. The preceding methods of elimination of two 
unknown quantities are applicable to equations containing 
three or more unknown quantities. (Arts. 222-224.) 

226. To Solve Equations containing tliree or more Unlcnown 

Quantities. 

I. Given 3a; + 2y — 5^ = 8, 2X + $y + 4Z^=i 16, and 
5a: — 6y 4- 32; = 6, to find X, y, and z. 



iXjnos.-^By the problem, 


30?+ 2y— 5a = 


8 


(I) 


U M 


2iiJ+ 3y+ 4« = 


16 


(a) 


f( U 


Sx— 6y+ 3« = 


6 


(3) 


MultiplTing (i) by 2, 


6a?+ 4y~ioB = 


16 


(4) 


(2) by 3, 


6aj+ 9^+122 = 


48 


(5) 


Subtracting (4) from (5), 


5y + 222 = 


32 


(6) 


Moltiplying (2) by 5, 


ioaj+i5y+2o« — 


80 


(7) 


(3) by 2. 


. loflj— i2y+ 62 = 


12 


(8) 


Subtracting (8) from (7), 


27^+142 = 


68 


(9) 


Multiplying (6) by 27, 


l35y + 594« = 


864 


(10) 


(9) by 5, 


I35y+ 7<» = 


340 


(") 


Subtracting (11) from (10), 


5242 = 


524 

T 


(12) 


• • •- — 
Substituting the value of z in (6), y — 


1 

2 




Substituting the value of y 


and z in (2), x = 


3 




Ans, x = 3, y = 2, e = i. 


Hence, the 







EuLE. — 1. From thegiveji equations eliminate one unlcnown 
quantity^ by combining one equation with another. 

II. From the resultiiig equations eliminate another unknown 
quantity in a similar manner. Continue the operation until 
a single equation is obtained, tvith but one unknown quan- 
tify, and reduce this by the preceding rules. 

Note. — The letter having the smallest coefficients should be elimi- 
nated first ; and if each letter is not found in all the given equations, 
begin with that which is in the least number of the equations. 

226. What is the rule for soMng equation? having three or more unknown quan- 
tities ? NoU, Which letter should be eliminated first ? 
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Bedace the following equations: 

2. 52? — 3y + 22J = 28, 5. sa: + 2y + 4j? = 46, 
^x + 2y-^4Z=z IS, 32? + 2y + « = 23, 
3y + 4a; — a; = 24. loa; + sy + 42; = 75. 

3. 2ir + 5y— 3«= 4, 6. a;+ y+ 2?= S3> 
4^2^ — 3y + 22; = 9, a; + 2y + 32; = 105, 
SX + 6y-^2z=iS. a; + 3y + 4^ = 134, 

4. 2a; + 3y — 4^ = 20, 7. 3a; + 4^2;= 57, 

a; — 2y + 3i2; = 6, 2y — j? = 1 1, 

3a; — 2y + 52; = 26. 5a: + 3y = 65. 

9. Required the value of w, x, y, and z in the following 

equations: 

w+x+y+z= 14 (i) 

2Z(; + a; + y — z = 6 (2) 

2tt7 + 3a: — y + « = 14 (3) 

w — a; -h 3y + 4^ = 31 (4) 

SOLUTION. 

Adding (i) and (2), 3W+ 2jr+ 2y = 20 (5) 
" (2) and (3), 4tt?+ 4a; =20 (6) 

Multiply (3) by 4, 8w+ 12a;— 4^+42= 56 (7) 

Subtract (4) from (7), 7ti> + i3a;— yy =25 (8) 
Multiply (5) by 7, 2ittJ + 14a; -j- 14^ = 140 (9) 

" (8) by 2, i4fl/?+26a;— i4y = 50 (10) 

Add (9) and (10), 35«>+4(xc = 190 (11) 

Multiply (6) by 10, 401/?+ 40a; =200 (12) 

Subtract (11) from (12), sw = 10 

.*. tc = 2 
Substituting value of «j in (6), 8 + 4a; = 20 

.*. aj = 3 
Substituting value of w and x in (5), etc., 
y = 4, and 2 = 5. 
6 
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SIMPLE EQUATIONS. 



227. The solution of equations containing many unknown 
quantities may often be shortened by substituting a single 
letter for several. 

w+x-\-y=i^ (i) 
w+x+z = 17 (2) 
w+y + z =:iS (3) 
x+y+z=z 21 (4) 



10. Required the value of w, x, y, 
and z in the adjoining equations. 



Note. — Substituting s for the som of the four quantities, we have, 

Equation (i) contains all the letters but z, s—z = 13 (5) 

(2) " " '* y, s-y = 17 (6) 

(3) " " "■ «, B-x = 18 (7) 

(4) " " " w, s-w = 21 (8) 



tt 



u 



€t 



Adding the last four equa- 
tions together, 



( = 69 



4«— «— y— «— «? 
or 4«— (e+y+aj+w) 
or 4«— « 

That is, 3« = 69 
.-. « = 23 
Substituting 23 for 8 in each of the four equations, we have, 

tr = 2, x= s, y = 6, e = 10. 



II. Required the value of v, 
to, X, y, and z, in the adjoining -< 
equations. 



" V -\-w+x+y=z 10 

V +W + X + Z = II 

V +w+y-\-z = 12 

V -{'X-\-y + Z=: 13 

lW + X+y + Z=::l4 

Note. — Adding these equations, 41? +41^+40; +4^+42 = 60 
Dividing (6) by 4, v+ w+ a;+ y+ sj = 15 

Subtracting each equation from (7), we have, 

2=5, y = 4, flJ=3. «5 = 2, and tj = i. 



12. 


W + X + Z — 10, 




X +y -{-z --12, 




w + x-^y— 9, 




«^ + y + ^ II- 



13- 



I I 

X y 

1 I 

y z 

I I 

a; z 



S 
6' 



12 
3 

4 



(9) 

(lo) 



(l) 

(2) 
(3) 
(4) 

(s) 

(6) 
(7) 



227. How shorten the eolation of prohlemB containing many unknown quantities ? 
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PROBLEMS. 

1. A man has 3 sons ; the sum of the ages of the first 
and second is 27^ that of the first and third is 2g, and of 
the second and third is 32. What is the age of each ? 

2. A batcher bought of one man 7 calves and 13 sheep 
for I205 ; of a second, 14 calves and 5 lambs for $300; and 
of a third, 12 sheep and 20 lambs for $140, at the same 
rates. What was the price of each ? 

3. The sum of the first and second of three numbers is 
13, fchat of the first and third 16, and that of the second 
and third 19. What are the numbers ? 

4. In three battalions there are 1905 men: i the first 
with I in the second, is 60 less than in the third ; i the 
the third with | the first, is 165 less than the second. How 
many are in each ? 

5. A grocer has three kinds of tea: 12 lbs. of the first, 
13 lbs. of the second, and 14 lbs. of the third are together 
worth $25 ; 10 lbs. of the first, 17 lbs. of the second, and 
II lbs. of the third are together worth J24; 6 lbs. of the 
first, 12 lbs. of the second, and 6 lbs. of the third are together 
worth $15. What is the value of a pound of each ? 

6. Two pipes, A and B, will fill a cistern in 70 minutes, 
A and C will fill it in 84 minutes, and B and C in 140 min. 
How long will it take each to fill the cistern ? 

7. Divide $90 into 4 such parts, that the first increased 
by 2, the second diminished by 2, the tbird multiplied by 2, 
and the fourth divided by 2, shall all be equal. 

8. The sum of the distances which A, B, and C have 
traveled is 62 miles ; A's distance is equal to 4 times C's, 
added to twice B's ; and twice A's added to 3 times B's, is 
equal to 17 times C's. What are the respective distances ? 

9. A, B, and C purchase a horse for ^loo. The payment 
would require the whole of A's money, with half of B's ; or 
the whole of B's with | of C's ; or the whole of O's witb J 
of A's. How much money has each ? 



CHAPTER XI. 

GENERALIZATION. 

228. OeneraHzdUion is the process of finding a 
formula^ or general ruUy by which all the problems of a 
cUiss may be solved. 

229. A Problem is generalized when stated in 
general terms which embrace all examples of its class. 

230. In all Oeneral JProblems the quantities are 
expressed by letters, 

I. A marketman has 75 turkeys; if his turkeys are mul- 
tiplied by the number of his chickens, the result is 225. 
How many chickens has he ? 

^OTE. — This problem may be stated in the following general temifi; 

231. The Product of two Fa>ctar8 and one of the Factors 

being given, to Find the other Factor.* 

Suggestion. — If k product of two factors is divided by one of them, 
it is evident the quotient must be the other factor. Hence, substituting 
a for the product, h for the ^ven factor, we have the following 

Obnbral Soltttion. — ^Let x = the required factor. 

By the conditions, ar x 6, or 6a? = a, the product. Hence, the 

Formula. 05=-. 

b 

Translating this Formula into common language, we have the 
following 

KuLE. — Divide the product by the given factor ; the quo- 
tient is the factor required, 

228. What is generalization ? 239. When ie a problem generalixed f 230^ Hovr 
are quantitieB ezpreseed in general problems ? 

* New Practical Arithmetic, Article 93. 
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(Jeneralize the next two problems : 

2. A rectangular field contains 480 square rods, and the 
length of one side is 16 rods. What is the length of the 
other side ? 

3. Divide 576 into two such factors that one shall be 48. 

4. The product of A^ B, and G's ages is 61^320 years; A 
is 30 years, B 40. What is the age of C ? 

NoTB. — The itenifl here given may be generalized an followa : 

232. The Product of three Factors and two of them being 
given, to Find the other Factor. 

Suggestion. —Substituting a for the product, b for one factor, and 
c for the other, we have the 

Oekeral Solution.— Let x = the required factor. 

By the conditions, xxbxCf or bex = a, the product. 

Removing the coefficient, we have the 

Formula. x = \ — 

be 

Rule. — Divide the given product by the product of the 
given factors J the quotient is the required factor, 

5. The contents of a rectangular block of marble are 504 
cubic feet ; its length is 9 feet, and its breadth 8 feet. What 
is its height ? 

6. The product of 3 numbers is 62,730, and two of its 
factors are 41 and 45. Required the other factor. 

7. The amount paid for two horses was I392, and the 
difference in their prices was $18. What was the price of 
each ? . 

Note. — ^From the items given, this problem may be generalized 
as follows : 



331. When the prodnct. of two fiwtorp aod one of the factors are given, how find 
the other foctor ? 23a. When the product of three foctors and two of them are 
given, how find the other fiictor ? 
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233. The Sum and DifTerenoe of two Quantities being given, 

to Find tlie Quantities. 

SUOOBSTION. — Since the sum of two quantities equals the greater 
phi9 the leas ; and the less plus the difference equals the greater ; 
it follows that the sum plus the difference equals twice the greater. 
Suhstituting h tot the sum, d for the difference, g for the greater, 
and I for the less, we have the following 

General Solxttion. — Let ^ = the greater number, 

and ;= " less " 

Adding, ^+2 = «, the sum. 

Subtracting, g^l = d, the difference. 

Adding sum and difference, ^ = « + (2 

s+d 
Removing coefficient, g = , greater. 

2 

Subtracting difference from sum, aJ = «— d 

Removing coefficient, I = , less. Hence, the 



FORMITLAS. 



g 
I 



a 

s + d 

-^ — ■ ■ ■■■■ I 
2 

s — d 



2 

This problem may be solved by one unknown quantity. 

FORMATION OF RULES. 

234. Many of the more important rules of Arithmetic 
are formed by translating Algebraic Formulas into common 
language. Thus, from the translation of the two preceding 
formulas into common language, we have, for all problems 
of this class, the following general 

Rule. — I. To find the greater, add half the sum to half 
the difference. 

IL To find the less, subtract half the difference from half 
the sum. 

8. Divide $1575 between A and B in such a manner that 
A may have $347 more than B. What will each receive ? 

333. When the snm and difference of two qnantitiee are given, how find the 
quantities ? 234. Give the role derived trom the last two fonniUas. 
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9. At an election there were 2150 votes east for two 
persons ; the majority of the successful candidate was 346. 
How many votes did each receive ? 

10. If B can do a piece of work in 8 days, and C in 12 

days, how long will it take both to do it ? 

Note. — Regarding the vfotk to be done aa a unit or i, the problem 
may be thus generalized : 

235. The Time being given in which each of two or more 
Forces can produce a given RetHlt, to Find the Time required 
by the imited Forces to produce it. 

fioOfflBBTiON. — Since B can do the work in 8 days, he can do i eighth 
of it in I day, and C can do i twelfth of it in i day. Sabstituting a 
for 8 days, and & for 12 days, we have the 

General Solution. — Let x = the time required. 

X 

Dividing x by a, we have - == part done by B. 



u 



X by 6, we have, a ~ " " ^* 



By Axiom 9, - + r = i, the work done. 

Clearing of fractions, bx-^ax = ab 

Uniting the terms, {a+b)x = ab,B and C's time. 

Removing the coefficient, we have tlie 

FOBMULA. X = 



a -\-b 

Bjtle.— Divide the prodtict of the numbers denoting the 
time required by each force^ by the sum of these numbers ; 
the quotient is the time required by the united forces, 

II. A cistern has two pipes; the first will fill it in 
9 hours, the second in 15 hours. In what time will both 
fill it, running together ? 

235. The time being given in which two or more forces can produce a result, how 
find the time required for the united forces to produce it ? 
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239. The Peroentage and Rate being given, to Find the Base. 

SuGOBSTTON. — We have the product and one of its factors given, 
to find the other factor. (Art. 237, note,) Substitating p tot the 
peree7itage, and r for the rate per cent gained, we have the 

General Solxttion. — ^Let b = the base. 

Then (Art. 237), p-i-r = b. Hence, the 

Formula. 6 = ^. 

r 

BuLE. — Divide the percentage by the rate, and the quotient 
is the base, 

21. A paid a tax of $750, which was 2 per cent of his 
property. How much was he worth ? 

22. A merchant sayes 8 per cent of his net income, and 
lays np $2500 a year. What is his income ? 

23. At the commencement of business, B and C were 
each worth $2500. The first year B added 8 per cent to 
his capital, and C lost 8 per cent of his. What amount 
was each then worth ? 

Note. — The items of this problem may be generalized thus : 

240. The Base and Rate being given, to Find the Amount. 

Suggestion. — Since 6 laid np 8 per cent., he was worth his origi- 
nal stock plus 8 per cent of it. Bat his stock was 100 per cent, or once 
itself; and 100 per cent. + .08 = 108 per cent or 1.08 times his stock. 

Again, since C lost 8 per cent, he was worth his original stock 
minus 8 per cent of it. Now 100 per cent minus 8 per cent equals 
100 per cent — .08 = 92 per cent, or .92 times his capital. Substituting 
6 for the base or capital of each, and r for the number denoting the 
rate per cent of the gun or loss, we have the 

General Solution. — Let a = the amount. 

Then will 6 (i +r) = o, B*s amoant. 

And 6(1— r) = a, C's amount. 

Combining these two results, we have the 

Formula. a = b{i ±r). 

EuLE. — Multiply the base by i ± tfie rate, as the case may 
require, and the result mil be the amount, 

339. When percentage and rate are given, how find the base ? Z40. How find th« 
amonnt when the base and rate are given ? 
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Note. — ^Wheo, from the nature of the problem, the anumnt is to be 
greater than the base, the multiplier is i plus the rate ; when Um^ the 
multiplier is i Minus the rate. 

24. A man bought a flock of sheep for $4500, and sold it 
25 per cent above the cost What amount did he get for it ? 

25. A man owned 2750 acres of land, and sold 33 per 
cent of it. What amount did he have left ? 

241. The elements or factors which enter into computa- 
tions of interest are the principal, rate, time, interest , and 
amount. Thus, 

Let p = the principal, or money lent. 

" r = the interest of $1 for i year, at the given rate. 
" f = the time in years. 

'* i = the interest, or the percentage. 

" a = the amount, or the sum of principal and interest 

26. What IS the interest of 15465 for 2 years, at 6 per cent ? 

Note. — The data of this problem may be stated in the following 
general proposition : 

242. The Principal, the Rate, and Time being given, to Find 

tlie Interest. 

GEN12RAL Solution. — Since r is the interest of $1 for i y^, 
pxr must be the interest of p dollars for i year ; therefore, pr x t 
must be the interest of p dollars for t years. Hence, the 

Formula. i = prt. 

EuLE. — Multiply the principal by the interest of $1 for 
the given timCy and the result is the interest, 

27. What is the interest of $1586 for i yr. and 6 ra., at 
8 per cent ? 

28. What is the int. of $3580 for 5 years, at 7 per cent ? 

29. What is the amt. of ^364 for 3 years, at 5 per cent? 

Note.— This problem may be stated in the following general terms : 



Nifte* When the amoant is greater or less than the base, what is the multiplier ? 
241. What are the elements or factors which enter into computations of interest? 
343. When the principal, rate, an4 time are given, how fip4 the interest ? 
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243. The Principal, Rate, and Time being given, to Find the 

Amount. 

General Solution. — Reasoning as in the preceding article, 

the interest = prt. 
But the amount is the sum of the principal and interest. 

.'. p+prt = a. Hence, the 

Formula. a=p + prt. 

Rule. — Add the interest to the principal, and the result is 
the amount. 

30. Find the amouDt of $4375 for 2 years and 6 months, 
at 8 per cent. 

31. Find the amt of $2863.60 for 5 years, at 7 per cent. 

244. The Melation between the four elements in the 

Formula, a = p + prt, 

is such, that if any three of them are given, the fourth may 
be readily found. (Art 243.) 

245. The Amount, the Rate, and Time being given, to Find 

the Principal, 

Transposing the members and factoring, we have the 

Formula. p = ^• 

^ 1 + rt 

32. What principal will amount to $1500 in 2 years, at 
6 per cent ? 

^3. What sum must be invested at 7 per cent to amount 
to $300 in 5 years ? 

246. The Amount, the Principal, and the Rate being given, 

to Find the Time. 

Transposing p and dividing by pr, (Art. 244), we have the 

Formula. t = —> 

pr 

34. In what time will $3500, at 6 per cent, yield $525 

interest ? 

243. The amonnt ? 244. Wliat Ih the relation between the four elementB in the 
preceding formula. 245. When the amonnt, rate, and time are ffiven, etate the 
formnla. 246. When the amount, principal, and rate are given, state the formula. 
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247. The Hour and Minute Hands of a Clock being together 
at 12 M., to Find the Time of their Ckmjunction between any 

two Subseqtient Hours. 

35. The hour and minute bands of a clock are exactly 
together at 12 o'clock. It is required to find how long 
before they will be together again. 

Analysis. — The distance around the dial of a clock is 12 hour 
spaces. When the hour-hand arrives at I, the minute-hand has passed 
12 hour spaces, and made an entire circuit. But since the hour-hand 
has moved over one space, the minute-hand has gained only 11 spaces. 
Now, if it takes the minute-hand i hour to gain 1 1 spaces, to gain 
I space will take ^ of an hour, and to gain 12 spaces it will take 12 
times as long, and 12 times ^^ hr. = || hr. = i ^j hour. Or, 

Let X = the time of their conjunction. 

Then 11 spaces : 12 spaces :: i hour : a; hours. 

Multiplying extremes, etc., iia? = 12 

Removing coeflBcient, a; = ij^ hr., or i hr. 5/x naia, 

36. When will the hour and 
minute hand be in conjunction 
next after 3 o'clock ? 

Suggestion. — Substituting a fori^ 
hr., the time it takes the minute-hand to 
^in 12 spaces, h for the given number 
of hours past 12 o'clock, t for the time of 
conjunction, we have the following 

General Solution, a x h = t, the 
time required. Hence, the 

Formula. t = ah. 

EuLE. — Multiply the time required to gain 12 spaces by 
the given hour past 12 o'clock; the product will he the time 
of conjunction. 

37. At what time after 6 o'clock will the hour and minute 
hand be in conjunction ? 

^%. At what time between 9 and 10 o'clock will the hour 
and miuute hand be in conjunction ? 

247. What is the formula for finding when the hands of a clock will be in 
coi^anction ? Translate this into a role ? 




CHAPTER XIL 

INVOLUTION* 

248. Involution is finding a power of a qnantity. 

249. A Power is the product of two or more equal 
factors. 

Thus, 3x3 = 9; axaxa = a^\ 9 and a^ are powers. 

250. Powers are divided into different degrees ; as first, 
secofid, third, fourth, etc., the name corresponding with the 
number of times the quantity is taken as vl factor to produce 
the power. 

251. The First Power is the quantity itself. 

The Second Power is the product of a quantity taken 
ttvice as a factor, and is called a square. 

The Third Power is the product of a quantity taken 
three times as a factor, and is called a cube, etc. 

Note. — ^The quantity eaUed the first pouoer is, strictly speaking, not 
a power, bat a root. Thus, a} or a, is not the product of any ttco equal 
factors, but is a quantity or root from which its powers arise. 

252. The Index or Exponent f of a power is b, figure 
or letter placed at the right, above the quantity. Its objeot 
is to show how many times the quantity is taken as a factor 
to produce the power. 

Thus, a^ = a, and is called the first power. 

a^ z= axa, the second power, or square, 
a^ = axaxa, the third power, or cube. 
a* = axaxaxa, the fourth power, etc. 

348. What ie involution? 249. A power? 250. How divided? 251. The first 
power ? Second power ? Third ? 252. What is the index or exponent ? Its object t 

* In'Dolution, from the Latin involvere, to roll up. 
f Index (plural, indices), Latin indicdre, to indicate. 
Exponent, from the Latin exponere, to set forth. 
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N0TB6. — I. The index of the fini, power being i, is commonly 
omitted. 

2. The expression a^ is read " a fourth/' '' the fourth power of a/' 
or *' a raised to the fourth power ;" af* is read, " x nth," or *' the 
nth power of a;." 

Read the following : a«, c*, a?^ y», ««, i"*, d*. 

253. Powers are also divided into direct and reciprocal. 

254. Direct Powers are those which arise from the 
continued multiplication of a quantity into itself. 

Thus, the continued multiplication of a into itself gives the series, 

a, a', a*, «*, a*, a*, etc. 

255. Reciprocal Powers are those which arise from 
the continued division of a unit by the direct powers of that 
quantity. (Art. 55.) 

Thus, the continued division of a unit hy the direct powers of a 
gives the series, 

I ^ I ' JL ' 

a\ "5»' ■^»' ^' a«' ^' ®^' 

256. Reciprocal Powers are commonly denoted by 
prefixing the sign — to the exponents of direct powers of 
the same degree. 

Thus, - = a-S — = (!-*, — = = a-», --i = a-*, etc. 
a a* a' a* 

257. The difference in the notation of direct and recip- 
rocal powers may be seen from the following series : 

(i.) a», fl*, aS a\ a\ i, i, -^, -^, -^, -^, etc. 

(2.) a*, fl*, o^, a^^ fli, a®, at^ at*, at', a"**, a~*, etc. 

Note. — The pni half of each of the above expressions is a series 
of direct powers ; the last Tudff a series of reciprocal powers. 

258. Negative Exponents are the same as the 
exponents of direct powers, with the sign — prefixed to 
them. 



NoU. The index i? 253. How else are powers divided? 254. Direct powers? 
355. Beciprocal? 356. How is a reciprocal power denoted? 
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Notes. — i. This notation of reciprocal powers is derived from the 
continued division of a series of direct powers by their root ; that is, by 
subtracting i from the successive exponents. (Art. 113.) 

2. The use of negative exponents in expressing reciprocal powers 
avoids fractions, and therefore is convenient in calculations. 

3. Direct potDer$ are often called positive and reciprocal powers 
negative. But the student must not confound the quantities whose 
exponents have the sign + or — with those whose coefficients have the 
sign + or — . This ambiguity will be avoided by applying; the term 
direct to powers with positive exponents, and reciprocal to those with 
negative exponents. 

259. The Zero Power of a quantity is one whose 
exponent is o ; as, cfi. 
Every quantity with the index o, is equal to a unit or i. 

Thus, fl^ = I, TO*> = I, a^ = I, etc. (Art. 257.) 



SIGNS OF POWERS. 

260. When a quantity is positive^ all its powers are 
positive. 

Thus, ay.a = a^\ axaxa = a\ etc 

When a quantity is negative, its even powers are positive, 
and its odd powers negative. 

Thus, —a X —a = a' ; —a x —a x —a = — a^, etc. 

FORMATION OF POWERS. 

261. All Powers of a quantity may be formed by 
multiplying the quantity into itself. (Art. 249.) 

262. To Raise a Monomial to any Required Power. 

The process of involving a quantity which consists of 
several factors depends upon the following 



259. What i0 the zero power? To what Is a quantity of the zero power equal ? 
?6o. Rule for the signs? 
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PRINCIPLES. 



1°. The power of the product of two or more factors is 
equal to the product of their powers. 

2°. The product is the samey in whatever order the factors 
are taken. (Art. 87, Prin. 3.) 

1. Given ^aV^ to be raised to the third power. 

gOLUnOH. 

(3flJ2)3 ^ 3fljja X 3fli» X 3«** (Art 261), 
or, 3X3X3XflxaxaxJ*xJ2xJ2 (Prin. 2), 

.-. (3flSa)8 = 2^a^^, Ans. 

Involving each of these factore separately, we have, (3)* = 27 ; 
(a)8 = a^ ; and {¥f = ¥ ; and 27 x a» x 6« = 27aV, Ans. Hence, the 

EuLE. — Raise the coefficient to tfie power required, and 
multiply the index of each letter by the index of the power, 
prefixing the proper sign to the result. (Art. 90.) 

Notes.— T. A single letter is involved by giving it the index of the 
required power. 

2. A quantity which is already a power is involved by multiplying 
its index by the index of the required power. 

3. The learner must observe the distinction between an index 
and a coefficient. The latter is simply a multiplier^ and shows how 
many times the quantity is added to itself ; the former shows how 
many times the quantity is taken as a. factor. (Arts. 21, 252.) 

2. What is the square of abc ? 

m 

3. What is the square of — abc ? 

4. What is the cube of xyz ? 

5. What is the fifth power of abc? 

6. What is the fourth power of 2x^y ? 

7. What is the third power of 6a^i^ ? 

8. What is the fourth power of saWc? 

9. What is the sixth power of 2c^b(?? 

10. What is the eighth power of abed? 

1 1. What is the wth power of xyz ? 

262. How raise a monomial to any power? Note. A eingle letter ? A quantity 
already a power ? Distinction between index and coefficient ? 
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12. Find the fifth power of {a + by. 

13. Find the second power of {a + J)*. 

14. Find the nth power of {x — y)". 

15. Find the nth power of (x + yy. 

16. Find the second power of {(^ + ¥), 

17. Find the third power of {aW¥). 

263. To Involve a Fraction to any required Power. 

18. What is the square of — tt^ ? 

Solution. (—A) = J^k ^ ~J^9 = ^^- Hence, the 

BuLE. — RaiiB both the numerator and denominator to the 
required power. 

19. Find the cube of ~ — • 

za 

20. Find the fourth power of ^ , 

x^y'* 

«. Find the square of ^. 

2 

22. Find the mth power of -• 

23. Find the nth power of — ^ • 

xy 

264. A compound quantity consisting of two or more 
terms, connected by + or — , is involved by actual muUi- 
plication of its several parts. 

24. Find the square of 3a + S^. Ans. ga^+Sal^+b^. 

25. What is the square of a + b + c? 

Ans. a^ + 2ab + 2ac + J* + 2bc -f- A 

26. What is the cube of a: + 2y + 2 ? 

265. It is sometimes sufficient to express the power of a 
compound quantity by exponents. 

Thus, the square of a+6 = (a+&)* ; the nth power of a6+c+3<P = 
363. How involve a fraction? 364. How involve a componnd quantity ? 
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FORMATION OF SQUARES. 

266. To Find the Square of ■ Binomiat \n the Term* of 
Iti Parti. 

1. Giveo two nnmbere, 3 and 2, to find the square of 

their sum in the terms of its parts. 

IiLtiBTBATiON.—Let the shaded part ot the diagram repnant the 
aqoare of 3 ; — e«di aide being divided into 
3 inches, ita contents are equal to 3 x 3, or 
geq. in. 

To preserve the form of the oquare, It la 
plj^n eqaal additions must be made to Ijeo 
adjacent Mdes ; for, if made on one ride, or on 
)>pponU Bidee, the figure will no longer he a 

Since 5 is a more than 3, It follows tliat 
tv>o Toms of 3 squares each must be added at 

the top, and 2 rows on one of the adjacent Eides, to ma£e its length 
and breadth each equal to 5. Nowaioto 3 pins 3 into 3areizsquaiei^ 
or ttciee the product of the two parts 2 and 3. 

But the diagram wants two times 3 small squares, to Gil the comer 
on the right, and 2 times 2, or 4, ia the square ot the eecond part. We 
have then 9 (the square of the first part), 12 (twice the product of the 
two parts 3 and 2), and 4 (the square of the second part). Therefore, 

(3 + 2)* = y + 2x(3X2)+2>. 

2. Bequired the sqtiare of a:+^. Ahs, 3?-\-2xxy+y^. 
Hence, uniTereally, 

The Hqiiare of the sum of two quantities is equal to the 
square of the first, plus twice their product, plus the square 
0/ the second. 

Note. — The ggvare of a binomM always has three terms, and con- 
sequently is a trmamial. Hence, 

Ifo Mn<miial ean be a perfect square. (Art. loi.) 
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267. All liinomdaZs may be raised to any required 
power by continued multiplication. But when the expo- 
nent of the power is large, the operation is greatly abridged 
by means of the Binomial Theormi.* 

268. The Binomial Theorem is a general formula 
by which any power of a binomial may be found without 
recourse to continued multiplication. 

To illaBtrate this theorem, let ns raise the binomials a+h and a — h 
to the second, third, fourth, and fifth pQwers, by continued multipli- 
cations : 

(a + •&)« = a* + 206 + »*. 

(o + 6)» = a« + 3a«6 + 306* .+ 6». 

(a + &)* = a* + 4a«& + 6a«6» + 4a6» + M. 

(a + &)* = a* + 50*6 + TOoV + ioo*6» -f 506* + J*. 

(a - 6)2 = a« - 206 + ft*. 

(a - 6)» - a» - 3a«6 + 306' - 6». 

(a - 6/ = a* - 4a»6 + 6a«6» - 4a&» + h\ 

(a - hf = a» - 5flf^ + loa'ft* - ioa«6» + saM - J». 

269. Analyzing these operations, the learner will discover 
the following laws which govern the expansion of binomials : 

1. The number of terms in any power is one more than the 
index of the power. 

2. The index of the first term or leading letter is the 
twc^ea: of the required power, which decreases regularly by i 
through the other terms. 

The index of the follomng letter begins with i in the 
second term, and increases by i through the other terms. 

3. The sum o/the indices is the same in each term, and is 
equal to the index of the power. 

a68. What Ib the Binomial Theorem ? 369. What is the law respecting the num- 
ber of terms in a power ? The indices of each quantity ? The sum of the indices 
in each term ? 

* This method was invented by Sir Isaac Newton, in 1666. 
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4. The coefficient of the first and last terra of every power 
is I ; of the second and next to the last^ it is the index of 
the power; and, universally, the coefficients of any two 
terms equidistant from the extremes, are eqtial to each other. 

Again, the coefficients regularly increase in the first half 
of the terms, and decrease at the same rate in the last half. 

5. The signs follow the same rule as in multiplication. 

270. The preceding principles may be summed up in the 
following 

GENERAL RULE. 

I. Ikdices. — Give the first term or leading letter the index 
of the required power, and diminish it regularly by 1 through 
the other terms. 

The index of the following letter in the second term is i, 
and inci^eases regularly by i through the other terms. 

XL Coefficients. — The coefficient of the first term is i. 

To the second term give the index of the power; and, 
universally, multiplying the coefficient of any term by the 
index of the leading letter in thai term, and dividing the 
prodtict by the index of the followifig letter increased by 1, 
the result will be the coefficient of the succeeding term. 

III. Signs. — If both terms are positive, make all the terms 
positive; if the second term is negative, make all the odd 
terms, counting from the left, positive, and all the even terms 
negative. 

THE binomial FORMULA. 

n "^ T 
(a + by = a" + n x ar-^b + n x a"-^^, etc. 

Note. — The preceding rule is based upon the supposition that the 
index is a positive whole number ; but it is equally true when the index 
IB either positive or negative^ integral or fractional. 

The coefflcieDtB of the first and last terms ? The law of the signs ? 370. What 
is the general rale ? 
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Expand the following binomials : 



2 

3 

4 
5 



{a + by. 6. (ff + z)^. 

{a --by. 7. (a-J)». 

{€ + dy. 8. (m + n)^. 

{x + yy. 9. {x — y)» 

(a: — yy. 10. (a + 5)\ 



271. When the terms of a binomial have coefficients or 
exponents, the operation may be shortened by substituting 
for them single letters of the first power. After the opera- 
tion is completed, the value of the terms must be^ restored. 

11. Required the fifth power of a:* + 3^. 
Solution. — Substitute a for jt*, and b for 3y* ; then 

Restoring the values of a and b, 

(aJ»+3y«)» = 9;'<^+i5^^ + 90aV+270a^+4O5^+243y'°- 

■ 

12. Expand (a^ — ^by. 

Ans. ^ — i2a^J + 54a:*J* — loSa:^^ + 81 J*. 

272. Every power of i is i, and when a factor it tas no 
effect upon the quantity with which it is connected. (Art 94, 
note.) Hence, when one of the terms of d. binomial is i, it 
is commonly omitted in the required power, except in the 
first and last terms. 

Note. — In finding the exponents of such binomials^ it is onlj 
necessary to observe that the s^um of the two exponents in each term 
is equ.(d to the index of the power. 

13. Expand (x + i)^. 15. Expand (i — a)*. 

14. Expand \b — i)*/ 16. Expand (i -h a)". 

27X. When the termB have coefflcients or exponents, how may the operation be 
shortened? 273. When one of the terms of a binomial is i, what effect has itY 
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273. A Polynomial may be raised to any power by actual 
multiplication, taking the given quantity as a factor as many 
times as indicated by the exponent of the required power. 
Bat the operation may often be shortened by reducing the 
several terms to two, by substitution, and then applying the 
Binomial Formula. 

17. Eequired the cube of x + y + z. 

Solution.— Substituting a for (y+e), we have 0^4(^4 £) = a;+a. 
By fonnula, (a? + a)" = a?" + yx?a + yea^ + a*. 

Restoring the value of a, 

{x+y-\-zf = a5»+3a5*(y+e)+3«(y+«)'+(y+e)'. 

274. To Square a Polynomial without Recourse to 

Multiplioation. 

18. Eequired the square of a + J + c. 

SOLXJTiON. — By actual multiplication, we have, 

(a+h+cf = a* + 2a6+2ac+6» + 26c+d*. 
Or, changing the order of terms, 

o* + 6* + c« + 2a& + 2flc + 2J0. 
Or> factoring, we have, a' + 2a (6+ c) + 6* + 2fto + ^. 

19. Eequired the square of a + J + c + rf. 

Solution. — By actual multiplication, we have, 

* a* + 6* + c'^ + ef^ + 206 + 2«c + 2fld + 26c + 2M + 2ccl. 
Or, changing the order of the terms, and factoring, we have, 
a* + 2«(6+c + d)+6* + 26(c + d) + c*-i-2cd-K?. Hence, the 

EuLE. — To the sum of the squares of the terms add tioice 
the product of each pair of terms. 

Or, To the square of ea^h term add tioice its product into 
the sum of all the terms which follow it. 

20. Eequired the square ofx + y + z. 

21. Eequired the square of a—'b + c. 

22. Eequired the square of a -^ x +*y + z* 



373. How may a polynomial be raised to any reqaired power ? 374. What is the 
rale for squariDg a polynomial ? 
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275. When one of the terms of a binomial is si. fraction^ 
it may be involved by actual multiplication, or by reducing 
the mixed quantity to an improper fraction, and then 
involving the fraction. (Art. 171,) 

23. Eequired the square of a? + i ; and x — i, 

X + i X'-i 

g -f i X — i 

aJ*+ JaJ aP— ^x 

-f jg + i — i<g + i 

aJ*+ X + i oJ*— « + J 

Or, reduce the mixed qaantitieB to iiDprox)er fractions. Thus, 

I 20?+ 1 , I 2a;— I ,._, . 

aj + - = ; and x — = , (Art. 171.) 

22 22 

2 / "" 4 ' *° \ 2 ) "" 4 

Expand the following mixed quantities : 

24. (« + if' 26. (— f + 2abcy. 

25. («~'J- 27. (•^^ + sxyf. 

276. Powers are added and subtracted like other 
quantities. (Arts. 67, 77.) For, the same powers of the 
same letters are like quantities; while powers of different 
letters and different powers of the same letter are unlike 
quantities, and are treated accordingly. (Arts. 43, 44,) 

28. To 7^2 + 5 (a + J)8 _ 6a; + 32:8 4. ^5 

Add -- 3a2 + 4 (g + if + 4^ + 4^ — «^ 

Ans, ^a^ + g(a + hY — 2X -Y 2i^ + ^ + a^ — a^ 

29. From 30^ + 5ft2 — 40^ -f 4a^^ — a^ 

Take -- 4^^ + 3^>2 4- 3^8 _ g^^s ^ ^ ^4 

Jw5. 7^^ -f 2^ — 7^8 _^ j/p8 ^ 4^2 _ ^5 _ ^4 

375. How involve a biDomialf when one term is a firactioii f 976. flow are powers 
added and enbtracted f Why ? 
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MULTIPLICATION OF POWERS. 
277. To Multiply Powers of the Same Moot. 

1. What is the product of 30* J^ multiplied by a^^? 

Solution. — Adding the exponenta of each letter, we have 3a* 
and 6*. Now 30* x &* = 3a«6*, Ans. (Art. 94.) 

2. Multiply $cfib^ by a-«J-«. 

Solution. — Adding the exponents of each letter, as before, we 
have sa^fc*, An8. Hence, the 

Rule. — Add the exponents of the given quantities, and the 
result will be the product. (Art. 94.) 

Notes. — i. This rule is applicable to positive and negative exponents. 

2. Powers of different roots are multiplied by writing them one 
after another. 

Multiply the following powers : 

3. a« by a^. ' 7. at* J by a-»J*. 

4. ar^ by ar« 8. a^^cd by a^c^eP. 

5. b-'' by J*. 9. b^c-^jT^ by b^^c^y^. 

6. a"* by a\ lo. a^tf^s^ by a^^tf^A 



DIVISION OF POWERS. 

278. To Divide Powers of the Same Root. 

IT. Divide a^ by cfi. 

Solution. — Subtracting one exponent from the other, we have 
a^-i-cfi = a*, the quotient sought. (Art. 113.) Hence, the 

Rule. — Subtract the exponent of the divisor from that of 
the dividend ; the result is the quotient. (Art. 113,) 

Note. — This rule is applicable to positive and negative exponents. 



377. How multiply powers of the Bame root ? Note^ Of different roots ? 978. What 
is the role for dividing powers of the same root ? 
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Divide the following powers : 

12. cfi by cr^. i6. a^^ by ar^yV"'. 

13. ar* by «•• 17. i2cfih'^c by ^a^~^c^. 

14. J* by J». 18. 6a:<yV by 2ar^yi^. 

15. c"* by (T*. 19. 6oa^b^ by 5a~2J*c~^. 

279. The Method of denoting Reciprocal Poivers shows 
that any factor may be transferred from the numerator of a 
fraction to the denominator, and vice versa, by changing the 
Mjrw of its exponent from + to — , or — to +. 

20. Transfer the denominator of — ^ to the numerator. 
Solution. 3i=a* x-3 = tf*x ar-* = a^^r*. Ana, 

21. Transfer the denominator of — i^ to the numerator. 

ar» 

Solution. —5=— =»-*-— j = axaj*=r eraj*. -47m. 

22. Transfer the numerator of — to the denominator. 

y 

a* 1 . 1 1 I K ^ A 

Solution. — =- xa* = -H--i = --*- on* = — r - , Ans, 
y y y c^ y ar*y 

23. Transfer the numerator of — to the denominator. 

y 

Solution. — = — j x - = -7- , Avs, 
y a^ y a^' 



ax~~^ 

24. Transfer x~^ to the denominator of 

y 

25. Transfer y* to the numerator of t-^- 

ad~^ 

26. Transfer ef"* to the denominator of —^- • 

27. Transfer a^ to the numerator of --— • 

aaf* 



379. What Inference may be drawn fh>m the method of denoting reciprocal 
powers ? How transfer a fitctor ? 



CHAPTER XIIL . 

EVOLUTION * 

280. Evolution is finding a root of a quantity. It is 
often called the Extraction of roots. 

281. A Root i« one of the equal factors of a quantity. 

Notes. — i. Powers and roots are oorrelative terms. If one quantity 
is a poioer of another, the latter is a root of the former. 
Thus, a^ is the cube of a, and a is the cube root of a'. 

2. The learner should observe the following distinctions : 
1st. By involution a product of equal factors is found. 
2d. By evolution a quantity is resolved into equal factors. It is the 
reverse of involution. 
3<i By division a quantity is resolved into ty>o factors. 
4th By subtraction a quantity is separated into tioo parts. 

282. Roots, like powers, are divided into degrees ; as, the 
square, or second root ; the cube, or third root ; the fourth 
root, etc. 

283. The Square Moot is one of the two equal factors 
of a quantity. 

Thus, 5 X 5 = 25, and axa=:a^; therefore 5 is the cquare root of 
25, and a the square root of a^. 

284. The Cube Moot is one of the three equal factors 
of a quantity. 

Thus, 3 X 3 X 3 = 27, and axaxa = a^; therefore, 3 is the cube 
root of 27, and a is the cube root of «'. 

280. What i» evolntion ? 281. A root ? Note. Of what Is evolation the reverse? 
383. What is the square root ? 284. Cube root ? 

* From the Latin evdvere, to unfold. 



148 EVOLUTION. 

285. Boots are denoted in two ways : 

ist. By prefixing the radical sign (\0 ^^ *^® quantity.* 
2d. By placing a fractional exponent on the right of th^ 
quantity. - 

Tha0, ^a and a^ denote the square root of a. 

/^a and a' denote the cube root of a, etc. 
NoTBS.— T. The indeXj or figure placed over the radical sign, is 
called the index of the root because it denotes the name of the root. 

Tims, ^a, and ^a, denote the square and cube root of a. 

2. In expressing the square root, it is customary to use simply the 
radical sign (\/~), the 2 being understood. 

Thus, the expression >y/25 = 5, is read, "the square root of 25 = 5." 

3. The method of expressing roots hj fractional exponents is derived 
from the manner of denoting powers by integral indices. 

Thus, a* = axaxaxa; hence, if a^ is divided into four equal 
factors, one of these equal factors may properly be expressed by ai 

286. The numerator of a fractional exponent denotes the 
power, and the denominator the root. 

Thus, a^ denotes the ctibe root of the fret power of a ; and a^ denotes 
the fourth root of the third power of a, or the third power of the 
fourth root, etc. 

Bead the following expressions : 



I. 


a*. 


4- 


J*. 


7. 


A 


lo. 


m 


2. 


ai. 


S- 


A 


8. 


ftfi. 


II. 




3- 


ai. 


6. 


zi. 


9- 


ni. 


12. 


m 



13. Write the third root of the fourth power of a. 

14. Write the fifth power of the fourth root of x. 

15. Write the eighth root of the twelfth power of y. 

287. A Perfect Power is one whose exact root can 
be found. This root is called a rational quantity. 

385. How are roots denoted? 386. What docs the nnmerator of a fhictional 
exponent denote ? The denominator ? 287. What'is a perfect power? 

* From the Latin radix, a root. 

The sign ^ is a corruption of the letter r, the initial of radix. 
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288. An Imperfect 'Power is a quantity whose exact 
root cannot be found. 

289. A Surd is the root of an imperfect power. It is 
often called an irrational quantity. 

Thus, 5 is an imx>erfect power, and its square root, 2.23 + , is a surd. 

NOTB. — AU roots as well as powers of i, are i. For, a root is a 
factor, which maltiplied into itself produces a power ; but no number 
except I multiplied into itself can produce i. 

Thus, I, i', I", and ^/l, y/i, ^1, etc., are all equaL 

290. Negative Exponents are used in expressing roots as 
well Bs powers. (Arts. 255, 257.) 

Thus, -j = a-*; -r=:a-i; -^=a~i, 
a* a* ^i 

291. The value of a quantity is not altered if the index 
of the power or root is exchanged for any other index of 
the same value. 

Thus, instead of x^, we may employ a^, etc. Hence, 

292. A fractional exponent may be expressed in decimals. 

Thus, a* = a^ = a<^* . That is, the square root of a is equal to the 
fifth i>ower of the tenth root of a. 

16. Write fli in decimals. 19. Write b^ in decimals. 

17. Write a^ in decimals. 20. Write xi in decimals. 

18. Write flt in decimals. 21. Write yf in decimals. 

22. Express a^ in decimals. Ans. a^ = oO'^saso^ ^ 

23. Express x^ in decimals. Ans, xi = 2^0.06886+ ^ 

24. Express y^ in decimals. Ans. yi = y^-^. 

25. Write a^ in decimals. Ans. a^ = a^'^. 

Notes. — i. In many cases, a fraetional exponent can only be 
expressed approximately by decimals. 

2. Decimal indices form the basis of logarithms. 

288. An imperfect power ? 389. A Burd ? ago. Are negative ezponentB need in 
exftrefifling roots ? 293. How are fractional exponents sometimes expressed ? 
ypte. Of what do decimal indices form tbe basis ? 
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293. The Signs of Moots are governed by the f oUowing 

PRINCIPLES- 

i^ An odd root of a quantity has the same sign as the 
quantity. 

2°, An even root of a positive quantity is either positive 
or negative, and has the double sign, ±- 

Thus, the square of +a is a', and the square of —a is a' ; therefore 
the square root of a^ may be either +a or —a ; that is, ^y/a^= ± a. 

3°. The root of the product of several factors is equal to 
the product of their roots. 

Notes. — i. The ambigttity of an even root is removed, when it Is 
known whether the power arises from a podtwe or a negatw quantity. 

2. It should also be observed that the two square roots of a pogUive 
quantity are numerically equal, but have contrary signs. 

294. An Even Root of a negative quantity cannot be 
found. It is therefore said to be impossible. 

Thus, the square root of —a' is neither +a nor —a. For, +o x + a 
= +a' ; and —a x —a = +o*. Hence, 

295. An even root of a negative quantity is called an 
Imaginary Quantity, 

Thus, V—i* V— <*'» V^— «'» are imaginary quantities. 

296. To Find the Moot of a Monomial. 

I. What is the square root of a^? 

Analysis. — Since a^ ^axa, it follows that one ophlltion. 

of the equal factors of a' is a ; therefore, a is its ^^ :::= ^ 

square root. (Art. 283. ) 

Again, since multiplying the index of a quantity by a number 
raises the quantity to a corresponding power, it follows that dividin^jr 
the index by the same number resolves the quantity into a correspond- 
ing root. Thus, dividing the index of «* by 2, we have a* or a, which 
is the square root of a*. 

S93. What principles firovem the BigiiB of roote ? ' When ie the doahle eien used ? 
ninstrate this. Note. When is the amhigaity removed ? 294. What is an even root 
of a negative quantity ? Ulastrate. 295. What is it called ? 
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2, What is the square root of 90*4^? 

Analysis. — Since 9 = 3x3, the index of ofihatioh. 

a* = 2 X 2, and the index of ft* = i x 2, it ^ qaS^ = xc^h 

follows that the square root of 9 is 3, that of 
0* is a^, and that of 5^ is &* or 5. Therefore, ^^f^aff^ — yi^b. Hence, the 

Rule. — Divide the index of each letter by the index of 
the required root; to the result prefix the root of the 
coefficient with the proper sign. (Art. 293.) 

Notes. — t. The sign — must be prefixed to the odd root of 
every negative quantity ; the double sign ± is usually prefixed to 
even roots. (Art. 293, Note.) 

2. This rule is based upon Principle 3. If a quantity is an imper- 
fect power, its root can only be indicated. 

Find the required roots of the following quantities: 

3. a/o*. 10. \/36a^. 



4 

5 
6 

7 
8 

9 



-V^a^ or cu II. ^22^. 

^/^y. 12. \/64aW 

VSo*^. 13. "^iz^y. 

V2Tahc. 14. \/^gx^. 

^/i6a^, 15. \/2Tc^. 

\^3^^. 4/49^ 



297. To Extract the Square Moot of the Square of a 

Binomial. 

I. Required the square root of a^ + 2ai -|- J^. 

Ai^AiiTSis. — Arrange the terms operation. 

according to the powers of the letter a^ + 2ab -\- i^ {a -\- b 

a ; the square root of the first term a^ 

is a, which is the first term of the " 77 7 '. 77 

4. xr * w ^- •* 2a + b) 2ao + 6^ 

root. Next, subtracting its square '' 

from the given quantity, bring down 2aQ -f- cr 

the remainder, 2ab + 6*. 



296. How find the root of a monomial ? Notes.— i. What is the root of a fhtctlon ? 
a. Upon what principle is this role based ? 
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Divide this remainder by 2a, or donble the root thus f omtd, and tlie 
quotient b is the other term of the root. Place b both in the root and on 
the right of the divisor. Finally, multiply the divisor, thus increased, 
by the second term of the root, and subtracting the product from 
206 + 6*, there is no remainder. Therefore, a+bis the root required. 

The square root of a*—2ab+¥ is found in the same manner, tbe 
terms of the root being connected by the sign — . Hence, the 

Rule. — Find the square roots of the first and third terms, 
and connect them by the sign of the middle term, 

2. What is the square root of a^ + 4X + 4? 

3. What is the square root of a^ — - 2^ + i ? 

4. What is the square root of i + 2X + a^? 

5. What is the square root of ic* + fa: + ^ ? 

6. What is the square root of a^ — a + J ? 

7. What is the square root 6t 2? + aA •] — ? 

298. To Extract the Square Root of a Polynomial. 

8. Required the square root of 40* — 1 20* 4- 5^2 4- 6a + 1. 

OPSBATIOH. 

40* — i2a^ + $a^ + 6a + 1 { 2a^ — 3a — i 
4a* 



4^2 — 3a ) — 12a' + sa^ + 6a + I 
— 12a* 4- ga^ 

4^8 — 6a — I ) — 4^2 -I- 6a + I 

— 4a2 4- 6 a 4 I 

Analysis. — ^The square root of the first term is 2a*, which is the 
first term of the root. Subtract its square from the whole quantity 
and bring down the remaining terms. Divide the remainder by 
double the root thus found ; the quotient —3a is the next term of the 
root, and is placed both in the root and on the right of the partial 
divisor. Multiply the divisor thus increased by the term last placed 
m the root, and subtract the product as before. 

Next, divide the remainder by twice the part of the root already 
found, and the quotient is — i, which is placed both in the root and 
on the right of the divisor. 

397* How extract the square root of the square of a binomial? 
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Finally, multiply the diyisor, thus increased, bj the tenn last 
placed in the root, and subtracting the product, as before, there is no 
remainder. Therefore, the required root is 2a*— 3a— i. Hence, the 

Rule. — I. Arrange tlie terms according to the powers of 
some letter, find the square root of the first term for the first 
term of the root, and subtract its square from the given 
quantity. 

II. Divide the remainder by double the root already found, 
and place the quotient both in the root and on the right of the 
divisor. 

ILL Multiply the divisor thus increased by the term last 
placed in the root, and subtract the product from the last 
dividend. If there is a remainder, proceed with it as before^ 
till the root of aU the quantities is found. 

Proof. — Multiply the root by itself, as in arithmetic. 

Note. — This rule is essentially the same as that used for extracting 
the sqtiare root of numbers. 

Extract the square root of the following quantities : 

9. a^ + 2xy + y^ + 2xz + 2yz + s?. 

10. a^ — 4ab + 2a + 46^ -^ 4J + i. 

11. a* + 4a^ + 4*^ — 4^* — 8J + 4. 

12. * I — 4*2 + 4J* + 2a; — 4^2; + (x^. 

13. 40* — i6a^ + 24^2 — 16a + 4, 

14. a^ — ab+ JS^. 
a^ y^ 
y^ a^ 

299. The fourth root of a quantity may be found by 
extracting the square root twice; that is, by extracting the 
square root of the square root. 

Thus, ^i6a* = 4fl*, and ^^a^ = la. Therefore, 2« is the fourth 
root of i6a*. 
Proof. 2a x 2a = 4a* ; 4a* x 4a' = i6a*. 

The eighth, the sixteenth, etc., roots may be found in like 
manner. 



298. Of a polynomial ? 399. How find the fourth root of a quantity ? The eighth ? 
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RADICAL QUANTITIES. 

300. A Radical is the root of a quantity indicated by 
the radical sign or fractional exponent. 

Notes. ~ i. The figures or letters placed before radicals are eoeffleients. 

2. In the following investigations, all quantities placed under the 
radical sign, or having a fractional exponent, whether perfect or 
imperfect powers, are treated as radiccde, unless otherwise mentioned. 

301. The Degree of a radical is denoted by its index, 
or by the denominator of its fractional exponent. (Arts. 
285, 286.) 

Thus, ^aXf a*, and («+&)^ are radicals of the same degree. 

302. Like JRadicals are those which express the 
same root of the same quantity. Hence, like radicals are 
like quantities. (Art. 43.) 

Thus, 5>Y/a*— & and s^a^—b, etc, are like radicals. 



REDUCTION OF RADICALS. 

303. Seduction of Radicals is changing their 
form without altering their value. 

304. The Simplest Form of radicals is that which 
contains no factor whose indicated root can be extracted. 
Hence, in reducing them to their simplest form, all exact 
potvers of the same name as the root must be removed from 
under the radical sign. 

3CXX What id A radical ? 301. How is the de;^e of a radical denoted ? 303. What 
are like radicals ? 303. Define redaction of radicals. 304. What is the simplest form 
of radicals Y 
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CASE I. 

305. To Reduce a Radical to its Simplest Form. 

1. Eeduce '^iZo^x to its simplest form. 

Analysis. — By inspection, we onaATHw. 

perceive that tlie given radical is Vl8^ = V9^ X 2X 

composed of two factors, 9a' and „ /~^ J — 

2«, the first being a perfect square = V 9«^ X W 2X 

and the second a surd. (Art. 289.) .% ViSflftc = 7fii,*/%x 
Removing ^ from under the rad- 
ical sign and extracting its square root, we have 3a, which prefixed 
to the other factor gives 30*^/20;, the simplest form required. 

2. Eeduce 4\/«* — a^x to its simplest form. 
Analysis. — Factoring opbratioh. 

the radical part, wehaye ^^:Zi^ = 4'^«» X (a-x) 

the two £a.ctors, ^y/a* and a^ — ^. 

-^^=i, the firet being a " = 4V«' X V^-Tx 

perfect cube, and the sec- .*. 4\/«* — (^ = ^a'^ a--X 

end a surd. Remove a* 

from under the radical sign, and its root is a, which multiplied by 

the coefficient 4, and prefixed to the radical part, gives ^a^a—x, the 
simplest form. Hence, the 

Rule. — I. Resolve the radical into two factors^ one of 
which is the greatest power of the same name as the root, 

11. Extract the root of this power ^ and multiplying it hy 
the coefficient, prefix the result to the other factory with the 
radical sign between them. 

Notes. — i. This rule is based upon the principle that the root of 
the product of two or more factors is equal to the product of their 
roots. 

2. When the radicals are small, the greatest exact power they 
contain may be readily found by inspection. 

3. Eeduce 31/500^ to its simplest form. Ans, i^aV^n 

4. Reduce 6y/^^y to its simplest form. Ans, i?>x^/2y. 



305. Becite the role, Note, Upon ivbat bused ? 
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306. To Find in large Radicals the Greatest Power 
corresponding to the indicated Root. 

5. Bednoe V1872 to its silnplest form. 

OPSBATIOH. 

4 ) 1872 A/1872 ='V4X4X9 X \/i3 

4 )468 " = \/i44 X V13 

9 ) 1 17 ( 13 V1872 = 12 V i3> ^^s. 

Analysis. — ^Divide the radical by the smallest power of the same 
degree that is a factor of it ; the quotient is 468. Divide this quan- 
tity by 4 ; the second quotient is 1 17. The smallest power of the same 
degree that will divide 117, is 9. The quotient is 13, which is not 
divisible by any power of the same degree. The product of the 
divisors, 4x4x9= 144, is the greatest square of the given radical. 
Extracting the square root of 144, we have I2<y^i3, the simplest form 
required. Hence, the 

EuLE. — Divide the radical by the smallest power of the 
same degree tvhich is a factor of the given radical 

Divide this quotient as before; and thus proceed till a 
quotient is obtained which is not divisible by any power of 
the same degree. The continued product of the divisors will 
be the greatest power required. 

Note. — This rule is founded on the principle that the product of 
any two or more square numbers is a squa/re^t)ie product of any two 
or more cubic numbers is a cvbe^ etc. 

Thus, 2' X 3' = 36 = 6* ; and 2' x 3' = 216 = 6'. 

Reduce the following radicals to their simplest form : 

6. \/^. 12. "s/^^ah, 

7. "^^c^b. 13. 7\/9«^ — 27a2j. 

8. 2^/^xy, 14. ^6^y. 

9. 3\^24. 15. ^^iM. 

^°- sViZS' 1 6- ^468^2"^ 

^'- 6^252^. 17. A/i584al 

,?°^* How And the pjeatest power corresponding to the indicated root, in large 
"icals ? j^^ Q^ ^jjat principle Is this rule founded ? 
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CASE II. 

307. To Reduce a Rational Quantity to the Form of a 

MadicaL 

I. Reduce ^a^ to the form of the cube root. 

Analysis. — The cube root of a quantitj, we opuunoir. 

have seen, is one of its three equal factors. (3^^)' = 27a* 

(Art. 284.) Now 3a* raised to the third power . ^^a ^^ '^27fl* 
is 27a*. Therefore 3a* = ^27rt*. Hence, the 

Rule. — Raise the quantity to tlie power denoted by the 
given root, and to the result prefix the correspo?iding radical 
sign. 

Note. — The coefficient of a radical, or any factor of it, may be 
placed under the sign, by raising it to the corretponiding potoer, and 
placing it as a factor under the radical sign. 

2. Reduce 2cfib to the form of the cube root. 

3. Reduce {za + b) to the form of the square root. 

4. Reduce {a — 2b) to the form of the square root. 

5. Place the coefficient of ^aVb under the radical sign. 

6. Place the coefficient of icfi^fab under the radical sign. 

7. Reduce 2:1^'^^ to the form of the fourth root. 

8. Reduce \abc to the form of the cube root 

9. Reduce 3 (« — J) tx) the form of the cube root. 
10. Reduce d^ to the form of the cube root. 

Note. — When a power is to be raised to the form of a required 
root, it is not the given letter that is to be raised, but the power of the 
letter. 

II. Reduce c^<^ to the form of the fourth root. 

12. Reduce a ■— ^ to the form of the square root. 

13. Reduce a"» to the form of the wth root. 



307. How redace a rational qnantity to the form of a radical ? Note. How place 
a coefficient under the radical si^ ? Ncie. How rai^e a power to the form of a 
required root ? 
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CASE III. 

308. To Reduce Radicals of different Degrees to others of 
equal Value, having a Oamfnan Index. 

I. Beduce a^ and b^ to equivalent radicals of a common 
index. 

Analysis. — The fractioiial ofsbation. 

indices J and J, reduced to a J = ^ and J = ^^ 

common denominator become . ^i _ ^^ ^nd bi = i* 

"^."1 *• . r '''' " ^^^''' a* = (04) A and b* = m^ 
and 6^ = (&»)^ (Art. 174.) » — V» ; «^^ '^ V^y 

Therefore (a*)^ and {t^)^ are the radicals required. Hence, the 

BuLE. — ^I. Reduce the indices to a common denominator, 

II. Raise each quantity to the power expressed by the 
numerator of the new index, and indicate the root expressed 
by the common denominator. (Art 174.) 



Eeduce the following radicals to 


a common index : 


2. ai and (Jc)*. 


7. 


V4«^ and v^2fl2. 


3. 3^ and 5*. 


8. 


a^ and &»*. 


4. a^ and 6*. 


9- 


ji and c^. 


S- Vs, Vsy and V2. 


10. 


(a + b)i and {a -- J)i 


6. ^^22:* and Vs^' 


II. 


(a; — y)f and (a: + y)i. 

9 



CASE IV. 
309. To Reduce a Quantity to any Required Index. 

I. Eeduce a^ to the index J. 

Analysis. — ^Divide the index J by J; operation. 

we have j or J. Place this index over a\ |^-=-J=:|^X^ = | 

it becomes a', and setting the required -^ -f- ^ = |- = J 

index over this, the result, (a^)», is the ,«. (tt^)^> Ans. 
answer. Hence, the 



308. How reduce radicals to a common index f 
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Rule. — Divide the index of the given quantity by the 
required index, and placing the quotient over the quantityy 
set the required index over the whole. 

Note. — This operation is the same as resolying the original index 
into two factors, one of which is the required index. (Art. 126, ruiie.) 

2. Reduce a^ and b^ to the index |. 

Solution. J-s-J = J x f = f , the first index. 

|-t-J = I X f = I, the second index. 

Therefore, (a>)^ and (&^)^ are the quantities required. 

3. Reduce 3^^ and 4* to the common index J^. 

4. Reduce a^ and V to the common index \. 

5. Reduce a^ and b^ to the common index J. 

6. Reduce a^ and b^ to the common index |. 

7. Reduce o^ and V^ to the common index i^. 

ADDITION OF RADICALS. 

310. To Find the Sum of two or more Radicals. 

1. What is the snm of 3V« and 5 Va ? 
Analysis. — Since these radicals are opiratioh. 

of the same degree and have the same X^/a + 5 Vo^ = 8V^ 

radical part, they are like quantities. 

(Art. 43.) Therefore their coefficients may be added in the same 
manner as rational quantities. (Art. 67.) 

2. What is the sum of 3 a/8 and 4'v/i8 ? 
Analysis. — ^These radicals operatioh. 

are of the same degree, but 3V^ = 3V4 X ^^2 = 6^/2 

the radical parts are unlike ; /—z /~ /~ /- 

therefore, they cannot be ^VlS = 4V9 X V2 = 12A/2 

united in their present form. .'. 6v2 + I2v 2 =: iSVz 

Reducing them to their sim- 
plest form, we have 3>v/8 = 6\/2, and 4^/18 = i2>v/2, which are 
like radicals. (Arts. 302, 305.) Now 6/^2 and i2>y/2 = 18^/2, Ans. 

309. How reduce qoantitieB to any required index? NoU, To what is thig oper- 
ation eimUar? 
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3. What is the sum of 3\/i8 and 4V^24. 

Akalybis. — Reducing the ofbratioh. 

radicals to their simplest form, jV^ = 3 V9 X V2 ^ oV^ 

we have 3 V^S = qa/** ^^ ^^J^ ^ 4^ X ^/l = S\/s 

4Y^24 = B\/3, which are un- ^3 

Uke quantities, and can only ^^' 9V2 + 8V3 
be added bj writing them one after the other, with their proper sigiiB. 
(Arts. 43, 67.) Hence, the 

Rule. — ^I. Reduce the radicals to their simplest farm. 

II. If the radical parts are alikcy add the coefficients, and 
to the sum annex the common radical 

If the radicals are unlike, write them one after another, 
with their proper signs. 

Note. — To determine whether radicals are aiike, it is generally 
necessary to reduce them to their simplest form. (Art. 305.) 

Find the sum of the following radicals : 

4. ^72 and V27. 9« S'i^ and 4V128. 

5. a/2o and V48. 10. 7\/243 and 5V363. 

6. 2\/^ and $Vc^' n. aV^ib and 3aV49^. 

7. aVscfib and cVzyab, 12. bV^S^c and V36ic*c. 

8. 3V^i8a^and 2V32a^. 13. 4^^ and sV^. 



SUBTRACTION OF RADICALS. 
311. To Find the Difference between two Radicals. 

I. From 3V4S subtract 2V20. 

Analysis. — Reduci ng to the opbratioh. 

simplest form, we have gy/s sV^S = 3V9 X Vs = gVs 

and Wl which are like ^^- ^ ^^ ^ ^- ^ ^^ 

qnautities. Now gy 5 — 4y 5 

= 5 Vs. the difference re- •'• 3V4S - 2V20 = 5 Vs 
quired. Hence, the 

310, Uqw 9d4 radicals ? iTofe. How determine whether they are like quantities f 
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Rule. — Reduce the radicals to their simplest form j change 
the sign of the subtrahend, and proceed as in addition of 
radicals. (Art. 310.) 

(2.) (30_ (4.)_ 

From 4VT12 V480 4V320 

Take V448 4 A/63 — 5 VSo 



5. From 3V49«^ take 2^/250^. 

6. From ^^/a + J take 3'V^a + J. 

7. From ^^/h take — 4V^^. 

8. From 3V^25o^ take 2V^54J*aj. 

9. From — oHt take — 2a~l^. 
10. From sVi take 2\/}. 



MULTIPLICATION OF RADICALS. 
312. To MtUtiply Radical Quantities. 

1. What is the product of ^Va by 2\/j. 

Akalybis. — Since these radicals are opbbatioh. 

of the same degree, we multiply the 3V^ X 2V^J = 6^ab 
radical parts together, like rational 

quantities, and to the result prefix the product of the coefficients. 

2. Multiply 3 A/a by 2\^c. 

Analysis. — As these radicals are of diflFer- opbbation. 

ent degrees, they cannot be multiplied together j ^^a = 3 (ay 

in their present form. We therefore reduce a/— / |\ 

them to a common index, and then, multiply- — ^ — ^ — 

ing as before, we have 6>^aV. ■^^«- 6 (aV)i 

3. Multiply a^ by a^. 

Analysis. — These radicals are of different degrees, but of the same 
radical part or root ; we therefore multiply 4hem by adding their 
fractional exponents. J + i = f. Therefore, a» x a* = a*. Hence, the 



31Z. How enbtract radicals f 
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Rule. — I. Reduce the radicals to a common index, 

m 

II. — Multiply the radical parts together as rational quan- 
tities, and placing the result under the common index, prefix 
to it the product of the coefficients. 

Notes. — i. Roots of like quantities are multiplied together hj 
adding their fractioruU exponents, (Art. 94.) 

2. This rule is based upon the principle that the product of the 
roots of two or more quantities is the same as the root of the product. 
(Art. 293, Prin. 3.) 

3. The product of radicals becomes ratumal^ whenever the numer- 
ator of the index can be divided bj its denominator without a 
remainder. 

4. If rational quantities are connected with radicals hj the signs + 
or — , each term in the multiplicand must be multiplied by 6a4ih term 
in the multiplier. (Art 98.) 



Multiply the following radicals : 

4. 5^/18 by 3 A/20. 10. a»» by a?». 

5. aVx by hy/x. 11. yv^ by z^^ 

6. Va + i by y/a — J. 12. v^ by ^/i6a, 

7. VflS by v^. 13. V18 by V2. 

8. «♦ by c^. 14. VSflKC by V^c^. 

(9.) (i5.)_ 

Multiply a -f- Vh Mult, a + Va; 

■^y ^ -^ V^ By I + h^/x 

ac + ca/S a 4- y/x 

+ flVfl + Vid -i- aJVS + Srr 



Ans. ac + cVh + ay/d'\''^M Ans, a-{'Vx-\'ahVx-\-bx 

• o 

16. 2\/| by zV-J. 18. Vw + w by y/m-^n, 

17. 4\/| by 3\/i _ , /9«^ V , /^ab 



^9. \/^^^y\/- 



30 



3x9. How multiply radicals? iVMe9. How are root? of like qnantitiee multi- 
plied? Upon what principle is this rule based? When does the product of 
radicals become rational? If radicals are connected with rational quantities, how 
multiply them ? 
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DIVISION OF RADICALS. 
313. To IHvide Radical Quantities. 

1. Diyide 4^240^ by 2 VSa. 

Analysis. — Since the given radicalB are 
of the same degree, one may be divided by 4 V^ac / — 

the other, like rational quantities, the quo- /^ ^ 2 V 3^ 

tient being /y/sc. (Art. in.) To this result 

prefixing the quotient of one coefficient divided by the other, we have 

2 ^3c, the quotient required. 

2. Divide ^Vcbc by 2^/(1, 

Analysis. — Since these radicals are A\/ac a (ac\i 

of different degrees, they cannot be — jrzr- := — ^ — j- 

divided in their present form. We 2V« « («)* 

therefore reduce them to a common 4V^ 4 (a*C*)^ 

index, then divide one by the other, and •'• s7^~ ^ 7"77I~ 

2A/fl 2 (fl*l* 

to the result prefix the quotient of the ^ ^ ^ 

coefficients. The answer is 2^a?. or 2 {ad)^, Ans. 

3. Divide ai by aK 

Analysis. — These radicals are of different onmAnoH. 

degrees, but have the same radical part or root. ^ji :^ ^jl 

We therefore divide them by subtracting the 1 t 
fractional exponent of the divisor from that of 

the dividend, (Art. 113.) Reducing the expo- fl • -h a* =: «• 
nents to a common denominator, «* = a», and , ^i .i. /ri — - /»i 
a»=a^. Now a^-i-«^=a», Ans. Hence, the 

Rule.— 'I. Reduce the radical parts to a common index, 
II. Divide one radical part by the other, and placing the 

quotient under the common index, prefix to the result the 

quotient of their coefficients. 

'Noro^.—.Itoots of like quantities are divided hp subtracting thefroO' 
tional exponent of the divisor from that of the dividend, (Art. 113.) 



3x3. How divide radicals ? Noie, How divide roots of like quantities ? 
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Divide the following radicals : 

4. ^\2C?c by V^. lo- i4aV^ by 7Vy. 

5. 6'^bdQi? by 2 Veto. 11. (a -|- J)« by (a + J)-. 

6. (a* + ax)^ by ai 12. 3^50? by V2S. 

7. 12 (ay)* by (ay)i. 13. ^7^ — f by v'^^+y. 

8. 24J\/ax by 8\/a. 14. i6\/32 by 2\/4- 

9. iStfc\/jS by 2c\/^. 15. 8V512 by 4V2. 

INVOLUTION OF RADICALS. 
314. To Involve a Radical to any required Power. 

I. Find the square of a*. 

OVBBAdOH. 

Analysis. — ^As a square is the piodnct of two 1 1 | 

eqnal factors, we multiply the giyen index by 

the index of the required power. Hence, the .'. cfiy Ans, 

Rule. — Multiply the index of the root by the index of the 
required power, and to the result prefix the required power 
of the coefficient 

Note. — A root is raised to a power of the sarne name by removing 
the radical sign or fractional exponent. (Ex. 2.) 

2. Find the cube of \^a + b, Ans. a + b, 

3. Find the cube of ai. 

4. What is the square of sVzx. 

5. What is the cube of 2\/a. 

6. Required the cube of -V2«. 

7. Required the cube of 4>v/ — • 

8. Find the fourth power of 3\ /-• 

9. What is the square of fl -f Vy ? 

314. How involve radicals to any required power? yot$. How miee a root to a 
power of the same name? 
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EVOLUTION OF RADICALS- 

315. To Extract the Boot of a RadioaL 

I. Find the cube root of a^^i^. 

Analysis. — Finding the root of a radi- otbratiok. 

cal is the same in principle as finding the ^ (j^\/l? = ^cfib^ 

root of a rational quantity. (Art. 296.) 3, . 

Reducing the index of the radical to an "^ cfifi = oA*, Ans. 

equivalent fractional exponent, we extract 

the cube root by dividing it by 3. The result is a5^. Hence, the 

BuLE. — Divide the fractional exponent of the radical by 
the number denoting the required rooty and to the result 
prefix the root of the coefficient. 

Notes. — i. Multiplying the iTidex of a radical by any number is the 
same as dividing the fractional exponent by that number. 

Thus, ^a = aK Multiplying the former by 2, and dividing the 

latter by 2, we have -y/a = a^. 

2. If the coefficient is not a perfect power, it should be placed under 
the radical sign and be reduced to its simplest form. (Art. 305.) 

2. Eequired the square root of g\^. 

3. Required the square root of 4\^. 

4. Find the cube root of sVxy. 

5. Find the cube root of ib^zb. 

6. What is the cube root of a (fo)^ ? 

7. What is the fourth root of %^/^ ? 

8. What is the fourth root of v^ v^^ ? 

9. Find the seventh root of i28V'a. 
10. Find the fourth root of v^(si). 

II. Find the fifth root of ^c^V^a. 
12. Find the wth root of ay/bc. 



3x5. How extract the root of a radical ? Notes. To what is multiplyinsr the index 
of a radical equivi^ent ? If the coefficient is not a pei-fect power, what is done ? 
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REDUCING A RADICAL TO A RATIONAL 

QUANTITY. 

CASE I. 
316. To Reduce a Radical Monomial to a Rational Quantity. 

1. Bednce V^ to a rational quantity. 

AI7ALTBIS.— Since multiplying a root of a opbbatioh. 

quantity into itself produces the quantity, it ^y/^ ^ .y/^ ^ ^ 

folloMTs that \/a x ^a — a, which is a ntional 
quantity. (Art, 287.) 

2. It is required to rationalize ai 

Analtbib. — A root is multiplied by another opbratiov. 

root of the same quantity by adding the expo- a^ X ts^ = a 

nents ; therefore we add to the index \ such a 
fraction as will make it equal to i. (Art. 94.) 

Thus, a^ X a' = a^'*' i = a^ = a, the rational quantity required. 

3. It is required to rationalize x^. 

Solution.— Multiplying jc* by a?*, the result is opbratioh. 

X, which is a rational quantity. Hence, the yf x ^^ — X 

Rule. — Multiply the radical by the same quantity Imving 
svch a fractional exponent as, when added to the given 
exponent, the sum shall he equal to a unit, or i. 

4. Required a factor which will rationalize «▼. 

5. What factor will rationalize v^a^c? 

6. What factor will rationalize ^/{a + b)^, 

7. What factor will rationalize VaWc^ 

8. What factor will rationalize "^{x + yY ? 

9. What factor will rationalize ^/(a + 6)^? 
10. What factor will rationalize V{a -f ^ + c) ? 

3x6. How reduce a radical monomial to a rational quantity ! 
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CASE II. 
317. To Reduce a Radical Binomial to a Rational Quantity. 

1. It is required to rationalize a/^ + Vi. 
Analysis. — The product of the sum and ofbbatioh. 

difference of two quantities is equal to the -y/^ j. a/j 

difference of their squares (Art. 103) ; there- /- /^ 

fore, (-y/a+v^) multiplied by (>v/a—>y/ ft) 

= 0—6, which is a rational quantity. a + ^ab 

Therefore, the factor to employ as a multi- ^ab b 

plier is ^a - ^b. ~7^bV A^ 

2. What factor will rationalize y/x -- Vy ? 

Analysis.— If the binomial ^^ ^^y is ombation. 

multiplied by the same terms with the sign of yx — \y 

the latter changed to + , we have ^^/Z. • ^y 

{^/x - ^y) X (y^ + Vy) = x-y, ^_ 

(Art. 103.) Therefore, ^/x + ^y is the fac- . 

tor required. Hence, the ^^^- V^: + Wy 

EuLE. — Multiply the binomial radical by the correspond- 
ing binomial with its connecting sign changed, 

3. What factor will rationalize x + 4\/9 ? 

4. Rationalize v^ — \/6. 

5. What factor will rationalize vT + Va? 

6. Rationalize 6 — V^. 

7. What factor will rationalize ^/^a — A/3J. 

8. Rationalize Va — Vs* 

9. What factor will rationalize 3 A/a + Vs. 
10. What factor will rationalize 4^/2^ — sV^. 



3x7. How reduce a radical binomial to a rational quantity ? 
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CASE III. 

318. To Reduce a Radical Fraction to one whose Numerator 
or Denominator Is a Rational Quantity. 

1. Bedace — ;= to a rational denominator. 

Analysis. — ^Multiply both terms of the oPESATioir. 

fraction by the denominator >y/&, and the a x ^h a^h 

result is ?^, whose denominator is V^ X V* ^ 

rational. (Art. 167, Prin. 3, note,) Hence, the 

Rule. — Multiply both terms of the fraction by such a 
factor as will make the required term rational 

Note. — Since the product of the sum and difference of two quan- 
tities is equal to the difference of their squares, when the radical 

X 

fraction is of the form — = =, if we multiply the terms by 

(\/a + v&)» ^® have a — 6 for the denominator. (Art. 103.) 

2. Rationalize the denominator of -—:* Ans. ~ — -' 

VI 5. 

3. Rationalize the numerator of — -- Ans. — =• . 

Vx wax 

f* 

4. Rationalize the denominator of -g— * 

Wx 

5. Rationalize the denominator of -^-« 

yc 

a/x -4- W ti 

6. Rationalize the denominator of — = -=• 

Wx— Vy 

X 

7. Rationalize the denominator of — = —• 

Vfl— \c 

8. Rationalize the denominator of 



9. Rationalize the denominator of 



I + V3 
3 — V3 



318. How reduce a radical fraction to one whose numerator or denominator is a 
rational quantity ? When the fractions contain compound quantitieB, what prin- 
ciple enters into their reduction ? 
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RADICAL EQUATIONS. 

319. A Radical Equation is one in which the 
unknown quantity is under the radical sign. 

320. To Solve a Radical Equation. 

I. Given Vx + 2 = 7, to find x. 

Analysis. — Transpoeing 2, we have, W^ 4-2=7 

^x = 5. Since 5 is equal to the \/x, it 
follows that the square of 5, or 25, must be 



Vx = 7 — 2 = 5 



the square of ^x. Therefore, a; = 25. 5 ^5 

2. Given 2a + Vx = ga, to find x. 

Solution. — Bj the problem, 2a + \/x = qa 

By transposing, \/x = ya 

By involution, x = 49a* 

3. Given sV^.+ i = 35, to find x. • 
Solution. — ^By the problem, s\^^ + i = 35 

Removing coefficient, \^x + i = 7 
Involving, x + i = 343 

TraDsposing, x = 342. Hence, the 

EuLE. — Involve both sides to a power of the same name as 
the root denoted by the radical sign. 

Note. — ^5«fore involmng the quantities, it is generally best to clear 
of fractions, and transpose the terms, so that the quantities under the 
radical sign shall stand alone on one side of the equation. 

Eeduce the following radical equations : 

4. a + \/^ -f c = rf. 8. V 2x + 3—6 = 13. 

5. 'V^a; + 2 = 3. 9. ^2: — 4 = 3. 

6. 3Vi» — 4 + 5 = 7i- 10. 2^a;— 5 = 4. 



^- 3\/^=24. 




"• 5\/^ = 3o- 



319. Wbat is a radical equation ? 320. How solved ? N(^. What should be done 
before Involying the quantities ? 

8 
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^. a + V2ax + b M X fi J 

12. Given --- — , — ■ — = J2, to find rr. 



13. Reduce 4/0^+ Vi= -7/^ ■^-^• 

Analysis. — By removing the opbratioh. 

denominator the first member is /~%~i_ 7^ 3 + ^ 

squared. But x is still under y "1" V \/ (/t2 _l_ aJxS 

the radical sign. This is re- "v V t" 7 

moved by involving both mem- ^ +Va' = 3 + ^ 

bers agwn. An%. x = (3 + C — fl^ 

14. Given " " _^ = — ?i, to find y, 

Vy y 



za^ 



1 



15. Given x + Vfl* + x* = — , to find x. 

Note. — If the equation has two radical expressions, connected with 
other terms by the signs -H or — , it is advisable to transpose the terms 
BO that one of the radicals shall stand alone on one side of the equation. 
By involving both members, one of the radicals becomes rational ; and 
by repeating the operation, the other will also disappear. 

16. Given Va + a; + Vci + xz=c, to find x. 
Solution. — Given y^o+S + \^a+x = c 



Transposing, ^a + x = c— ^a+x 



Involving, a + x = c^—2c^a + a? + a + J 

Transposing, 2c\/a-\-x = c^ 



c>« 



Dividing by 2<j, and involving, a+x:^ (- 

Transposing, a; = f - j — a, 

17. Given Vx -f 12 = 2 + VS, to find x. 

18. Given Vs x ^x^~i = 2 + v^, to find x. 

_,. \/x x^ax , r, . 

19. Given — = — 7=r-, to nnd x, 

X ^x 



Ans, 



Note. If the equation has two radicals connected with other terms by + or — , 
what t»hould be done ? 



CHAPTER XV. 

QUADRATIC EQUATIONS. 

321. Equations are divided into different degrees, as the 
first, second, third, etc., according to the powers of the 
unknown quantity contained in them. 

An equation of the First Degree is called a Simple 
Equation, and contains only the^r^^ power of the unknown 
quantity. 

An equation of the Second Degree is called a Quad- 
ratic Equation, and the highest power of the unknown 
quantity it contains is a square. 

An equation of the Third Degree is called a Cubic 
Equation, and the highest power of the unknown quantity 
it contains is a cube. 

An equation of the Fourth Degree is called a 
Biquadratic, etc. 

322. Quadratic Fquationa are divided into pure 
and affected. 

323. A Pure Quadratic contains the square only of 
the unknown quantity ; as, a^ = b. 

324. An Affected Quadratic contains both the first 
and «ecowrf powers of the unknown quantity ; as, oi^+axz^cd. 

Notes. — i. Pure quadratics are sometimes called incomplete equa- 
tions ; and affected quadratics, complete equations. 

33Z. How arceqnatioiiB dhdded ? What is an equation of the first degree ? The 
second? Third? Fourth? 32a. How are quadratic equations divided ? 325. What 
is a pure quadratic ? 334. An affected quadratic ? Note. What are they Bometimes 
caUed? 



ITZ PURE QUADRATICS. 

2. Since the first member of a pure quadratic is always a complete 
square, and the first member of an affected quadratic is alwajs an 
incomplete square, there seems to be an incongruity in calling the 
former an incomplete equation, and the latter a complete equation. The 
difltinction la calculated to eonftue rather than enlighten the pupil. 



PURE QUADRATICS. 

325. Every pure quadratic may be reduced to the form 

a^ = a. 

For, by transposition, etc, all the terms containing a^ can be 

reduced to one term, as ba^ ; and all the known quantities to one 

term, as c. Then will 

bgfi = e. 

Dividing both members by 6, and substituting a for the quotient of 

e-trb, the result is the form, 

a^ = a. 

326. Pure quadratic equations haye two rootSy which are 
the mme numerically, but have opposite signs. (Art. 293, ru) 

Thus, the square of +a and of —a is equally a^. Hence, 

^c^= ±a, 

327. To Solve a Pure Quadratic Equ^ion. 

I. Find the value of a; in ~ 6 = -^ + 2. 

9 3 

Solution.— Given 6 = — + 2 

9 3 

Clearing of fractions, saJ* — 54 = 3aJ* + 18 
Transposing, etc., 2a? = 72 

Removing coefficient, aj» = 36 

Extracting sq. root, a; = ± 6, Am, 

Substituting b for 2, and c for 72, in the third equation, we have 
the form, ba? ■= c. 

Removing coefficient, etc., a? = a. Hence, the 

Rule. — Reduce the given equation to the form a^=ia, and 
extract the square root of both members, (Art. 296.) 

■ - I r~— 

336. How many roots hae a pore quadratic ? 
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Find the value of a; in the following equations : 

2- 3^ — 5 = 70- lO. 225^ + 12 = 32* — 37. 

3. ga^ + S = ^ + 62. II. ^(x^ — T =s^ + 9- 

4- 5^^^ + 9 = 22^ + 57. 12. aW = a*. 



s- 


6a? + s = 4a? + 55. 


13. 


(a; + 2)» = 4* + S- 


6. 


^ + 35 = 3a? + 7- 


14. 


^ ^ 6a? — 12 

4 


7. 


2a« + 8 2:2 _ 6 
^o = xo +5. 


»S- 


x{2X + 9)_ 3« + 6 
30 10 


8. 


2; 2; 4 

4 2 2? 


16. 


5 + 5 ^?. 

4 — a;^4 + a! 3 


9- 


2239; 


17- 


1+2; 



328. Sadical equationSy when cleared of radicals, often 
become pure quadratics. 

18. Given V^ + ii = ^22^ — 5, to find x. 

Solution. — Clearing of radicals, aj* + ii = 2aj^ — 5 

Transposing and extracting root, a; = i 4 



42; 



10. Given 2^^ — 5 = — , to find x, 

3 



20. Given 2^2^ — 4 = 4 Vfl^ — i> to find 2;. 

21. Given A/2r + c = ^^, to find 2;. 

V 2; — c 

22. Given \/- — —— = V^, to find x. 

23. Given ^ — V^^T^ to find x. 

24. Given = Va; — 10, to find x. 

\x 4- 10 

i~ ■ ■ - ■ I — — . _ . . - - ■-, ■ ■ . - 

327. What is the rale for the solution of pure quadratics? 328. What may 
radical equatious become ? 
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PROBLEMS 

1. The product of one-third of a number multiplied by 
one-fourth of it is io8. What is the number? 

2. What number is that, the fourth part of whose square 
being subtracted from 25, leaves 9 ? 

3. How many rods on one side of a square field whose 
area is 10 acres ? 

4. A gentleman exchanges a rectangular piece of land 
50 rods long and 18 wide, for one of equal area in a square 
form. Required the length of one side of the square. 

5. Find two numbers that are to each other as 2 to 5, and 
whose product is 360. 

6. If the number of dollars which a man has be squared 
and 7 be subtracted, the remainder is 29. How much 
money has he ? 

7. Find a number whose eighth part multiplied by its 
fifth part and the product divided by 16, will give a quotient 
of 10. 

8. The product of two numbers is 900, and the quotient 
of the greater divided by the less is 4. What are the 
numbers ? 

9. A merchant buys a piece of silk for $40.50, and the 
price per yard is to the number of yards as 3 to 54. 
Required the number of yards and the price of each. 

10. Find a number such that if 3 times the square be 
divided by 4 and the quotient be diminished by 12, the 
remainder will be 180. 

11. A reservoir whose sides are vertical holds 266,112 
gallons of water, is 6 feet deep, and square on the bottom. 
Required the length of one side, allowing 231 cubic inches 
to the gallon. 

12. What number is that, to which if 10 be added, and 
from which if 10 be subtracted, the product of the sum and 
difference will be 156 ? 
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AFFECTED QUADRATICS* 

329. An Affected Quadratic JEquattou is one 

which contains ihQ first and second powers of the unknown 
quantity ; as, aa?^ -f ^a; = c. 

330. Every affected quadratic may be reduced to the form, 

in which a, h, and x may denote any quantity, either 
positive or negative^ integral or fractioiiah 

For, bj transposition, etc., all the terms containing ^ can be 
reduced to one term, as ca? ; also, those containing x can be reduced 
to one term, as dx ; and all containing the known qnantities can be 
reduced to one term, as g. Then, ea? + dx •= g. 

Dividing both members by c^ and substituting a for the quotient of 
d~T-Cy and h for the quotient of ^ -j- c, we have, 

0? + ax = h. 

8a5* 2X AX 

Take any numerical quadratic, as -7 8 = a? + — — 4. 

Clearing of fractions, 8aJ^ — 40; — 48 = 6aJ* + 43? — 24 

Transposing, etc., 2a^ — 8aj = 24 

Removing the coefficient, a^ — 4a; = 12 

Substituting a for 4, and h for 12 in the last equation, we have, 

Q^ — ax = b. Hence, 

All affected quadratics may he reduced to the general fomiy 

x^ ±ax = h, 

331. The First Member of the general form of an 
affected quadratic equation, it will he seen, is a Binomial, 
but not a Complete Square. One term is wanting to make 
the square complete. (Art. 266, note,) The equation, 
therefore, cannot be solved in its present state. 

3«9. What is an affected quadratic equation ? 330. To what general form may 
every affected quadratic be reduced ? 331. What is true of the first member of the 
general form of an affected quadratic * 

* Q;(md/ratiCyirQra\. the Latin qtiadrnre, to make square. 
Affected, made up of different powers ; from the Latiji ad and/ocip, 
to Tnake or join to. 
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332. There are three methods of completing the squai-e 
and solving the equation. 



FIRST METHOD. 

1. Given a^ + zax = J, to find the value of x. 

AI7ALT6IS.— The fint opmATMw. 

and third terms of the a:* + 2ax = b 

Bquare of a binomial are ^ -)- 2€tX -f- ^^ ^ ^^ + h 

complete powers, and the x + a ^ :t. V'a* + b 

second term is twice the , a/o^ -L h 

product of their roots; 

or the product of one of the roots into twice the other. (Art. loi.) 

In the expression, x^ + 2nx, the first term is a perfect square, and 
the second term 200; consists of the factors 2a and x. But x is the 
root of the first term o^ ; therefore, the other factor 2a must be twice 
the root of the third term which is required to complete the square. 
Hence, half of 2a, or a, must be the root of the third term, and a^ the 
term itself. Therefore, a^ + 2ax+a^ is the square of the first member 
completed. 

But since we have added a* to the first member of the equation, 
we must also add it to the second, to preserve the equalitj. 
Extracting the square root of both members, and transposing a, we 
have x= —a± /y/a"'+6, the value sought. (Art. 296.) 

2. What is the value of a? in 2a:* -|- a; = 64 — yx? 

Analysis. — Transposing — yx opbratiok. 

and removing the coefficient of aj*, 23^ -}- x = 64 — yx 

we have the form a* -1- 4a; = 32. But 2a;* + 8a; = 64 

the first member, aJ* + 40;, is an incom- a?^ + 4a: = 32 

plete square of a binomial. a? 4- ax 4- A =: x6 

In order to complete the square, "T 4a? -f- 4 ^ 3 

we add to it the square of half the a; + 2 — ± 6 

coefficient of x. (Art. 266.) Now, a; = — 2 ± 6 

having added 4 to one member of t. e., a; = 4 or — 8 
the equation, we must also add 4 to 

the other, to preserve their equality. Extracting the root of both, 
and transposing, we have ^ = 4, or - 8. (Art. 297.) 

33a. How maoy methods of completing the Bqnare t 
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Notes.— I. Adding the i^^mre of half the e&effleient of the second 
tenn to both members of the equation is called completing the square. 

2. The first member of the fourth equation is the »qtu»re of a bino- 
mial ; therefore, its root is found by taking the roots of the firM and 
third terms, which are perfect powers. (Art. 297.) From the process 
of squaring a binomial, it is obvioas that the middle term (40;) fonns 
no part of the root. (Art. 266.) 

333. From these iUnstrations we deriye the following 

KuLE. — I. Reduce the equation to thefortn^ 2^ ±ax=zb. 

n. Add to each member the square of half the coefficient of x, 

m. Extract the square root of each, and reduce the result 
ing equation. 

3. Find the value of 2; in — 2a? + Sax = — 6b. 

Solution. — By the problem, — 2a^ + Sax = —66 

Removing coefficient of ofi, — a^+4/Mj = — 36 

Making a? positive (Art, 140, Prin. 3), a^— 40^ = 36 
Completing square, jfi — ^ax + 4a* = 4a* + 36 



Extracting the root, x—2a = ± >\/4a* + 3& 

/. aj = 2a±^4a' + 3l 

4. Given a^ + ax + bx = dy to find x* 

OVKBATiOa, 

0^ + ax + bx=id 
3? + (a + b)x=zd 



«,+(„+j).+(i.ijy=(^*)V, 



X 



V¥f 



'=-^--±v/ri±^)"+i 



Analysis. — Factoring the terms which contain the first power of x, 
we have ax-\-bx= (a + b)x ; hence, (a+h) maybe considered a com- 
pound coefficient of a*. By adding the square of half this coefficient to 
both members, and extracting the root, the value of x is found. 



333. What is tbe rule for the first method of BoMng affected quadratics ? 
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5. Given 3a; — 2a;* = — 9, to find x. 

Solution.— By the problem, 3a! — 2a^ = — 9 

Makine a^ poeitive, etc., aJ* — =- = ■ 

o r » > 22 

Completing squMe, aji_^ + ^ =? + ^ = ?i 

Extracting root, x — - = ±- 

4 4 

.•. « = I ± }, ». «., aj = 3 or — ij. 

6. Given 32^ — 24a; = — 36, to find x. 

Arts. + 6 or +2. 

Note.— The two roots of an affected qaadratic may have the same 
or different signs. Thus, in the 6th and 12th examples they are the 
same ; in the ist, 2d, 3d, 4th, and 5th, they are different. 

7. Given 50:* — 40a? = 45, to find x, 

8. Given o^ — 6ax = d, to find x. 

9. Given 2X^ + lax = 2 (J + c), to find x. 



a* a* 



Solution. — Completing the sqnare, a^ + aa; + — = — +b +c 

4 4 



Extracting root, «+= ±y — + 6+c 



Transposing, »= -^ ± ^i^ ^ 5 ^ ^ 

10. Given 22^ — 22a: = 120, to find x. 

11. Given a^ — 140 = 13a;, to find x. 

12. Find the value of a? in a:^ _ ^a; + i = 52? — 15. 

Solution. — By the problem, a;*— 3aj+i = 5a?-i5 
Transposing, aj*— 8aj = —16 

Completing square, a:*— 8a;+ 16 = o ^ 

Extracting root, a?— 4 = o 

.*. ar = 4 

Note. — In this equation, both the signs and the numerical values of 
the two roots are cUike, Such equations are said to have eqttaUroots. 



Note.—WtaX signs have the roots Qf ftn affected quadratic f 
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SECOND METHOD. 

334. When an affected quadratic eqaation has been 
reduced to the general form, 

x^ -j- axz=b, 

its root may be obtained tviihout recourse to completing the 
square. 

I. Given a^ + Sx=z 65, to find x. 

Analysis. — After the square opniiLTiow. 

of an affected quadratic is com- ^ t s-j. Ac 

pleted and the root extracted, /^ 

the root of the third term is a: = — 4 ± V65 -|- 16 

transposed to the second mem- •'• 2; = 4 it 9 

her, by changing its sign. (Art. t. e., -C = 5 or — 1 3 

204.) 

Now, if we prefix half the coefficient of x, with its sign changed, to 
plus or minus the square root of the second member increased hy the 
square of half the coefficient of x, the second member of the equation 
will contain the same combinations of the same terms, as when the 
square is completed in the ordinary way. Hence, the 



Rule. — Prefix half the coefficient of x, with the opposite 
sign, to plus or mi/ius the square root of the second member, 
increased by the square of half the coefficient ofx. 

Solve the following equations : 



2. 


3ic3 — 9a: — 3 _ 207. 


8. 


Q? + 4aa; == J. 


3- 


/^ ■^i2X-{- 5 = 45- 


9- 


3aj2 — 74 __ 6a: + 31. 


4. 


32^^ — 14a; + 15 — 0. 


10. 


a:® + 13 6x, 


.5- 


^ — 9a; = 28. 


II. 


{x — 2) (a; ^ i) 20, 


6. 


a: + 2 , 2X 

2X X + 2 


12. 


a;+ I X 13 
X X + I 6 


7- 


0? + ^ ab-d. 



13- 


a^ h ch bd, 

c 



334> W1)ftt is th^ second method of Bplymg affected quadratics i 
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THIRD METHOD. 

335. A third method of redacing an affected qaadratic 
equation may be illnstrated in the following manner: 

1. Given aa^ + bx = c, to find x. 

. AKALT8I8. — Multiply- OPKBATIOW. 

Ing the given equation by O^ + bx ^=1 c 

a, the coefficient of a^, and ^ahl? + 4(ibx ^ ^tic 

by 4, the smaUest square ^j^ + ^abx + l^ = ^OC + ff^ 

number, we haye 2ax -{- b = ± ^ ^c TV 

4/1 V + 4flte = 400, 

the first term of which is . ^ — —h±V^-\r V 

an exact square, whose 2a 

root is 2//:r. Factoring 
the second term, we have 4a&r = 2 (200; x &). (Art. 119.) 

As the factor 2ax is the square root of 40^0^, it is evident that 4a'fl^ 
may be regarded as the first term, and ^dbx the middle term of the 
square of a binomial. Since ^abx is twice the product of this root 2ax 
into &, it follows that h is the second term of the binomial ; conse- 
quently, l^ added to both members will make the first a complete 
square, and preserve the equality. (Axiom 2.) Extracting the square 
root, transposing, etc., we have, 

X = , the value of x required. 

2a 

2. Given 20:2 + 3a: = 27, to find x. 

Solution. — ^By the problem, 2a* + 32; = 27 

Multiplying by 4 times coef. of a^, ifia^-\-2/^x = 216 
Adding square of 3, coef. of x^ ita^ + 240;+ 9 = 225 
Extracting root, 40;+ 3 = ±15 

Transposing, 4ar = — 3 ± 15 

.-. a; = 3 or — 4^, 

336. From the preceding illustrations, \ve derive the 

Rule. — ^I. Reduce the equation to theforniy aoi? ±bz = c. 

II. Multiply both members by 4 times the coefficient of ^. 

III. Add the square of the coefficient of x to each member, 
extract the root, and reduce the resulting equation. 

336. Wbat is U)e rule for th^ UUrd method of reducing affected qoadiatics? 
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Notes. — i. When the coefficient of x is an even number, it is 
sufficient to multiply both members by the coefficient of a^, and adcL 
to each the square of Aa(f the coefficient of x, 

2. The object of muitipljiog the equation by the coefficient of :i^ is 
to make the first term a perfect square without removing the coefficient. 
(Art. 251.) 

3. The reason for multiplylDg by 4, is that it a/coids frattWM in 
completing the square, when the coefficient of iB is an odd number. 
For, multiplying both members by 4, and adding the square of the 
entire coefficient of a; to each, is the same in effect as adding the square 
of half the coefficient of a; to each, and then clearing the equation of 
fractions by multiplying it by the denominator 4. 

4. This method of completing the square is ascribed to the Hindoos. 

3. Given 32:^ + 4a: = 39, to find x. Ana, 3 or — 4|. 

Beduce the following equations : 

4. a:? — 30 = — X, 8. 2a? — 6aj = 8. 

5- S-*^ + 3^^ = 2. 9. 3^* + 5^ = 42. 

6. 4a:* — 7a; — 2 = o. 10. a^ — 15a: =z= — 54. 

7- sa^+2a;:=88. ii, ^7? — 7a: =116. 

337. The preceding methods are equally applicable to all 
classes of affected quadratics^ but each has its advantages in 
particular problems. 

The first is perhaps the most natural, being derived from 
the square of a binomial ; but it necessarily involves frac* 
tio7is, when the coefficient of x is an odd number. 

The second is the shortest, and is therefore 2l favorite with 
experts in algebra. 

The advantage of the third is, that it always avoids 
fractions in completing the square. 



The student should exercise his judgment as to the method 
best adapted to his purpose. 



Nates. When the coefficient of x is an even nnmberf how proceed ? Object of 
mnltiplying by coefficient of a;' ? By 4 ? 
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EXAMPLES. 

Find the value of 2; in the following equations : 

1. a^^4X:=z — ^, 17. 32:8 — 7a;— 20 = 0. 

2. 2:^ — 5a; = — 4. 18. ja^ — 160 = $x, 

3. 2af^ — 7a; = — 3. 19. 2a:* — 2a; = I J. 

4. 2:^+103;= 24, 20. (a; — 2) (x— 1) = 6. 

5. 6a^— 13a; + 6 = 0. 21. 4(a:*— i) = 4a; — i. 

6. 14a; — 3:^ = 33. 22. (2a; — 3)2 = 8a;. 

7. a«-.3 = -^-^- 23. 3a:~2=^--^. 
o 5^!^ . 7a?_ 73 ,^ ^^ 14 — aT _ 

O. = • 24. 4a; ; — 14- 

7^5 140 -^ -r- a; ^ I 

16 100 — gx -.34^ 

9. -7r^- = 3. 25. a^ + ^ = -^' 

^ X 4^ '^ ^ ^25 5 

10. -4--=— 26. 0^ + - = -' 

X a a 22 

II. a^ + 2ma; = J*. 27. a:* — 2wa; = m^ — w^. 

8 * a; 

u? — io.z:8 ^ I 

13- -1 ^ — ; = a; — 3. 

a:2 -^ 6a? + 9 



14. 



4X X— I 9a; + 7 



-»•• 



14 — a^ 32? a; 

15. 2^/35^ — A^ — I = — . 4a;. 

16. Vx-t 5 -f 6=a; + 5. 

338. An Equation which contains but two powers of the 
unknown quantity, the index of one power being tivice that 
of the other, is said to have the Quadratic Form, 

The indices of these powers may be either integral or 
fractional. 

Thus, ic*— a;2 = 12 ; aj««+a?« = h ; and y/x — ^x = c, are equations 
of the quadratic fonn. 

Note.— Equations of this character are sometimes called trinomial 
equations. 



338. When has an eqnation the quadratic form? I^ote. What are such equatiODB 
called ? 
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339. Equations of the quadraiicfomi may be solved by 
the rules for affected quadratics. 

1. Given a:* — 20:* = 8, to find x. 

Solution — By the problem, aj* — 23^ = 8 
Completing square, jc* — aa^ -t- i = 9 

Extracting square root, a^ — i = ± 3 

Transposing, a* = 4 or —2 

Extracting square root again, a; = ± 2, or ± ^/—2 

2. Given a:* — 40^ = 32, to find x. 

Solution. — ^By the problem, af — 4a?* = 32 

Completiog square, aj* — 4aj* + 4 = 36 
Extracting square root, a* — 2 = ± 6 

Transposing, etc., ar* = 8 or —4 

Extracting cube root, a; = 2 or \J^— 4 

3. Given a^ — 4&r = a, to find x. 

Solution. — By the problem, a?» — 46a!" = a 

Completing square, a?*» — 46a?* + 46* = a + 46* 



Extracting square root, aj« — 26 = ± 'y/a + 4ft* 



Transposing, aj» = 2ft ± ^o+4&* 



Eltracting the nth root, x =. V 26 ± ^a+46* 

4. Given a:* + 8 = 6a^, to find x. 

5. Given a:* — 22? = 3, to find x. 

6. Given ofi ^ ya* = o, to find a;. 

7. Given 1- - = — , to find x. 

2 4 32 

8. Given \^ + i\^x = i, to find x. 

g. Given 4a: + 4Va: + 2 = 7, to find x. 

^. V4^ H- 20 4— Va; , ^ , 
iQ. Given — , = — ;z^- , to find x. 

4 + yx wx 
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PROBLEMS. 

X. Find two numbers such that their snm is 12 and their 
product is 32. - 

2. A gentleman sold a picture for $24, and the per cent 
lost was expressed by the cost of the picture. Find the cost. 

Note. — ^Let a; = the cost. 

Then — = the per cent. 

100 '^ 

X 

We now have x — x x — = 24, to find the value of x, 

lOO 

3. The sum of two numbers is 10 and their product is 24. 
What are the numbers ? 

4. A person bought a flock of sheep for $80; if he had 
purchased 4 more for the same sum, each sheep would have 
cost ii less. Find the number of sheep and the price of 
each. 

5. Twice the square of a certain number is equal to 65 
diminished by triple the number itself. Eequired the 
number. 

6. A teacher divides 144 oranges equally among her 
scholars ; if there had been 2 more pupils, each would have 
received one orange less. Eequired the number in the 
school. 

7. A father divides I50 between his two daughters, in 
such a proportion that the product of their shares is I600. 
What did each receive? 

8. Find two numbers whose sum is 100 and their product 
2400. 

9. The fence enclosing a rectangular field is 128 rods 
long, and the area of the field is 1008 square rods. What 
are its length and breadth ? 

10. A colonel arranges his regiment of 1600 men in a 
solid body, so that each rank exceeds the file by 60 soldiers. 
How many doe$ be place in rank and file ? 
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11. A drover buys a number of lambs for I50 and sells 
them at I5.50 each^ and thus gains the cost of one lamb. 
Bequired the number of lambs. 

12. The sura of two numbers is 4 and the sum of their 
reciprocals is i. What are the numbers ? 

13. The sum of two numbers is 5 and the sum of their 
cubes 65. Whflt are the numbers ? 

14. The length of a lot- is i yard longer than the width 
and the area is 3 acres. Find the length of the sides. 

15. A and B start together for a place 300 miles distant; 
A goes I mile an hour faster than B, and arrives at his 
journey's end 10 hours before him. Find the rate per hour 
at which each travels. 

16. A and B distribute 1 1200 each among a certain 
number of persons. A relieves 40 persons more than B, and 
B gives to each person I5 more than A. Required the 
number relieved by each. ' 

17. Divide 48 into two such parts that their product may 
be 252. 

18. Two girls^ A and B^ bought 10 lemons for 24 cents^ 
each spending 12 cents ; if A paid i cent more apiece than 
B, how many lemons did each buy ? 

19. Find the length and breadth of a room the perimeter 
of which is 48 feet, the area of the floor being as many 
square feet as 35 times the difference between the length 
and breadth. 

20. In a peach orchard of 180 trees there are three more 
in a row than there are rows. How many rows are there, 
and how many trees in each ? 

21. Find the number consisting of two digits whose sum 
is 7, and the sum of their squares is 29. 

22. The expenses of a picnic amount to lie, and this sum 
could be raised if each person in the party should give 30 cts. 
more than the number iu the party. How many compose 
the party ? 
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23. Find two numbers the product of which is 120, and 
if 2 be added to the less and 3 subtracted from the greater, 
the product of the sum and remainder will also be 120. 

24. Divide 36 into two such parts that their product shall 
be 80 times their difference. 

25. The sum of two numbers is 75 and their product is 
to the sum of their squares as 2 to 5. Find the numbers. 

26. Divide 146 into two such parts that the difference of 
their square roots may be 6. 

27. The fore-wheel of a carriage makes sixty revolutions 
more than the hind- wheel in going 3600 feet ; but if the 
circumference of each wheel were increased by three feet, it 
would make only forty revolutions more than the hind- 
wheel in passing over the same distance. What is the 
circumference of each wheel ? 

28. Find two numbers whose difference is 16 and their 
product 36. 

29. What two numbers are those whose sum is i| and the 
sum of their reciprocals 3^ ? 

30. Find two numbers whose difference is 15, and half 
their product is equal to the cube of the less number. 

31. A lady being asked her age, said, If you add the 
square root of my age to half of it, and subtract 1 2, the 
remainder is nothing. What is her age ? 

32. The perimeter of a field is 96 rods, and its area is 
equal to 70 times the difference of its length and breadth. 
What are its dimensions ? 

33. The product of the ages of A and B is 120 years. If 
A were 3 years younger and B 2 years older, the product of 
their ages would still be 120. How old is each ? 

34. A man bought 80 pounds of pepper, and 36 pounds 
of saffron, so that for 8 crowns he had 14 pounds of pepper 
more than of saffron for 26 crowns; and the amount he 
laid out was 188 crowns. How many pounds of pepper did 
he buy for 8 crowns ? 
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SIMULTANEOUS QUADRATIC EQUATIONS. 

TWO UNKNOWN QUANTITIES. 

340. A Homogeneous JEquation is one in which 
the sum of the exponents of the unknown quantities is the 
same in every term which contains them. 

Thus, a^— y* = 7, and aj*— ay +y* = 13, are each homogeneous. 

341. A Symmetrical Equation is one in which 
the unknown quantities are involved to the same degree. 

Thus, aj'+y* = 34, and a^y— a^y* = 34, are each symmetrical. 

342. Simultaneous Qundratic Equations con- 
taining two unknown quantities, in general involve the 
principles of Biquadratic equations, which belong to the 
higher departments of Algebra. 

There are three classes of examples, however, which may 
be solved by the rules of quadratics. 

ist. When one equation is quadratic, and the other simple. 
2d. When both equations are quadratic and homogeneous. 
3d. When each equation is symmetrical 

343. To Solve Simultaneous Equations consisting of a 

Quadratic and a Simple Equation. 

I, Given a^ + y^=z i^, and a: + y = 5, to find x and y. 
Solution.-— By the problem, a?+y» = 13 (i) 

«+y= 5 '(2) 

By transpositioD, x = 5— y (3) 

Squarinof each side of (3) (Art. 102), a^ = 25— loy+y* (4) 
Substituting (4) in (i), 25— loy-f y*+y* = 13 (s) 

Uniting and transposing, 2^*^—10^=— 12 (6) 

Comp. sq. (Art. 336, note), 4^'— 2py + 25 = — 24 + 25 (7) 

Extracting root, 2^—5 = ± i 

.-. y = 3 or 2. 
Substituting value of y in (3), a; = 2 or 3. Hence, the 



340. What is a homogeneonb equation ? 341. A symmetrical equation ? 
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Rule. — Find the value of one of the unknown quantities 
in the simple equation by transposition, and substitute this 
value in the quadratic equation. (Arts. 22 1^ 223.) 

Solve the following equations : 

2. 2^ + f=2S, s. «^ + y' = 244, 
^ +y = 7- y— a;=2. 

3. iK» + y8=74, 6. 32^ — ^^=251, 
x + y=i2. x + 4y = 3^' 

4. a«-y»=28, 7. 82^ + 5^2=728, 
x — y=2. 6y — a;=i5. 

344. To Solve Simultaneous Equations whicli are both 

Quadratic and Homogeneous. 

8. Given Qp^+xy=z 40, and y^+xy = 24, to find x and y. 



UTiON. — By the problem^ 


aj*+ajy = 40 


(I) 


*< «i 


y» + a3^ = 24 


(2) 


Let 


x=zpy 


(3) 


Substituting py in (i). 


p»y« +|)g/» = 40 


(4) 


" (2), 


y»+l^ = 24 


(5) 


Factoring, etc., (4), 




(6) 


" (5), 




(7) 


Equating (6) and (7), 


40 _ 24 
^« +p ~ I +|) 


(8) 


Clearing of fractions. 


5 + 5P = 31>* + 3P 


(9) 


Transposing, etc., 


31>-'-2p-5 


(10) 


Comp. sq., 3d meth. (Art. 336), 


QP*— 6p+i 15 + 1 — 16 


(II) 


Extracting root, 


3P-I = ±4 


(12) 



Transposing, 3P = i ± 4 

Dropping the negative value, P = f 

Substituting value of p in (7), y' = 24-f-(i +|)=9 

Extracting root, y = ± 3 

Substituting value of p and y in (3), a; = fx ±3 = ±5. 
Hence, the 



343. Rale for eolntioii of eqaatioo? cooaistlng of a quadratic and Bimple eqiuk 
tion? 
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Bulb. — I. For one of the unknown quantities substitute 
the product of the other into an auxiliary quantity , and then 
find the value of this auxiliary quantity. 

11. Find tfie values of the unknown quantities by substi- 
tuting the value of the auxiliary quantity in one of the 
equations least involved. 

NoTB. — ^An aoxiliaxy quantity is one introdaced to aid in the solu- 
tion of a problem, as p in the above operation. 

9. Giyen x -\- y = 9> 1 x^ ^^^ ^ „„^ ., 
And .:» + y»=i89,f*^*^*^*^^«^- 

10. Given x —y z=z 2, ) 

And ^-f= 58, r ^°^ -^ "°^ y- 

u. Given z^-if=- i, Ug^dxandy. 
And 4^y= 24, ) ^ 

12. Giyen ^-xy + »«= '9, K^fi^^^^^^ 
And icy = 15, ) ^ 

345. To Solve Simultaneous Quadratic Equations when each 

Equation is Symmetrioal. 

13. Given a? + y = 9, and xy = 20, to find x and y. 

SoLmoN. — B7 the problem, a;+y= g (i) 

" ** xy — 20 (2) 

Squaring (i), «* + 2a:y + y* = 8 1 (3) 

Multiplying (2) by 4, W/ = 80 (4) ^ 

Subtracting (4) from (3), aj^— 2ajy+y* = i (5) 

Extracting sq. root of (5), a:— y = ± i (6) 

. Bringing down (i), x+y = 9 

Adding (i) and (6), 2X = 10 or 8 (7) 

Removing coefficient, a; = 5 or 4 

Substituting value t>f a; in (i), y= 4 or 5 

Notes. — i. The values of x and y in these equations are not equal, 
but interchangeable ; thus, when a; = 5, y=4 ; and when aJ = 4, y = 5. 



344. How Bolve eqnationB which are both quadratic and homogeneous ? yote. 
What is an auxiliary quantity? 
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2. The solution of thlB class of problems f^aries according to the 
given equations. Consequently, no specific rules can be given that 
will meet every case. But judgment and practice will readily supply 
expedients. Thus, 

I. When the sum and product are given. (Ex. 13, 15.) 
Find the difference and combine it with the sum. (Art 2 24.) 

II. When the difference and product are given. (Ex. 1 6.) 
Find the sum and combine it with the difference. 

III. When the sum and difference of the same powers are 
given. (Ex. 14^ 17.) 

Combine the two equations by addition and subtraction. 

IV. When the members of one equation are multiples of 

the other. (Ex. 18.) - 

Divide one by the other, and then reduce the resulting 
equation. 

14. Given ici + vt = s, (i) ) , « , , 

. , 11 . . ^ to find X and y. 

And x* — y* = i, (2) i ^ 

Solution. — ^Adding (i) and (2), and dividing, a;^ = 3 

Involving, as = 27 

Subtracting (2) from (i), etc« y^ = 2 

Involving, y = 8 

15. Given a; + y = 27, ) . « j • •, 

^ . , ^ „'' y tofindajandy- 

And xy = 180, J ^ 

16. Given a; — ^=14, ),^, , 

. , ^ }■ to find X and y. 

And xy = 147, ) ^ 

17. Given ^i+.V* = 7,Kfi^d^^^dy^ 
And a;* — y* = 3, ) 

18. Given ofiy^ + .^y" = 12, ) x ^ j ^ 
And x^y +xf = 6,) ^ 



NoT£.— Whatistrueofthesolation of simnltaneons quadratics ? When the snm 
and product are 0TeQ,how proceed? When the difference and product? When 
the 8um and difference of the name powers are given ? When the memhers of one 
equation are multiples of the other ? 
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PROBLEMS. 

1. The diSereDce of two numbers is 4, and the difference 
of their cubes 448. What are the numbers ? 

2. A man is one year older than his wife, and the product 
of their i^espective ages is 930. What is the age of each ? 

3. Required two numbers whose sum multiplied by the 
greater is 180, and whose difference multiplied by the less 
is 16. 

4. In an orchard of 1000 trees, the number of rows 
exceeds the number of trees in each row by 15. Required 
the number of rows and the number of trees in each row. 

5. The area of a rectangular garden is 960 square yards, 
and the length exceeds the breadth by 16 yards. Required 
the dimensions. 

6. Subtract the sum of two numbers from the sum of 
their squares, and the remainder is 78 ; the product of the 
numbers increased by their sum is 39. What are the 
numbers ? 

7. Find two numbers whose sum added to the sum of 
their squares is 188, and whose product is 77. 

8. A surveyor lays out a piece of land in a rectangular 
form, so that its perimeter is 100 rods, and its area 589 
square rods. Find the length and breadth. 

9. Required two numbers whose product is 28, and the 
sum of their squares 65. 

10. A regiment of soldiers consisting of 1154 men is 
formed into two squares, one of which has 2 more men on a 
side than the other. How- many men are on a side of each 
of the squares ? 

11. Requii'ed two numbers whose product is 3 times their 
sum, and the sum of their squares 160. 

12. What two numbers are those whose product is 6 times 
their difference, and the sum of their squares 13 ? 



CHAPTER XYII. 

RATIO AND PROPORTION. 

346. Ratio is the relation which one qaantity bears to 
another with respect to magnitude. 

347. The Terms of a Ratio are the quantities 
compared. The first is called the Antecedent, the second 
the Consequent,* and the two together^ a Couplet, 

348. The Sign of ratio is a colon ( : ) t placed between 
the two quantities compared. 

Ratio is also denoted by placing the consequent under the 
antecedent, in the form of 9k fraction. 

Thus, the ratio of a to 6 is written, a : 6, or ^ • 



349. The Measure or Value of a ratio is the quotient 
of the antecedent divided by the consequent, and is equal 
to the value of the fraction by which it is expressed. 

Thus, the measure or value of 8 : 4 is 8-S-4 = 2. 

Note. — That quantities may have a ratio to each other, they must 
be so far of the same nature, that one can properly be said to be equal 
to, or greater, or less than the other. 

Thus, a foot has a ratio to a yard, but not to an hour, or a pound, 

350. A Simple Ratio is one which has but two terms ; 
as, a : b, 8:4. 

346. What Ib ratio ? 347. What are the termR of a ratio ? 348. The eig^ ? How 
also ia ratio denoted ? 349. The measure or value ? Note. What qanntlties have a 
ratio to each other ? 350. What is a simple ratio ? 

* ArUecedent, Latin ante, before, and cedere, to go, to precede. 
Consequent, Latin co/i, and sequi, iofoUow. 

t The sign of ratio ( : ) is derived from the sign of division ( -I- ), 
the horizontal line being dropped. 



BATIO. 193 

351. A Compound Ratio is the product of two or 
more simple ratios. 

Thus, 4:2/ are each simple But 4x9: 2x3 

9 : 3 f ratios. is a compoond ratio. 

NOTB. — The nature of compound latioB is the same as that of sim- 
ple ratios. They are so called to denote their arigin, und are usually 
expressed by writing the corresponding terms of the simple ratios one 
under another, as above. 

352. A Direct Ratio arises trom diriding the ante- 
cedent by the consequent 

353. An Inverse"^ or Reciprocal Ratio arises 
£rom dividing the consequent by the antecedent^ and is the 
same as the ratio of the reciprocals of the two numbers 

compared. 

a I 
Thus, the direct ratio of a to 06 = -r » or :=- , and that of 4 to 

ah h 

4 I 

12 = -^ , or - • 

12 3 

The inverse ratio of a \o db — — , or 6 ; of 4 to 12 = — , or 3. 

a 4 

It is the same as the ratio of the reciprocals, - to — r , and - to — • 

a ab 4 12 

Note. — A reciprocal ratio is expressed by inverting the fraction 
which expresses the direct ratio. When the colon is used, it is 
expressed by inverting the order of the terms. 

354. The ratio between two fractions which have a 
common denominator^ is the same as the ratio of their 
numerators. 

Thus, the ratio of } : f is the same as 6 : 3. 

Note. — When the fractions have different denominators, reduce 
tliem to a common denominator ; then compare their numerators. 
(Art. 175.) 

355. A Ratio of JSquality is one in which the quan- 
tities compared are equal, and its value is a unit or i. 

351. What is 8 compound ratio ? Note. Why so called ? 352. What is a direct 
ratio ? 353. A reciprocal ? 355. What is a ratio of equality ? 

* Inverse, from the Latin in and verto, to turn vptide down, to invert. 
9 
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356. A Ratio of Greater Inequality is one whose 
antecedent is greater than its consequent, and its value is 
greater than i. 

357. A Ratio of Less Inequality is one whose 
antecedent is less than its consequent, and its value is less 
than I. 

358. A Duplicate Ratio is the square of a simple 
ratio. It arises from multiplying a simple ratio into itself, 
or into another equGl ratio. 

359. A Triplicate Ratio is the cube of a simple ratio, 
and is the product of three equal ratios. 

Thus, the duplicate ratio of a to & is a' : &*. 
The triplicate ratio of a to 6 is a' : 5^. 

360. A Subduplicate Ratio is the sqttare root of a 
simple ratio. 

361. A Subtriplicate Ratio is the cube root of a 
simple ratio. 

Thus, the subduplicate ratio of a; to y is ^i : y^. 
The mbtriplicate ratio of a; to ^ is ^x : ^p^ etc. 

362. Since ratio may be expressed in the form of a 
fraction, it follows that changes made in its terms have the 
same effect as like changes in the terms of a fraction. 
Hence, the following 

PRINCIPLES.- 



i^ 



Mtdttplyinq the antecedent, or \ ,-^ ,.. ,. ,, 

^. . /. ^ ^f ^ \ Multiplies the ratio. 

Dividing the consequenty ) 

2^, Dividing the antecedent y or ) r^- -j? ^i a- 
,^ :,,. /. ^7 A \ Divides the ratio. 

Multiplying the consequenty ) 

3°. Multiplying or dividing both \ Does 7iot alter the value 

terms by the same quantity, ) of the ratio. 



3S6. Of greater inequality? 3^7. Of lepp Inequality? 358. A duplicate ratio? 
359. Triplicate? 360. Subduplicate? 361. Subtriplicate? 36a. Name Principle i. 
Principle a. Principle 3. 
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EXAMPLES. 

1. What is the ratio of 4 yards to 4 feet P 

Solution. 4 yards = 12 feet ; and the ratio of 12 ft. to 4 ft. is 3. 

2. What is the ratio of 6a:' to 2a; ? Ans, ^x. 

3. What is the ratio of 40 square rods to an acre ? 

4. What is the ratio of i pint to a gallon ? 

5. What is the ratio of 64 rods to a mile ? 

6. What is the ratio of Sa^ to 4a ? 

7. What is the ratio of i$abc to 5^5? 

8. What is the ratio of $5 to 50 cents ? 

9. What is the ratio of 75 cents to $6 ? 

10. What is the ratio of 35 quarts to 35 gallons P 

11. What is the ratio of 2a^ to 4a ? 

12. What is the ratio ofa:^ — iy*toa; + y? 

13. What is the compound ratio of 9 : 12 and 8 : 15 ? 

Solution. 9 x 8 = 72, and 12 x 15=180. Now 72-1-180 = y*^, Ans. 
Or, 9 : 12 = A, and 8 : 15 = yV Now A ^ A = tVo = to» -'^'W- 

14. What is the compound ratio of 8 : 15 and 25 : 30? 

15. What is the compound ratio of a: b and 2 J : 3aa:? 

16. Beduce the ratio of 9 to 45 to the lowest terms. 

Solution. 9 : 45 = A» "^^ A = J» ^^*- 

17. Reduce the ratio of 24 to 96 to the lowest terms. 

18. Reduce the ratio of 144 to 1728 to the lowest terms. 

19. What kind of ratio is 25 to 25 ? 

20. What kind of a ratio is ab : ab? 

21. What kind of ratio is 35 to 7 ? 

22. What kind of ratio is 6 to 48 ? 

23. Which is the greater, the ratio of 15 : 9, or 38 : 19? 

24. Which is the greater, the ratio of 8 : 25, or Va : ^25, 

25. If the antecedent of a couplet is 56, and the ratio 8, 
what is the consequent ? 

26. If the consequent of a couplet is 7, and the ratio 14, 
what is the antecedent P 
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PROPORTION. 

363. Jhrapartian is an equality of ratios. 

Thus, the ratio 8 : 4 = 6 : 3, is a proportion. That is. 
Four quantities are in proportion, when the first is the same miUti' 
pie or part of the second that the thvrd is of the fourth. 

364. The Sign of Proportion is a double colon (: :),* 
or the sign (=). Thus, 

The equality between the ratio of a to 6 and eiodis expressed by 

a:b :: e:d, OT hj -=- = - 

a 

The former is read, " a is to & as c is to (2 ;" the latter, "& is contained 

in a as many times as (2 is contained in e," 

NoTB. —Each ratio is called a couplet j and each term a proportional. 

365. The Terms of a proportion are the quantities 
compared. The^r«^ ajid fourth are called the extremes, the 
second and third the means. 

366. In every proportion there must be at least four 
terms ; for the equality is between two or more ratios, and 
each ratio has two terms. 

367. A proportion may, however, be formed from three 
quantities, for one of the quantities may be repeated, so as 
to form two terms ; as, a:b : : b:c. 

Note. — Care should be taken not to confound proportion with ratio. 
In common discourse, these terms are often fised indiscriminately. 
Thus, it is said, " The income of one man bears a greater proportion 
to his capital than that of another,'' etc. But these are loose expressions. 

In a simple ratio there are but tuo terms, an antecedent and a 
consequent ; whereas, in a proportion there must at least be four 
terms. (Arts. 350, 366.) 

363. What is proportion? 364. The sign of proportion? ydte. What is each 
ratio called ? 365. What are the terms of a proportion ? 366. How many terms in 
every proportion ? 367. How form a proportion from three ? 

* The sign ( : : ) is derived from the sign of equality ( = ), the four 
points being the terminations of the Hues. 
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1^ 



Again, one ratio may be greater or less than another, but one 
prtyportion is neither greater nor less than another. For equality does 
not admit of degrees. In scientific investigations, this distinction 
should be carefully observed. 

368. A Mean Proportional between two quantities 
is the middle term or quantity repeated^ in a proportion 
formed from three quantities. 

369. A Third Proportional is the last term of a 
proportion having three quantities. 

Thus, in the proportion a :&::&: c, & is a mean proportional, and 
e a third proportional. 

370. A Direct Proportion is an equality between 
two direct ratios ; as^ a : d : : cid, 3:6 : : 4:8. 

371. An Inverse or Reciprocal Proportion is an 

equality between a direct and reciprocal ratio ; as, 

8:4 ••: i'i- 

372. Analogous Terms are the antecedent and con- 
sequent of the same couplet. 

373. Homologous Terms are either two antecedents 
or two consequents. 

PROPOSITIONS. 

374. A Proposition is the statement of a truth to be 
proved, or of an operation to be performed. 

Propositions are of two kinds, theorems and problems. 

375. A Theorem is something to be proved. 

376. A Problem is something to be done. 

377. A Corollairy is a principle inferred from a 
preceding proposition. 

368. What is a mean proportional ? 369. What is a third proportional ? 370. A 
direct proportion? 371. An inyerse or reciprocal proportion? 372. What are 
analogous terms ? 373. Homologous ? 374. What is a proposition ? How divided ? 
375, What is a theorem ? 376. A problem ? 377. A corollary? 
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378. The more important theorems in proportion are the 
following: 

Theobex L 

If four quantities are proportional, the product of the 
extremes is equal to the product of the means. 

Let aih :: ci d 

By Art. 363, J = 5 

aearing of fractions, ad^le. 

Vebificatiok bt Numbers. 
Given, 2:4:: 8 : 16 ; and 2 x 16 =r 4 x 8. 

Cob. — The relation of the fonr terms of a proportion to 
each other is snch^ that if any three of them are given, the 
fourth may be found. 

Thus, since od = &<;, it foUowB that 

a = bc-*-d, b = ad-i-c, e = ad-*-h, and d = hen-a. (Ax 5.) 

Notes. — i. The rule of Simple Proportion in Arithmetic is founded 
upon this principle, and its operations are easily proved by it. 

2. This theorem furnishes a very simple test for determining 
whether any four quantities are proportional. We have only to 
multiply the extremes together, and the means. 



Theobek II. 

If three quantities are proportional, the product of the 
extremes is equal to the square of the mean. 

Let a : h :: b ' e 

a b 
By Art. 363, ^ = - 

Clearing of fractions, ae = ¥. 

Again, 9 : 6 : : 6 : 4, and 4x9 = 6*. 

Cob. — A mean proportional between two quantities is 
equal to the square root of their product. 
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Theobem in. 

If (he product of two quantities is eqtial to the product of 
two others, the four quantities are proportional ; the factors 
of either product being taken for the extremes, and the factors 
of the other for the means. 

Let adz^bc 

Diyiding \xjbd, h~ ^ 

Or, by Art 363, a : b : : e : d. 

Again, 4 x 6 = 3 x 8, and 4:3 : : 8 : 6. 

Theorem IV. 

If four quantities are proportional, they are proportional 
tvhen the means are inverted. 



Let a lb : : c : d. 


then 


a : 


\ c : : b \ d 


For, by Art. 363, 






a 6 
b~d 


Multiplying by -, 








a _b 
e d 


Or. 




a ; 


'.CM bid. 



Again, 3:6 : : 4:8, and 3:4:: 6:8. (Th. i.) 

Note. — This change in the order of the means is called 
** Alternation" 



Theorem V. 

If four quantities are proportional, they are proportional 
when the terms of each couplet are inverted. 

Let a : b :: e : d, then b : a :: d : c 
By Theorem i, ad = bc 

By Theorem 3, b -. a w d : c. 

Again, 6:2 :: 15 : 5, then 2:6 :: 5 •' iS* (T^- i-) 

Cob. — If the extremes are inverted, or the order of the 
terms, the quantities will be proportional. 
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Notes.— I. If the terms of only one of the couplets are inverted, 
the proportion becomes reciprocal, 

2. The change in the order of the terms of each couplet is called 
** Inversion ** 

3. This proposition supposes the quantities compared to be of the 
same kind. Thus, a line has no relation to weight. (Art. 349, note,) 

Tkeobem VL 

If four quantities are proportional, ttvo analogous or two 
homologous terms may be multiplied or divided by the sam£ 
quantity without destroying the proportion. 

Let a ih II e I d 

Multiplying analogous terms, am ihm 11 c id 
and a ih 11 cm i d/m 

Hence, (Art. 362, Prin. 3), r — = 3 , and t = 3— 
•^ hm d h dm 

Multiplying homologous terms, am : 6 : : cm i d 

And a \ hm \: c : dm, 

Yv / 1 > o/m cm -.a c 

Hence. (Ax. 4. 5). -j-=-^. «>d ^ = ^ 

i 



Dividing analogous terms, — : — 

m m 

and a : h 

Dividing homologous terms, — : h 

m 

and a : — 



c : (f , 

c d 
m m 

— : d 
m 

d 
c : — 



m m 

Clearing of fractions (Th. i), ad=:bc 

CoE. — All the terms of a proportion may be multiplied 
or divided by the same quantity without destroyiiig the 
proportion. 

Notes. — i. When the Tiomdogov.B terms are multiplied or divided, 
both ratios are equally increased or diminished, 

2. When the arwlogous terms are multiplied or divided, the ratios 
are not altered. 
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Theobem VIL 

If four quantities are proportional^ the sum of the first 
aiid second is to the second, as the sum of the third and fourth 
is to the fourth. 

Let a : b :: e : d, then a+b : b :: c+d : d 

a c 

^°'> b=d 

Adding i to each member, h"^ ^ ^d"^ ^' ^^^ ^'^ 

a+b e-^d 
Incorporating i, —r— = —^ 

Therefore (Art. 363), a+6 : b : : e+d : d 

Again, 4:2 :: 6:3, then 4+2 12:: 6 + 3 : 3 

Note.— This combination is sometimes called " CompoHtum." 



Theorem VIII. 

If four quantities are proportional, the difference of the 
first and the second is to the second, as the difference of tJie 
third and fourth is to the fourth. 

Let a :b ',: c : d, then a— & : b :: c—d : d 
•» a c 

Subtracting i from each member, r — i = ^ — i 

_ ,. a—b C'-d 

Incorporatmg — i, — v— = — -j— 

Therefore, a—b : 6 : : c—d : d 

Again, 4:2 : : 6:3, then 4—2 : 2 : : 6—3 : 3 

Note,— ^This comparison is sometimes called " Division" * 



* The technical terms. Composition and IHvidony are calculated 
rather to perplex than to aid the learner, and are properly falling into 
disuse. The objection to the former is, that it is liable to be mistaken 
for the composition or compounding of ratios, whereas the two 
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Theobbm IX. 

If two ratios are respedivdy equal to a thirds they are 
equal to each other. 

Let a : b : : m : n, and c : d : : m : n 

Then ^ = — » wid - = — 

b n d n 

a c 
By Ax, I, T = ^« That is, a : b = e : d 

Again, 12 : 4 = 6 : 2, and 9:3 = 6:2 

/. 12 : 4 = 9 : 3 



Theorem X. 

WJien any number of quantities are proportional, any 
antecedent is to its consequent, as the sum of aU the ante-- 
cedents is to the sum of all the consequents. 

Let a ',b :: e -. d ::e:/, etc 

Then a :b :: a-\-e-he : 5+d+/, etc. 

For (Th. i), ad = be 
And, " itf=be 
Also, ab = ba 

Adding (Ax, 2), ab-had+af= ba+be+be 

Factoring, aQt+d-^f) = b(a+c+e) 

Hence, (Th. 3), a : b :: (a+c+«, etc.) : (&+d+/, etc.) 



operations are entirely different In one the terms are added, in the 
other they are multiplied together. (Art. 351.) 

The objection to the latter is, that the change to which the term 
division is here applied, is effected by subtraction, and haa no 
reference to division, in the sense the word is used in Arithmetic and 
Algebra. Moreover, the alteration in the terms of Theorem 6 is 
produced by actiuil division. Usage, however ancient, can no longer 
justify the employment of the same word in two different senses, in 
explaining the same subject. 
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Theobeh XL 

If the corresponding terms of two or more proportions are 
multiplied together, the products will be proportionaL 

Let a :}> : : e i d, and : / : : g : h 

Then ae :hf \: eg ' dh 

For, -=- and j=^ 

Mult, ratios together (Ax. 4), -^ = -^ 

Henoe, (Th. 3), ae : hf :: eg : dh. 



Theobeh XII. 

ijf four quantities are proportional, like powers or roots 
of these quantities are proportional 

Let a : b :: e : d, then £ = 3 

a 

Bv Ax. 10, T" = 3- 

^ ^ Jfn d'l 

Hence (Th. 3), a" : &» : ; c" : <i» 

Extracting sq. root, a* : &* ; : c* : d* 
Again, 2:3 : : 4:6, then 2* : 3' : : 4' : 6' 

In like manner, ^4, : /y/9 : : y^i6 : ysS. 
Note. — The index n may be either irUegral or fr(utioncU. 



Theorem XIIL 

Equimultiples of two quantities are proportional to the 
quantities themselves, 

Smce I = |, by Art. 362, Prin. 3, ^ = ^ 
Hence, am : &m ; ; c : (7, 
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PROBLEMS. 

I. The first three terms of a proportion are 6, 8, and 3. 
What is the fourth ? 



Let 




X = the fourth term. 


Then 




6 : 8 


:: 3 : X 


.-. 6« = 


24, 


and 


aj = 4. 



2. The last three terms of a proportion are 8^ 6, and 12. 
What is the first ? 

3. Required a third proportional to 25 and 400. 

4. Required a mean proportional between 9 and 16. 

5. Find two numbers, the greater of which shall be to 
the less, as their sum to 42 ; and as their difference to 6. 

6. Divide the number 18 into two such parts, that the 
squares of those parts may be in the ratio of 25 to 16. 

7. Divide the number 28 into two such parts, that the 
quotient of the greater divided by the less shall be to the 
quotient of the less divided by the greater as 32 to 18. 

8. What two numbers are those whose product is 24, and 
the difference of their cubes is to the cube of their difference 
as 19 to I ? 

9. Find two numbers whose sum is to their difference as 
9 is to 6, and whose difference is to their product as i to 12. 

10. A rectangular farm contains 860 acres, and its length 
is to its breadth as 43 to 32. What are the length and 
breadth ? 

11. There are two square fields; a side of one is 10 rods 
longer than a side of the other, and the areas are as 9 
to 4. What is the length of their sides ? 

12. What two numbers are those whose product is 135, 
and the difference of their squares is to the square of their 
difference as 4 to i ? 

13. Find two numbers whose product is 320 ; and the 
difference of their cubes is to the cube of their difference 
as 61 to I. 



CHAPTER XYIII. 

PROGRESSION. 

379. A Progreasimi is a series of quantities which 
increase or decrease according to a fixed law. 

380. The Terms of a Progression are the quan- 
tities which form the series. The first and last terms are 
the extremes ; the others, the means, 

381. Progressions are of three kinds: arithmetical^ 
geometrical, and harmonical. 

ARITHMETICAL PROGRESSION. 

382. An Arithmetical Progression is a series 
which increases or decreases by a constant quantity called 
the common difference. 

383. In an ascending series, each term is found hy adding 
the common difference to the preceding term. 

If the first term is a, and the common difference d, the series is 

a, a+(f, a + 2dt a+^d, etc. 
If a = 2, and d = 3, the series is 2, $, 8, 11, 14, etc. 

384. In a descending series, each term is found by 
subtracting the common difference from the preceding term. 

If a is the first term, and d the common difierence, the series is 

a, a-^dy a— 2d, a—^d, etc. 

In this case, the common difference may be considered — <?. Hence, 
the common difference may be either positive or negative. And, since 
adding a negative quantity is equivalent to subtracting an equal 

379. What ie a progression? 380, The terms? 381. How many kinds of 
progression? 383. An arithmetical progression? What is this constant quantity 
called ? 383. An ascending series ? 384. A descending series ? 
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posUiDe one, it may therefore properly be said that each successive 
term of the serieB is derived from the preceding by the additian of the 
common difference. (Art. 75, Prin. 3.) 

Notes.— I. The common, difference was formerly called arithmetical 
ratio; but this term is passing out of use. 

2. An Arithmetical Progression is sometimes called an Equidifferent 
Series, or a Pntgression by Difference. In every progression there may- 
be an infinite number of terms. 



1. If four quantities are in arithmetical progression, 
the sum of the extremes is equal to the sum of the means. 

Let a, a-^d, a+2(f, a-i-^d, be the series. 
Adding extremes, etc., 2a + 3(2 = 2a + 3d. 

Or, let 2, 2 + 3, 2 + 6, 2 + 9, be the series. 
Then 2 + 2 + 9 = 2 + 3 + 2 + 6 

386. If three quantities are in arithmetical progressioriy 
the sum of the extremes is equal to double the mean. 

Let a, a + d, a + 2d, be the series. 
Then 2a + 2d = 2{a-^d). 

Again, let 2, 2 + 4, 2+^, be the series. 
Then 2 + 2 + 8 = 2 (2 +4). 

Cor. — An Arithmetical Mean between two quantities 
may be found by taking half their sum. 

387. In Arithmetical Progression there are five 
elements to be considered: the first tenn, the common 
difference, the last term, the number of terms, and the sum 
of the terms. 

Let ft = the first term. 

d = the common difierence, 

i =r the last term. 
n = the number of terms. 

H = the sum of the terms. 

The relation of these five quantities to each other is such 
that if any three of them are given, the other two can be 
found. 



385. What is trtie of four qnantitiee in arithmetical progreBsion ? 386. Of three 
qnantities ? 387. Name the elemente in arithmetical progression ? What relation 
have they to each other? 
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CASE I. 

388. The First Term, the Common Diiferenoe, and Number 
of Terms being given, to Find the L€tst Tet'tn. 

Each succeeding term of a progression is found by adding the 
common difference to the preceding term. (Art. 384.) Therefore the 
terms of an (ueending series are 

a, a-hd, a+2d, a+^d, etc 

The terms of a descending series are 

a, a—d, a—^d, a— 3<f, etc. 

It will be seen that the. coefficient of d in each term of both series 
is one lees than the number of that term in the series. Therefore, 
putting I for the last or nth term, we have 

Formula L I = a ± (n — i) d. 

EuLB. — I. Multiply the common difference by the number 
of terms less one, 

II. When the series is ascending^ add this product to the 
first term ; when descending ^ subtract it from the first term* 

1. Given a = 3, rf = 2, and w = 7, to find I 

l=:a± (»— i) d = 3 + (7—1) 2 = 15, Ana. 

2. Given a = 25, rf = — 2, and w = 9, to find /. 

3. Given a = 12, e? = 4, and n = 15, to find I. 

4. Given a = r, rf = — ^, and n = 13, to find I 

5. Given « == J, d = ^, and w = 9, to find L 

6. Given a = i, rf = — .01, and n= 10, to find I, 

7. Find the 12th term of the series 3, 5, 7, 9, 11, etc. 
Note. — In this problem, a = 3, d = 2, n = 12. Ana. 25. 

8. Find the 15th term of i, 4, 7, 10, etc. 

9. Find the 9th term of 31, 29, 27, 25, etc. 

10. What is the 30th term of the series i, 2^, 4, 5 J, etc. 

11. Find the 25th term of the series x+:^x+sx-\-jx, etc. 

12. Find the nth term of the series 2a, 5^, Sa, 1 1«, etc. 

388. Wbat is the role for flnding the laat term ? 
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CASE II. 

3B9. The Extremes and Number of Terms be!ng given, to 

Find tlie Sum of the Series. 

Let a, a-hd, a + 2d, a + ^d . . . I, be an arithmetical progreesion, 
the Bum of which is required. 

Since the sum of two or more quantities is the same in whatever 
order thej are added (Art. 63, Prin. 2), we have 

#=a+ (a+ d) + (a+ 2d) + (a+ 3d) + . . . +1 
Inverting, 8=zl + ( I — d) + {I — 2d) + (I — 3d) + . . . +a 

Adding, 2« = a + / + (a + + (a+0 + («+0 + . . . -ha+l 

.\ 28 = {a+C) taken n times, or as many times as there are 

terms in the series. 

That is, 2« = (a + /I. Hence, the 

Formula II. s = ^^L+Jl x n. 

2 

EuLB. — Multiply half the sum of the extremes by the 
number of terms. 

Cor.— From the preceding illustration it follows that the 
sum of the extremes is equal to the sum of any two terms 
equally distant from the extremes. 

Thus, in the series, 3, 5, 7, 9, 11, 13, the sum of the first and last 
terms, of the second and fifth, etc., is the same, viz., 16. 

1. Given a = 4, 1= 148, and w = 15, to find s. 
Solution. 4+148 = 152, and (152-^2) x 15 = 1140, Ans. 

2. Given a = i, ^ = 30, and tj = 50, to find s. 

3. Given a = 6, Z = 42, and tj = 9, to find s. 

4. Given a = 5, / = 75, and n = 35, to find s. 

5. Given a= 2, I = i, and n = 17, to find s, 

6. Find the sum of the series 2, 5, 8, 1 1, etc., to 20 terms. 

7. Find the sum of the series i, ij, 2, 2 J, etc., to 25 terms. 

8. Find the sum of the series 75, 72, 69, 66, 63, etc., 
to 15 terms. 
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390. The two preceding formulas are fundamental, and 
furnish the means for solving all the problems in Arith- 
metical Progression. From them may be darived eighteen 
other formulas. 

By Foekula L 

391. This formula con tains /(mr^ft^f^ran/ quantities; the 
^rsl term, the common difference^ the last term, and the 
number of terms. If any three of these quantities are given, 
the other may be found. (Art. 388.) 

I. l=za±{n^i)d; a, rf, and n being given. 

3. Given d, Z, and n, to find a, the first term.* 

TranspoBiiig (n~i) d in (i), 

a = £±(n— i)cf. 

4. Given a, 7, and n^ to find d, the common difference. 

Transposing in (i), and dividing hj (n—i), 

cf = • 

n — I 

5. Given a, rf, and /, to find w, the number of terms. 

Clearing of fractions and reducing (4), 

l — a 

n= , + I. 
d 

1. Given a = 25, d = 3, and w = 12, to find I 

2. Given a = 58, d = 5, and n = 45, to find I. 

3. Given d = 3, ? = 35, and n=. 9, to find a. 

4. Given i = 57, d = 5, and n = 21, to find a, 

5. Given a = 15, Z = 85, and w = 31, to find d. 

6. Given a = 28, Z = 7, and w = 26, to find A 

7. Given a = 23, d = 5, and Z = 5138, to find w. 

8. Given a = 6, d = 6, and Z = 1 152, to find n. 

* For Formula 2, see 389. 
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By Formula IL 

392. In this formula there are four different quantities: 
the first temiy the last term, the number of terms, and the 
sum of the terms. If any three of these quantities are 
given, the other may be found. (Art. 3S9.) 

2. « = — "^ X n, a, ly and n being given. 

2 

NoTB. — YoT Fonnolaa 5-5, 8ee Article 391. 

6. Given I, n^ and 5, to find a, the first term. 
Clearing (2) of fractions, dividing and transposing, 

a = 1. 

n 

7. Given a, n, and Sy to find 7, the last term. 

Transposing in (6), we have 

I = a. 

n 

8. Given a, I, and «, to find w, the number of terms. 

Clearing (7) of fractions, transposing, factoring, and dividing, 

28 

n = J. 

1. Given a = 9, Z = 41, and w = 7, to find s. 

2. Given a = J, ? = 45, and w = 50, to find s. 

3. Given ^ = 50, rf = 4, and n = 12, to find a. 

4. Given a= 9, ^ = 41, and 5=150, to find n. 

5. Given rf= 7, 7 = 21, and w= 35, to find «. 

6. Given a = 46, Z = 24, and s = 455, to find n. 

7. Given a = 27, n = 9, and 5 = 72, to find I. 

8. Given a = 72, w = 8, and s = 288, to find l. 

9. Find the sum of the series 3, 5, 7, 9, etc., to 15 terms.- 

10. Find the twentieth term of 5, 8, 11, 14, 17, etc. 

11. If the first term of an ascending series is 5, and the 
common difference 4, what is the 15th term ? 
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393. The remaining twelve fonnulaci are derived by 
combining the preceding ones in such a manner as to 
eliminate the quantity whose value is not sought. They 
are contained in the following 

TABLE. 



No 



10 
II 
12 

13 

14 

15 

16 

17 

18 

19 

20 



Qma. 



dy ly 8 

a, I, 8 

I, n, 8 

tty n, 8 

d, fly S 

Oy dy 8 

Uy dy S 

dy Jy 8 

a, dy n 

a, dy I 

dy ly n 



I 
I 

n 

n 

8 
8 



TOKMJJhAB, 



a = 



28 — dn^ + dn 



in 



« = ;±V(' + S'-"* 



d = 



IP — a* 



2« — / — a 
n{n — i) 



d = 



2S — 2an 






n 



± v^(2a— e?)8 + 8r/5— 2rt + d 



n=z 



n = 



id 



2l+d± V{2l-^dY-'Sds 



2d 



n 



8 :=z -\2a ■\- (n — i) d^ 
8 = — h 



2d 



n 



5 = - [2?— (w— i)d] 
2 



Of the twenty fonnalas in Arithmetical Progression, the first 
two are indisperimble, and should be thorougMy committed to memory ; 
the next six are important in the solution of particular problems. The 
remaining twelve are of less consequence, but will be found 
Interesting to the inquisitive student. 



2VZ ARITHMETICAL PBOGBESSIOK . 

394. By thefourlli fonnnla in Art. 391, any number of 
arithmetical means may be inserted between two given 
terms of im arithmetical progression. For, the number of 
terms consists of the two extremes and all the intermediate 
terms. 

Let m = the number of means to be inserted. 
Then m+2 = n, the whole number of terms. 
Substituting m + 2 f orn in the fourth formula, we have 

d = . Hence, 

The required number of means is found by the continued 
addition of the common difference to the successive terms. 

1. Find 4 arithmetical means between i and 31. 

2. Find 9 arithmetical means between 3 and 48. 



PROBLEMS. 

1. If the first term of an ascending series is 5, the common 
diflference 3, and the number of terms 15, what is the last 
term? 

2. If the first term of a descending series is 27, the 
common difference 3, and the number of terms 12, what is 
the last term ? 

3. If the first term of an ascending series be 7, and the 
common diflEerence 5, what will the 20th term be ? 

4. Find s arithmetical means between 2 and 60. 

5. What is the sum of 100 terms of the series \, f, i, f, 
I, 2, 1, f , 3, etc. 

6. If the sum of an arithmetical series is 18750, the least 
term 5, and the number of terms 20, what is the common 
difierence ? 

7. Required the sum of the odd numbers i, 3, 5, 7, 9, 11, 
etc., continued to 76 terms? 

8. Required the sum of 100 terms of the series of even 
numbers 2, 4, 6, 8, 10, etc. 
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9. The extremes of a series are 2 and 47^ and the number 
of terms is 10. What is the common difference ? 

10. Insert 8 means between 6 and 72. 

11. Insert 9 means between 12 and io8. 

12. The first term of a descending series is 100, the 
common difference 5, and the number of terms 15. What 
is the sum of the terms ? 

Note. — i. In Arithmetical Progression, problems often occur in 
which the terms are not directly given, but are implied in the 
conditions. Such problems may be solved by stating the conditions 
algebraically, and reducing the equations. 

13. Find four numbers in arithmetical progression, whose 
sum shall be 48, and the sum of their squares 656. 

Let X = the second of the four numbers. 

And y = their common difference. 

By the conditions, («— y) + a? + (a? + y) + (a? + 2y) = 48 (i) 

And (a?— y)»+a^ + (a?+y)«+(aj+2y)« = 656 (2) 

Uniting terms in (i), 4a; +2^= 48 (3) 

" "(2), 4a^ + 4a3^+6y« = 656 (4) 

Transposing and dividing in (3), y = 24 — 2X (5) 

Dividing (4) by 2, 2a^ + 2ajy + 3y* = 328 (6) 

Substituting value of y, 2a^ + 235(24—23?) + 3(24 —2aj)* = 328 
Reducing, aj* — 243? = — 140 

Completing square, etc, x= 14 or 10 

Substituting in (5) y = — 4 or 4 

Hence the required numbers are 6, 10, 14, and 18. 

Note. — 2. The first two values of a? and y produce a descending series ; 
the other two an ascending series. In both the numbers are the same. 

14. Find three numbers in arithmetical progression whose 
sum is 15, and the sum of their cubes is 495. 

15. If 100 marbles are placed in a straight line a yard 
apart, how far must a person travel to bring them one by 
one to a box a yard from the first marble ? 
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i6. How many strokes does a common clock strike in 
24 boars? 

17. A student bought 25 books^ and gave 10 cents for the 
first/ 30 cents for the second, 50 cents for the third, etc. 
What did he pay for the whole ? 

18. A boy puts into his bank a cent the first day of the 
year, 2 cents the second day, 3 cents the third day, and so 
on to the end of the year. What sum does he thus lay up 
in 365 days ? 

19. The clocks of Venice go on to 24 o'clock. How many 
strokes does one of them strike in a day ? 

20. What will be the amount of $1, at 6 per cent simple 
interest, in 20 years ? 

21. What three numbers are those whose sum is 120, and 
the sum of whose squares is 5600 ? 

22. A traveller goes 10 miles a day ; three days after, 
another follows him, who goes 4 miles the first day, 5 the 
second, 6 the third, and so on. When will he overtake the 
first? 

23. Find four numbers, such that the sum of the squares 
of the extremes is 4500, and the sum of the squares of the 
means is 4100. 

24. A sets out from a certain place and goes i mile the 
first day, 3 miles the second day, 5 the third, etc. After he 
has been gone 3 days, he is followed by B, who goes 1 1 miles 
the first day, 12 the second, etc. When will B overtake A ? 

25. The first term of a decreasing arithmetical progression 
is 10, the common difference J, and the number of terms 21. 
Required the sum of the series. 

26. A debt can be discharged in 60 days by paying |i the 
first day, $4 the second, $7 the third, etc. Kequired the 
amount of the debt and of the last payment. 
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GEOMETRICAL PROGRESSION. 

395. A Geometrical Progression is a series of 
quantities which increase or decrease by a constant multiplier 
called the ratio. Hence, 

The ratio may be an integer or diffraction. 

Note, — When the ratio ia fractional, the series will decrease. For 
multiplying by a fraction is taking a certain part of the multiplicand 
as many times as there are Uke parts of a unit in the multiplier. 

396. In a geometrical series, each succeeding term is 
found by multiplying the preceding one by the ratio. 

Thus, if a is the first term, and r the ratio, the series is 

a, a/r^ or*, ar^, ar^, ar*, «/••, etc. 
If the ratio is 3, the series is 

a, 0x3, ax 3*, ax3«, etc. 
If the ratio is ^, the series is 

a, ax^, ax^x^, ax^x^x^, etc. 

397. An Ascending Series is one which increases 
by an integral ratio ; as, 2, 4, 8, 16, 32, etc. 

398. A Descending Series is one which decreases 
by a fractional ratio; as, 64, 32, 16, 8, etc. 

399. When the ratio is a positive quantity, all the terms 
of the progression are positive; when it is negative, the 
terms are alternately positive and negative. 

Thus, if the first term is a, and the ratio —3, the series is 

a, —3a, +ga, —27a, +8ia, etc. 

■ 

395. What is a geometrical progression ? 397. What Is an aecending eeriee ? 
398. Descending f 399. What law goyems the signs ? 
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400. In geometrical progression there are five elements: 
the first term^ the lasi term, the number of terms, the 
common ratioy and the sum of the terms. 

Let a = the first term, 
I = the last term, 
n = the number of terms, 
r = the ratio, 
8 = the sum of the terms. 

The relation of these five quantities to each other is such 
that if any three of them are given, the other two can be 
found. 

CASE I. 

401. The First Term, the Number of Terms, and the Ratio 

being given, to Find the Last Term. 

In this problem, a, n, and r are given, to find I, the last term. 

The successive terms of the series are 

a, or, ar^, ar*, ar*, etc, to or»-*. (Art. 397.) 

By inspection, it will be seen that the ratio r consists of a regalar 
series of powers, and in each term the index of the power is one le» 
than the number of the terms. Therefore, the last or nth term of the 
series is ar'^\ Hence, we have 

Formula I. ? = ar~-i. 

Rule. — Multiply the first term by that power of the ratio 
whose index is one less than the number of terms. 

Cob.— Any term in a series may be found by the preceding 
rule ; for the series may be supposed to stop at that term, 

1. Given a = 5, ?i = 6, and r = 2, to find /. 

2. Given a =. 2, 71 = 8, and r = 3, to find Z. 

3. Given a = 72, 71 = 5, and r = i, to find I. 

4. Given a = 5, ^ = 4, and 7* = 4, to find I 

5. Given a= 7, w = 5, and r :;= 2, to find /. 

6. Given a = 10, w = 6, and r = — 5, to find I. 



400. Name the elemeuts in geometrical progresBion. 401. How find the last 
term? 
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CASE II. 

402. The First Term, the Last Term, and the Ratio being 
given, to Find the Sum of the Terms. 

In this problem, a, I, and r are given, to find b. 

Since 8 = the som of the terms, we have 

« = a+ar+ar^+ar*+ +flw*-* + ar"-*. (i) 

Multiplying (i) by r, 

rs = or +ar^+ 01^+07^+ .... -\-ar*-^+ar^, (2) 

Subtracting (i) from (2), r*— « = ar"— a. (3) 

Factoring and dividing, s = • (4) 

T — I 

In equation (4), ar» is the last term of (2), and is therefore tli -■ 
product of the ratio by the last term in the given series. 

Substituting Ir for ar», we have 

. FOEMULA II. S = — 

r— I 

EuLE. — Multiply the last term by the ratio, from the 
product subtract the first term, and divide the remainder by 
the ratio less one. 



For the method of finding the sum of an infinite descending 
series, see Art. 435. 

1. Given a = 2, Z = 500, and r = 3, to find the sum. 

_ Ir—a 500 X 3 — 2 . 

Solution, s = = = 749, Ans, 

2. Given a = 8, i = 2000, and r = 5, to find s, 

3. Given a = 9, l^= 5000, and r = 10, to find s. 

4. Given a = 5, I =: 25000, and r = 4, to find s. 

5. Given a = 15, /= 20, and r = 6, to find s, 

6. Given a = 25, 1= 12, and r = 4, to find s. 



402. How find the sum of the terms ? 
10 
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403. The two preceding formulas famish the means for 
solving all problems in geometrical progression. They may 
be varied bo as to form eighteen other formulas. 



By Fobmula L 

404. The first formula contains /ot^r different quantities: 
the first term, the last term, the ratio, and the number of 
terms. If any three of these quantities are given, the other 
may be found. By the first formula, 



I. ? = ar^^^'j a, w, and r being given. (Art. 401.) 

For formula 2, see Article 402. 

3. Given /, n, and r, to find a, the first term. 

FkMstoiing (i), and dividing bj f*^^ 

I 
a = 



4. Given a, ly and n, to find r, the ratio. 

Dividing (i) hj a, and extracting the root denoted by the index. 



=(i) 



5. Given a, Z, and r, to find w, the number of terms. 

Dividing (i) by a, r"-* = - • 

By logarithms, log r («— i) = log 2 — log a 

•rx. .^. ^ log I — log a 

Dividing, etc., n = — ^-^ ^— + i. 

logf 

Note. — Since this formula contains logarithms, it may be deferred 
till that subject is explained. 

1. Given a = 3, y^ = 5, and r = 10, to find I. 

2. Given a = 5, w = 6, and r = 5, to find Z. 

3. Given ? = 256, w = 8, and r = 2, to find a. 

4. Given Z = 243, w = 5, and r = 3, to find «. 

5. Given a =2, ? =7 2592, and n = 5, to find r. 

6. Given a = 4, Z = 2500, and w = 5, to find r. 
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Bt Fobmula n. 

405. This formula contains four different quantities : the 
first term, the IcLst term, the ratiOy and the ywm of the 
terms. If any three of them are given, the other may be 
fonnd. By the second formula, 

1,1/* — " €L 

2. « = , a, /, and r being given. (Art. 402.) 

For formulas 3-5, see Artide 404. 

6. Given Z, r, and «, to find a, the first term. 

Clearing (2) of fractions, etc, 

a = Ir — « (r — i) 

7. Given a, r; and «, to find Z, the last term. 

Transposing in (6), 

Ir = a + «(r— i). 

Dividing by r, 

- a + «(r — i) 

• ^ ^ — — — ^— -^ • 
r 

8. Given a, Z, and «, to find r, the ratia 

Clearing (2) of f ractionSi 

«r — « = Ir — a. 
Transposing in the last equation. 

Factoring, etc., 

« — a 
r = =-• 

1. Given a = 2, Z = 108, and r = 3, to find 8, 

2. Given Z = 54, ^ = 3, and 8 = 80, to find a. 

3. Given « = 4, ^ = 5> and s =z 160, to find I 

4. Given a = 4, Z = 12500, and s = 15624, to find n 

5. Given « = 5, Z = 150, and r = 6, to find s, 

6. Given a = 7, r = 10, and 5 = 200, to find Z. 
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406. The remainii:^ twelve formulaci are derived by 
combining the preceding ones in such a manner as to 
eliminate the quantity whose valne is not sought. 

TABLE. 



No. 



Oirm. 



lO. 

II. 

12. 

14. 

IS- 
16. 

17. 
18. 

19. 
20. 



n, r, s 

ly fly 8 

a, n, 8 

n, r, 8 

Oy ly 8 

a, r, 8 

h Ty 8 

a, fly 8 

ly Uy 8 

a, fly T 

ly riy T 

a, ly n 



a 

a 
I 
I 

n 

n 

n 



8 



8 



FOBXULAS. 



r" — I 
a (« — ay-^ = 1(8" 0""^- 

I (s — Q»-^ = a{8 — ay-\ 

J __(r — i)8r^^ 

r" — I 
^^ logl-loga 
log(«— a)— log(5— 
_ log[a + (r— 1)5] — - logg 

log r 
^_ logZ~log[;r->(r— i)g] ^ ^ 

logr 

8 8 

a a 



r" + 



« = 



5 = 



8 = 



8 



^m— 1 __ 



a(r" — i) 

■I . 

r — I 

Ir^'-l 



n-l 



y/V 






y L — \ a 



Of the twenty fonnulas in Geometrical Progression, the first 
two are fundamental, and should be thoroughly committed to memory ; 
the ne(et six are important in the solution of particular problems. The 
remainder are less practical. 
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407. By the fourth formula (Art. 404), any number of 
geometrical means may be found between two given 
Quantities. 

Let m = the number of means required. 

Then m + 2=A. 

Substituting 9n + 2 for 9» in the formula, we have 



' = ©* 



The ratio being found, the means required are obtained by continued 
multiplication. 

1. Find two geometrical means between 3 and 192. 

Solution, r = Q^ = |/i?? = .^6^ = 4. 

The ratio being 4, the first mean is 3 x 4 = 12 ; the second is 

12 X 4 = 48. 

2. Find three geometrical means between \ and 128. 



PROBLEMS. 

1. In a geometrical progression, the first tenn is 6, the 
last term 2916, and the ratio 3. What is the sum of all the 
terms? 

2. In a decreasing geometrical series, the first term is ^, 
the ratio \, and the number of terms 8. What is the sum 
of the series ? 

3. What is the sum of the series i, 3, 9, 27, etc., to 15 
terms? 

4. Find the sum of 12 terms of the series, i, |, f, ^V> ®^<^- 

5. If the first term of a series is 2, the ratio 3 and the 
number of terms 15, what is the last tenn ? 

6. What is the i6th term of a series, the first term of 
which is 3, and the ratio 3 ? 

Note. — When the terms of the series are not stated directly, they 
may be represented algebraically. 
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7. Find three numbers in geometrical progression, such 
that their sum shall be 2 1, and the sum of their squares 189. 

Let the three numbers be x, ^xy, and p. 

By the conditionB, x+ ^xy+y = 21 (i) 

And sr* + a!y+y* = 189 (2) 

Transposing and sq. (i), a^ 4- 2ajy +y* = 441— 42>Y/Jy +ay (3) 

Subtracting (2) from (3), xy = 252— 42y^+ay (4) 

Transposing, etc., y^ = 6 (5) 

Involving, aiy = 36 (6) 

And 30?^ = io8 (7) 

Subtracting (7) from (2), cfi^2xy+y^ = 81 

Extracting root, x—y =9 (8) 

Substituting (5) in (i), x+y = 15 (9) 

Combining (8) and (9), x=z 12 

y= 3 

Hence the numbers, 12, 6, and 3, Ana. 

B. A father gives his daughter li on New Year's day 
tG^ards her portion, and doubles it on the first day of every 
month through the year. What is her portion ? 

9. A dairyman bought 10 cows, on the condition that he 
should pay i cent for the first, 3 for the second, 9 for the 
third, and so on to the last. What did he pay for the last 
cow and for the ten cows? 

10. A man buys an umbrella, giving i cent for the first 
brace, 2 cents for the second brace, 4 for the third, and so 
on, there being 10 braces. What is the cost of the 
umbrella ? 

11. The sum of three numbers in geometrical progression 
is 26, and the sum of their squares 364. Find the numbers. 

12. What would be the price of a horse, if he were to be 
sold for the 32 nails in his shoes, paying i mill for the first, 
2 mills for the second, 4 for the third, and so on ? 

13. Find four numbers in geometrical progression, such 
that the sum of the first three is 130, and that of the last 
three is 390. 
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14. A mandiTide8l2io in geometrical progression among 
three persons; the first had $90 more than the last How 
much did each receiye ? 

15. There are five numbers in geometrical progression. 
The sum of the first four is 468, and that of the last four is 
2340. What are the numbers ? 

16. The sum of $700 is divided among 4 persons, whose 
shares are in geometrical progression; and the difference 
between the extremes is to the difference between the means 
as 37 to 12. What are the respective shares? 

17. The population of a town increases annually in 
geometrical progression, rising in four years from loooo to 
14641. What is the ratio of annual increase ? 

18. The sum of four numbers in geometrical progression 
is 15, and the sum of their squares 85. What are the 
numbers ? 



HARMONICAL PROGRESSION.* 

408. An Harmonical Progression is such, that 
of any three consecutive terms, the first is to the third as the 
difference of the first and second is to the difference of the 
second and third. 

Thus, 10, 12, 15, 20, 30, 60, 

are in harmonic progression ; for 

10 : 15 : : 12—10 : 15—12 
12 : 20 : : 15—12 : 20—15 
15 : 30 : : 20—15 : 30—20 
20 : 60 : : 30—20 : 60—30 

Let a, h, e, d, 6,f, ^, be an harmonical progression, then 

a '. c I a—h : 6— c, etc. 

Note.— When three quantities are such, that the first is to the 
third as the difference of the first and second is to the difference of the 
second and third, they are said to be in Harmonical Proportion, 

Thus, 2, 3, and 6, are in harmonical proportion. 

408. What is an harmonica! progression ? 

* If a m.usical string be divided in liarmonical proportion, the 
different parts will vibrate in harmony. Hence, the name. 
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409. To Find the Third Term of an Harmonioal 
Progression, the First Two being given. 

Let a and h be the first two tenns, and x the third term. 

Then a : x :: a—b : 5—0? 

Multipljing extremes, etc., ab—ax = ax—bx 

Transposing, etc., 2ax—bx = ab 

Factoring, and dividing by 2a— &, we have the 

ab 



FOBMCJLA. X = 



2a — 6 



Rule. — Divide the product of the first two terms by twice 
the first minus the second term; the quotient will he the 
third term. 

Note. — This rule furnishes the means for extending an harmonic 
progression, by adding one term at a time to the two preceding terms. 

1. Find the third term in the harmonic series of which 
12 and 8 are the first two terms. Ans. 6. 

2. Find the third term in the harmonic series of which 
12 and 1 8 are the first two terms. Ans. 36. 

3. If the first two terms of an harmonic progression are 
15 and 20, \yhat is the third term ? A^is. 30. 

4. Continue the series 12, 15, 20, for two terms. 

Ans. 30 and 60, 

5. Continue the series 7 J, 9, 12, for two terms. 

Ans. 18 and 36. 

410. To Find a Mean or Middle Term between Two Terms 

of an Harmonic Progression. 

Let a and c be the first and third of three consecutive terms of an 
harmonic progression, and m the mean. 

Then a : c :: a—m : m— <j 

Mult, extremes and means, am—OLC = cui—cm 
Transposing and uniting, am-\-cm = 2ac 

Factoring and dividing by a+c, we have the 

2ac 



Formula. m = 



a -\- c 



409. How find the third term of an harmonica] progreseion, the first two being 
given? 
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« 

Rule. — Divide twice the product of tJie first and third 
terms by their sum; the quotient mil be the mean or middle 
term. 

6. The first and third of three consecutiye terms of an 
harmonic progression are 9 and 18. Beqnired the mean or 
middle term. 

Solution. 2x9x18 = 324, and 9+18 = 27. 
Now 324-1-27 = 12, Ana, 

7. Find an harmonic mean between 12 and 20. Ans. 15. 

8. Find an harmonic mean between 15 and 30. Ans. 20. 

411. The Reciprocals of the terms of an harmonic 
progression form an arithmetical progression. 

Thus, the redpzocalfi of 10, 12, 15, 2o« etc., viz., 

tTr» tT» A» Yd* A» ®tc., 
are an arithmetical progresBion, whose common difference is ^. 

Again, let a,h,ehehk harmonic progression. 

Then arc:: a—b : b—c 

Molt, extremes and means, ab^ae = ae—bc 

Dividing by ade, h~h ^^^' ^^^'^ 

Conversely, the reciprocals of an arithmetical progression 
form an harmonic progression. Thus, 

The reciprocals of the arithmetical prpgression i, 2, 3, 4, 5, etc., 
viz., {, h h h h ®^M ^^ ^ harmonic progression. 

412. If the lengths of six musical strings of equal weight 
and tension, are in the ratio of the numbers 

i> h h i» h h etc., 

the second will sound an octave above the first; the third 
will sound the twelfth ; the fourth the double octave, etc. 



41a How And a mean between two terms of an harraonic progreseion? 
4ZX, What dp th9 reciprocals of an harmonica! progression form ? 
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INFINITE SERIES. 

413. An Infinite Series is one in which the successive 
terms are formed by some regular law, and the number of 
terms is unlimited. 

414. A Converging Series is one the sum of whose 
terms, however great the number, cannot numerically 
exceed 2k finite quantity. 

415. A Diverging Series is one the sum of whose 
terms is numerically greater than vaij finite quantity. 

416. To Expand a Fraction into an Infinite Series. 

Remark. — Any common fraction whose exact value cannot be 
expressed by decimals, may be expanded into an infinite series. 

1. Expand the fraction j into an infinite series. 

Solution, i-i-3 = .333333, and so on, to infinity. 

Or, i-*-3 = ^o+-^ + 3^+^^, etc. Hence, the 

Rule. — Divide the numerator by the denominator. 

2. Beduce to an infinite series. 

1 —x 

i—x) I (i+i+a!*+a!'+ic*, etc., the quotient. (Art. 1 70. ) 
i—x 



x^ 



+a^, etc. 

Therefore, = i + aj+a^ + iB*+a^+aj*, etc., to infinity. 

I ^~ X 



413. What is an infinite series? 414. A converging series? 415. Diverging? 
4x6. How expand a faction into an infinite series? 
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I I 

Let x = l; then will = 7 = 2 ; and the series will be 

* I —X I — i 

i+J+} + J+^+^^ etc., the sum of which = 2. 

U x = i, then will = = |, and the series will become 

• I — OJ I — J ■ 

i+i+i+^V+fV+ih* etc. = |. 

Notes. — i. If x is less than i, the series will be convergent. 
For, when x is less than i, the remainder must continually decrease ; 
therefore, the further the division is carried, the less will be the 
quantity to be added to the last term of the quotient in order to 
express the exact vaiue of the fraction. 

2. If a; is ffreater than i, the series will be divergent. 

For, when x is greater than i, the remainder must constantly 
increase ; therefore, the farther the division is carried^ the greater will 
be the quantity either positive or negative to be added to the quotient. 



3. Eednce the firaction to an infinite series. 

Solution. i-+-(i+aj) = i— x+a^— aj'+ic*— aj*+, etc. 



This series is the same as that in £}x. 2, except the odd powers 
of X are negative. 

Let a; = i ; then will j = f ; which is equal to the series 

i-i + i-i + TV-A+, etc. 

4. Reduce the fraction to an infinite series. 

I —x 

Ans. I -{- 2X + 20^^ + 20^ + 2X^, etc. 

417. A fraction whose denominator has more than two 
terms, may also be expanded into an infinite series. 

5. Expand -^ into an infinite series. 

I— aj+a!?) I (i+a;— a^— aj*+a:*, etc., Ans. 

aj— aJ' + a^ 

—a;*, etc, 
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418. To Expand a Compound Surd into an Infinite Series, 



6. Bedace Vi +x to aa infinite fseries. 

OPKRATIOH. 

X 
1 + X 



X ^ ^ 17^ ^ 



2 + - 
2 



+ X 



a* 

+ « + — 
4 



2 + 2 — 

8 



a!« a* 

2 + X +-T 

4 i6 



4 

0^ a^ <B* 

"■T~'8""^64 



+ "s — r-» etc. Hence, the 

o 04 



Rule. — Extract the square root of the given surd. 
(Art. 298.) 

7. Expand V^IIy. Ana. x^^^l^^^, etc. 

8. Expand V2, or Vi + i. -^tw. i + i — i -H -^^ etc. 

419. The Binomial Theorem applied to the Formation of 

Infinite Series. 

Tlie Binomial Theorem may often be employed with 
advantage, in finding the roots of binomials. For a root is 
expressed like a power, except the exponent of one is an 
integer, and that of the other is 2k fr auction. 

9. Expand {x + y)i into an infinite series. 

Solution. — ^The terms without coefficients are 

a?*, aJ~*y, «~*^, iu^^y** a5""*y*» etc. 

1 X —4 

The coefficient of the second tenn is + 4 ; of the 3d, = — 4 ; 

2 

— 1 X —4 
of the 4th tenn, — = + A» etc. 

The series is «* + iaj~*y — J«~*y* + -h^'^t^* ®tc. 



Ax8, How expand a Bard into an infinite series f 
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420. When the index of the required power of a binomial 
is a positive integer, the series will terminate. For, the 
index of the leading quantity continually decreases by i ; 
and soon becomes o; then the series must stop. (Art 369.) 

421. When the index of the required power is negative, 
the series will never terminate. For, by the successive 
subtractions of a unit from the index, it will never become 
o ; and the series may be continued indefinitely. 

10. Expand (a^+y)* into an infinite series, keeping the 
fEictors of the coefficients distinct 



(^ + y)* = « + ^_J^+^^^_^^5?l 



2X 2.4^ 2.4.6fl^ 2.4.6.80;^ 



, etc. 



II. Expand V29 or (1 + 1)^^ keeping the factors of the 
coefficients distinct. 

Ans. i + - -+—^ — 1-^ + ^ 'i '/ > etc. 

2 2.4 2.4.0 2.4.0.0 2.4.0.0.10 

422. An Infinite Series must not be confounded with an 
l7ifinite. Quantity. 

423. An Infinite Quantity is a quantity so great 
that nothing can be added to it. 

« 

424. An Infinite Series is a series in which the 
number of terms is unlimited, 

425. The magnitude of the former admits of no increase; 
while in the latter the number of terms admits of no 
increase, and yet the sum of all the terms may be a small 
quantity. 

Thus, if the series i + J + J+A+A* ®*^'» ^^ which each succeeding 
term is haifihe preceding, is continued to infinity, the sum of all the 
terms cannot exceed a unit, 

426. When one quantity continually approximates 
another without reaching it, the latter is called the Limit 
of the former. 
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427. An Inflnitesi/nuU is a qnantity whose yalae is 
less than any assignable quantity. 

428. The Sign of Infinity, or of an infinite 
quantity, is a character resembling an horizontal figure 
eight ( 00 ). 

The Sign of an Infinitesimal is zero ( o ). 

429. One infinite series may be greater or less than 
another. 

Thus, the series i+i+i+i+i^, etc, whose limit is 2, is greater 
than the series i+J+i + i^+t**, etc., whose limit is i. 

430. Since an infinitesimal is less than any assignable 
quantity^ and next to nothing, when connected with finite 
quantities by the sign + or — , it is of no account, and 
may be rejected. 

431. An infinite series may be multiplied by a finite 
quantity. 

Thus, if the series 222222, etc., is multiplied by 3, 

the product 666666, etc., is three times the multiplicand. 

432. An infinite series may also be divided by a finite 

quantity. 

Thus, if the series 888S88, etc., is divided by 2, . 
the quotient 444444, etc. , is half the dividend. 

433. If ?k finite quantity is multiplied by an infinitesimal^ 
the product will be an infinitesimal. For, with a given 
multiplicand, the less the multiplier, the less will be the 
product. Thus, a; x o = o. 

434. If a finite quantity is divided by an infinitesimal, 
the quotient wiU be infinite. Thus, a; -^ o = 00 . 

If a finite quantity is divided by an infinite quantity, the 
quotient will be an i?ifinifesimal. Tims, x -r- qo z= o. 

If an infinitesimal is divided by a finite quantity, the 

quotient is an infinitesimal. Thus, o -r- x z= o. 

Note.— In higher mathematics, the expression o-<-o admits of 
various interpretations. 
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435. To Find the Sum of a Converging Infinite Series, the 
First Term and Ratio being given. 

By the second formula in geometrical progression, we have for an 

increasing series (Art. 402), 

^ — o ar« — a 

8 = , or • 

r — I r— I 

In a decreasing series, the ratio r is less than i ; therefore, I or ar^'^, 
is less than a. (Art. 398.) 

That hoth terms of the fraction , or may be positive, 

r — I r — I 

we change the signs of both (Art. 166), and 

a — Ir 

s = 

I — r 

But, in a decreasing infinite series, I becomes an infinitesimal, or o; 

therefore, Ir = o. (Art. 427.) Hence, rejecting the infinitesimal from 

s = , we have the 

I — r 

a 



FOBHULA. S = 



I — !• 

BiJLE. — Divide the first term by i minus the ratio. 

1. Find the sum of the infinite series 

^ + 1 + * + -/r + A. etc- 

2. Required the sum of the infinite series 

I— i + i— i+, etc. 

3. Find the sum of the series 1 + i + i +, etc. 

4. Find the sum of the infinite series i + i + f -h, etc. 

5. Find the sum of the series | + f -|- A +> etc. 

6. Find the sum of the series 3 + 2 + | +, etc. 

7. Find the sum of the series 4 + V- + il +» etc. 

8. Find the sum of. the series .3333, etc. > 

9. Find the sum of the series .66666^ etc. 

I II 
a "*" "02 "^ "a* 

II. Suppose a ball to be put in motion by a force which 
impels it 10 rods the first second, 8 rods the next, and so on, 
decreasing by a ratio of ^ each second to infinity. Through 
what space would it move ? 



10. Find the sum of the series - -| — = H — = + etc. 

" 14 no 



CHAPTER XIX. 

LOGARITHMS* 

436. The Logarithm of a number is the opponent of 
the power to which a given fixed number must be raised to 
produce that number. 

437. This Fixed Number is called the Sase of the 
system. 

Thus, if 3 is the base, then 2 is the logarithm of 9, because 3' = 9 ; 
and 3 is the logarithm of 27, because 3' = 27, and so on. 

Again, if 4 is the base, then 2 is the logarithm of 16, because 
4' = 16 ; and 3 is the logarithm of 64, because 4' = 64, and so on« 

438. In forming a system of logarithms^ any number, 
except I, may be taken as the base, and when the base is 
selected, all other numbers are considered as some potoer or 
root of this base. Hence, there may be an unlimited 
number of systems. 

Note. — Since all powers and roots of i are i, it is obvious that other 
numbers cannot be represented by its powers or roots. (Art. 289.) 

439. There are tv/o systems of logarithms in use, the 
Napierian system,! the base of which is 2.718281828, and 
the Common System, whose base is 10. J 

C^** The abbreviation log. stands for the term logarithm. . , 

436. What are logarithms ? 437. What is this fixed nnmber called ? 439. Name 
the systems iu use. The base of each. 

* The term logarithm is derived from two Greek words, meaning 
the relation of numbers, 

t So called from Baron Napier, of Scotland, who invented log- 
arithms in 1 6 14. 

X The common system ww invented by Heniy Briggs, an English 
mathematician, in 1624, 



ThnB, the log. of i is o 
" " lo is I 
" " loo is 2 

" " looo is 3 



it 



LOGABITHMS. 233 

440. The Base of common logarithms being lo, all 
other numbers are considered as powers or roots of lo. 

for lo^ equals i (Art. 259) ; 

for 10* " id; 

fop 10^ " 100 ; 

fop lo* " 1000, etc Hence, 

The logarithm of any number between i and lo is a 
fraction ; for any number between 10 and 100, the logarithm 
is I plus a fraction ; and for any number between loo and 
1000, the logarithm is 2 plus a fraction, and so on. 

441. By means of negatiye exponents, this principle may 
be applied to fractions. 

Thus (Art. 256), the log. of .1 is —i ; for 10-* equals .1 ; 

.01 is —2 ; for io~* " .oi ; 
** .001 is —3; for lo-" " .001. 

Therefore, the logarithms for all numbers between i and 
0.1 lie between o and — i, and are respectively equal to — i 
plus a fraction; for any number between o.i and 0.01, the 
logarithm is —2 plus a fraction ; and for any number 
between o.oi and o.ooi, the logarithm is —3 plus a fraction, 
and so on. 

Hence, the logarithms of all numbers greater than 10 or 
less than i, and not exact powers of 10, are composed of 
two parts, an integer and vl fraction. 

Thus, the logapithm of 28 is 1.447 16 ; 

and of .28 is 1447 16. 

442. The integral part of a logarithm is called the 
Characteristic; the decimal ^Bxt, the Mantissa. 

443. The Characteristic of the logarithm of a whole 
number is one less than the number of integral figures in 
the given number. 

Thus, the characteristic of the logarithm of 49 is i ; that of 495 is 
2 ; that of 4956 is 3 ; that of 6256 414 is also 3, etc. 

440. What Ib the logarithm of any nnmber ttom z to xo? From xo to zoo ? From 
xoo to xooo? 442. VHiat is the inte^^'al part of a logarithm called ? The decimal 
part ? 443. What is the characteristic of the logarithm of a whole number ? 
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444. The CharacteHstic of the logarithm of a 
decimal is negative, and is one greater than the number of 
ciphers before the first significant figure of the fraction. 

Thus, the characteristic of the logarithm of ^^ or .i is — i ; that of 
y^j, or .01, ifl — 2 ; that of ^A^, or .001, is —3, etc. (Art. 256.) 

The logarithm of .2 ia — i with a decimal added to it ; that of .05 
is —2 with a decimal added to it, etc. 

Note. — It should be observed that the charaeterietic only is negative, 
while the mantissa, or decimal part, is always poeUive. To indicate 
this, the sign — is placed oioer the characteristic, instead of hefore it. 

Thas« the logarithm of .2 is i. 30103, 

" " ** .05 is 2.69897, eta 

445. The Decimal Part of the logarithm of any 
number is the same as the logarithm of the number 
multiplied or divided by 10, 100, 1000, etc. 

Thus,, the logarithm of 1876 is 3.27325 ; of 18760 is 4.27325, etc 



TABLES OF LOGARITHMS. 

446. A Table of Logarithms is one which contains 
the logarithms of all numbers between given limits. 

447. The Table found on the following pages gives the 
mantissas of common logarithms to five decimal places for 
all numbers from i to 1000, inclusive. 

The characteristics are omitted, and must be supplied by 
inspection. (Arts. 443, 444.) 

Notes. — i. The first decimal figure in column is often the same 
for several successive numbers, but is printed only once, and is 
understood to belong to each of the blank places below it. 

2. The character ( ♦ ) shows that the figure belonging to the place 
it occupies has changed from 9 to o, and through the rest of this line 
the first figure of the mantissa stands in the next line below. 



444. What is the characteriBtic of the logarithm of a decimal ? 445. What is the 
effect npon the decimal part of the log. of a number, if the number is multiplied or 
divided by zo, 100, zooo, etc. 446. Wliat is a table of logarithms ? 
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448. To Find the Logarithtn of any Number Ttom I to 10. 

EuLE. — Look for the given number in the first line of the 
table; its logarithm wiU be found directly below it. 

1. Find the logarithm of 7. Ans. 0.8451a 

2. Find the logarithm of 9. Ans. 0.95424. 

449. To Find the Logarithm of any Number firom 10 

to 1000, Inclusive. 

EuLE. — Look in the column marked N for the first two 
figures of the given number, and for the third at the head 
of one of the other columns. 

Under this third figure, and opposite the first two, will 
be found the last decimal figures of the logarithm. The first 
one is found in the column marked 0. 

To this decimal prefix the proper characteristic, (Art 443.) 

Note. — If the namber contains 4 or more figures, multiply the 
tabular difference by the remaining figures, and rejecting from the 
right of the product as many figures as you multiply by, add the rest 
to the log. of the first 3 figures. 

3. Find the logarithm of 108. Ans. 2.03342. 

4. Find the logarithm of 176. Ans. 2.24551. 

5. Find the logarithm of 1999. Ans. 3.30085. 

450. To Find the Logarithm of a JDecitnal Fraction, 

EuLE, — Take out the logarithm of a whole number consist- 
i^ of the same figures, and prefix to it the proper negative 
characteristic. (Art. 444.) 

NoTB.— If the number consists of ^n integer and a deeimaly find the 
logarithm in the same manner as if aU the figures were integers, and 
prefix the characteristic which belongs to the integral part. (Art. 443.) 

6. What is the log. of 0.95 ? Ans. 1.97772. 

7. What is the log. of 0.0125 ? Ans. 2.09691. 

8. What is the log. of 0.0075 ? Ans, 3.87506. 

9. What is the log. of 16.45 ? -^^^* 1.21616. 
10. What is the log. of 185.3 ? Ans. 2.26787. 

448. How find the logarithm of a number from z to xo? 449. From xo 15 xooo ? 
450. How find the log. of a decimal ? Note. Of an integer and a decimal ? 
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451. To Find the Number belonging to a given Logarithm. 

KuLE. — Look for the decimal figures of the given logarithm 
in the table under the column marked ; and if all of them 
are not found in that calumny look in the other columns on 
the right till you find the^n exactly ^ or very nearly ; directly 
opposite^ in the column marked JV, will be found the first 
two figures, and at the top, over the logarithm, the third 
figure of the given number. 

Make this number correspond to the characteristic of the 
given logarithm, by pointing off decimals, or by adding 
ciphers, if necessary, and it will be the number required. 

NOTB. — If the characteristic of a logarithm is negative^ the number 
belonging to it is a fraction, and as many ciphers most be prefixed to 
the number found in the table, as there are units in the characteristic 
less I. (Art. 444.) 

452. When the Decimal Part of the given Logarithm is 
not exaotiy, or very nearly, found in the Table. 

Rule. — From the given logarithm subtract the next less 
logarithm found in the tables ; annex ciphers to the remain- 
der, and divide it by the tabular difference {marked D) 
as far as necessary. 

To the number belonging to the less logarithm annex the 
quotient, and make the number thus produced correspond to 
the characteristic of the given logarithm, as above. 

Note. — For fivery cipher annexed to the remainder, either a sig- 
nificant figure or a cipher must be put in the quotient. 

11. What number belongs to 2.17231 ? Ans. 148.7. 

12. What number belongs to. 1.25261 ? Ans. 17.89. 

13. What number belongs to 3.27715 ? Ans. 1893. 

14. What number belongs to 2.30963 ? Ans. 204. 

15. What number belongs to 4.29797 ? Ans. 19858.29. 

16. What number belongs to 1. 14488 ? Ans. 0.1396. 

17. What number belongs to 2,29136 ? Ans. 0.01956. 

18. What number belongs to 3.30928 ? Ans. 0.002038. 

45X. How find the number belonging to a logarithm ? 
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453. Compntations by logarithms are based upon the 
following principles : 

1°. The sum of the logarithms of two numbers is equal to 
the logarithm of their product. 

Let a and e denote any two numbers, m and n their logarithms, 
and b the base. 

Then 6^ = a 

And 6» = c 

Multiplying, &*+• = ac. 

2°. Tlie logarithm of the dividend diminished by the 
logarithm of the divisor is equal to the logarithm of the 
quotient of the two numbers. 

Let a and c denote any two numbers, m and n their logarithms, 
and h the base. 

Then fr» = a 

And &" = c 

Dividing, 6"»-* = o-i-c 

454. To Multiply by Logarithms. 

1. Required the product of 35 by 23. 

Solution. — The log. of 35 = 1.54407 

" ** " 23 = 1. 36173 

Adding, 2.90580. (Art. 453, Prin. i.) 

The number belonging is 805, Arts, Hence, the 

Rule — Add the logarithms of the factors; the sum will 
be the logarithm of the product. 

Notes. — i. If the sum of the decimal parts exceeds 9, add the tens 
figure to the characteristic. 

2. If either or all the characteristics are negative, they must be 
added according to Art. 65. But as the mantissa is always positive , 
that which is carried from the mantissa to the characteristic must be 
considered positive, 

2. What is the product of 109.3 by 14.17 ? 

3. What is the product of 1.465 by 1.347 ? 

4. What is the product of .074 by 1500 ? 

453. (Jpon what two principles are computations by logarithms based? 454. How 
multiply by logarithms ? 
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455. To Divide by Logarithmt. 

5. Eequired the quotient of 120 by 15. 

SoLunov. — ^The log. of 120 = 2.07918 
w " « 15 = 1.17609 
•» « «• qaotient = 0.90309. Ans, 8. Hence, the 

TSiVLE.^Fram tJie logarithm of the dividend subtract the 
logarithm of the divisor ; the difference will be the logarithm 
of the quotient. (Art. 453, Prin. 2.) 

Notes. — i. When either of the characteristics is negative, or when 
the lower one is greater than the one above it, change the sign of the 
subtrahend, and proceed as in addition. 

2. When I is carried from the mantissa to the characteristic, it 
mast be considered potUite^ and be added to the characteristic before 
the sign is changed. 

6. What is the qaotient of 12.48 by 0.16? 

7. What is the quotient of .045 by 1.20? 

8. What is the quotient of 1.381 by .096 ? 

456. Negative quantities are divided in the same manner 
s& positive quantities. 

If the sign of the divisor is the same as that of the 
dividend, prefix the sign + to the quotient; but if different, 
prefix the sign -. 

9. Divide —128 by — 47. 

10. Divide — 186 by —0.064. 

11. Divide —0.156 by —0.86. 

12. Divide —0.194 by 0.042. 

457. To Involve a Number by Logarithms. 

Multiplication by logarithms is performed by addition. (Art. 453.) 
Therefore, if the logarithm of a quantity is added to itsdf once, the 
result will be the logarithm of the second potoer of that quantity ; if 
added to itself ttoice, the result will be the thirft power of that 
quantity, and so on. Hence, 

Rule. — Multiply the logarithm* of the number by the 
exponent of the required power, 

455. How divide by them ? 457. How involye a number by logarithme f 
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NoTE& — I. This rule depends apon the principle that logarithms 
are the exponents of powers and rooU^ and a power or root is involyed 
by multiplying its index into the index of the power required. 

2. In this rule, whatever is carried from the mantissa to the 
characteristic is positive^ whether the index itself is positive or negative, 

13. What is the cube of 1.246. 

Solution.— The log. of 1.246 is 0.09551 

Index of the required power is 3 

Log. of power is 0.28653. -^^^ 1^3435- 

14. What is the fourth power of .135 ? 

15. What is the tenth power of 1.42 ? 

16. What is the twenty-fifth power of 1.234? 

458. To Eoctract the Moot of a Number by Logarithms. 

A quantity is resolved into any number of equal factors, by dividing 
its index into as many equal parts. (Art. 281.) Hence, the 

Rule. — Divide the logarithm of the number by the index 
of the required root. 

Note. — This rule depends ui)on ithe principle that the root of a 
quantity is found by dividing the exponent by the number expressing 
the required root. 

17. What is the square root of 1.69? 

Solution. — The log. of 1.69 is 0.22789 
The index is 2, 2 ) .22789 

Logarithm of root, 0.11394. Ans. L3. 

18. What is the cube root of 143.2 ? 

19. What is the sixth root of 1.62 ? 

20. What is the eighth root of 1549 ? 

21. What is the tenth root of 1876 ? 

459. If the characteristic of the logarithm is mgative^ 
and cannot be divided by the index of the required root 
without a remainder, make it positive by adding to the 
characteristic such a negative number as will make it 
exactly divisible by the divisor, and prefix an equal positive 
number to the decimal part of the logarithm. 

458. How extract the root V 
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22. It is required to find the cabe root of .0164. 
SoiiUTiON.— The log. of .0164 ^ 2.31484. 

Preparing the log,, 3)3+1.21484 

140494. Afu, 0.25406 + . 

23. What is the sixth root of .001624 ? 

24. What is the seventh root of .01449 ? 

25. What is the eighth root of .0001236 ? 

460. To Calculate Compound Interest by Logarithms. 

BuLE. — Find the amount of 1 dollar for 1 year; multiply 
its logarithm by the number 0/ years, and to the product add 
the logarithm of the principal The sum will be the logarithm 
of the amount for the given time. 

From the amount subtract the principal, and the remain- 
der will be the interest. 

Notes. — i. If the interest becomes due hcUf yearly or quarterly, 
find the amount of one dollar for the half year or quarter, and multiply 
the logarithm by the number of half years or quarters in the time. 

2. This rule is based upon the prindple that the several amounts in 
compound interest form a geometricql series, of which the principal is 
the first term, the amount of $1 for i year the ratio, and the number 
of years + i the number of terms 

26. What is the amount of $1565 for 40 years, at 6 per 
cent compound interest ? 

Solution.— The amt. of $1 for i year is $1.06 ; its log., 0.02531 
The number of years, 40 

Product, 1. 01240 

The given principal, $1565 ; its log., 3-19453 

Ans, $16103.78. 4.20693 

27. What is the amount of $1500, at 7 per cent compound 
mterest, for 4 years ? Ans. I1966.05. 

28. What is the amount of I370, at 5 per cent compound 
interest for 33 years ? Ans. $1851.27 + . 



460. How calculate compound interest by logarithms ? 
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9588 

*^U 
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2930 
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7216 
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6614 
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8901 

9344 
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1265 
2099 
2917 

45o8 
5282 
6042 
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8247 
8o58 
9657 
♦346 

1023 

1690 

2347 

4261 

4881 
5491 
6094 
6688 

7274 
7852 

8423 
8986 
9542 
♦091 

o634 
1169 
1698 
2221 

2737 

3247 
3752 
42 5o 
4743 
523 1 

5713 
6190 
6661 
7128 
7589 
8046 
8498 
8945 
9388 
9826 



♦5oi 

1 349 
2181 
2997 

4^ 

5358 
6118 
6864 

7597 

83i9 
9029 

9727 
♦414 

lOOG 

1767 

241 3 

3o59 
3696 
43a3 

4942 
555a 
61 53 

6747 
7332 
7910 
8480 
9042 
9598 
♦146 

0687 
1222 
1751 
2273 
2788 
3298 
38o2 
43oo 

4792 
5379 

5761 
6a37 
6708 



7174 
7635 
0091 
8543 
8990 
94^2 
9870 
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♦586 
1433 

2263 

3078 

3878 

4663 

5435 

619 

6o38 

7070 
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♦200 

0741 
1275 
i8o3 

2324 

2840 
3349 
3852 
435o 
4841 
5328 

5809 
6284 
6755 
7220 
7681 
8137 
8588 
9034 
9476 
99i3 
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♦672 
i5i7 
2346 
3i59 
3957 

4741 
55ii 
6268 
7012 
7743 

8462 
9160 
9865 
♦55o 

1225 

1889 
2543 
3187 

3822 

4448 

5o65 
5673 
6273 
6864 
7448 
8024 
8503 
9154 

♦255 

0795 
i328 
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2376 
2891 
3399 
3oo2 
4399 
4890 
5376 

5856 
6332 
680 2 
7267 

7727 
6182 

8632 

9078 

9520 

9957 
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CHAPTER XX. 

MATHEMATICAL INDUCTION AND 
BUSINESS FORMULAS. 

461. Mathematical Induction consists in proving 
by trial that a proposition is true in a certain case ; and, 
finding it true in the next case, then in the third, and so 
on, we conclude it must be true in all similar cases. 

462. Many of the principles and formulas of Arithmetic 
and Algebra are established by this mode of reasoning. 

463. Take the familiar principle in Arithmetic : 

The product of any two or more numbers is the sams, in 
whcdiever order the factors are taken. 

To prove this, principle of two OTunbers, as 5 and 3, the pnpil 
represents the number 5 bv as many nnit marks in a 

A A A A A 

horizontal row, and under this, places two similar rows. 

4e :|ti :|ti 4e 4|( 

He sees that the number of marks in the horizontal 

J$f :^ :^ ilf :^ 

row taken 3 times is equal to the number of marks in 

a perpendwular row taken 5 times ; that is, 3 times 5 = 5 times 3. 

He then takes three factors and finds the proposition true, and so 
on. Hence, he concludes the principle is universally true, 

464. Next, suppose it be asserted: 

The product of the sum and difference of two quantities is 
equal to the difference of their squares. (Art. 103.) 

Taking two quantities, as 4 + 3 and 4—3, or a +6 and d—b. 
Multiply 4 + 3 
By 4-3 

4* + 4x3 
- 4 x3- 3' 



Product, 4' - 3 



Or 


a + b 


By 


a — b 




a' + ab 




~a6-&« 




a^ -¥ 



461. In what does Mathematical Indaction coneist ? Illustration. 



CHAPTER XX. 

MATHEMATICAL INDUCTION AND 
BUSINESS FORMULAS. 

461. Mathematical Induction coneiats in proving 
by trial that a propoeition ib true in a certain case ; and, 
finding it true in the next caae, then in the third, and so 
on, we conclude it mnBt be true in tUt aimtlar cases. 

462. Many of the principles and formulas of Arithmetic 
and Algebra are established by this mode of reaeoning. 

463. Take the familiar principle in Arithmetic : 

The product of any two or more numbers is the same, in 
whatever order the factors are taken. 

To prove this, principle of two DnmberB. bs S and 3. the pupil 
lepresenta the number 5 bj na monj anlt marks in a 
horizontal row, and under thia places two Himilar rows. 

He leeB that the number of markB In the horieonlal 
rmo taken 3 times is eqnal to the number of marks In 
a perpendicular row taken 5 timea ; that is, 3 times 5 — 5 times 3. 
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444. The Charticteristic of the logarithm of a 
decimal is negative^ and is one greater than the number of 
ciphers before the first significant figure of the fraction. 

Thus, the ch&ncteristic of the logarithm of ^ or .i is — i ; that of 
j^, or .01, ifl —2 ; that of ^^jf, or .001, is —3, etc. (Art. 256.) 

The logarithm of .2 is — i with a decimal added to it ; that of .05 
is —2 with a decimal added to it, eta 

Note. — ^It should be observed that the charaeterittie only is negative, 
while the mantifwa, or decimal part, is always positive. To indicate 
this, the sign — is placed aver the characteristic, instead of before it. 

Thus, the logarithm of .2 is 1.30103, 

*' *' ** .05 is 2.69897. etc. 

445. The Decimal Part of the logarithm of any 
number is the same as the logarithm of the number 
multiplied or divided by 10, 100, 1000, etc. 

Thus,. the logarithm of 1876 is 3.27325 ; of 18760 is 4.27325, etc. 



TABLES OF LOGARITHMS. 

446. A Table of Logarithms is one which contains 
the logarithms of all numbers between given limits. 

447. The Table found on the following pages gives the 
mantissas of common logarithms to five decimal places for 
all numbers from i to 1000, inclusive. 

The characteristics are omitted, and must be supplied by 
inspection. (Arts. 443, 444.) 

Notes. — i. The first decimal figure in column is often the same 
for several successive numbers, but is printed only once, and is 
understood to belong to each of the blank places below it. 

2. The character ( ♦ ) shows that the figure belonging to the place 
it occupies has changed from 9 to o, and through the rest of this line 
the first figure of the mantissa stands in the next line below. 



444. What is the cbaracteristlc of the logarithm of a decimal? 445. What Ib the 
effect npon the decimal part of the log. of a number, if the number is multiplied or 
divided by zo, zoo, zooo, etc. 446. What is a table of logarithms ? 



LOGARITHMS. 235 

448. To Find the Logarithm of any Number fk*oiii I to 10. 

EuLE. — Look for the given number in the first line of the 
table; its logarithm will be found directly below it. 

1. Find the logarithm of 7. Ans, 0.84510. 

2. Find the logarithm of 9. Ans. 0.95424. 

449. To Find tiie Logarithm of any Number from 10 

to 1000, inciusive. 

KuLE. — Looh in the column marked N for the first two 
figures of the given number, and for the third at the head 
of one of the other columns. 

Under this third fiqure, and opposite the first two, will 
be found the last decimal figures of the logarithm. The first 
one is found in the column marked 0. 

To this decimal prefix the proper characteristic. (Art 443.) 

Note. — If the number contains 4 or more figures, multiply the 
tabular difference bj the remaining figures, and rejecting from the 
right of the product as many figures as you multiply by, add the rest 
to the log. of the first 3 figures. 

3. Find the logarithm of 108. Ans. 2.03342. 

4. Find the logarithm of 176. Ans. 2.24551. 

5. Find the logarithm of 1999. Ans. 3.30085. 

450. To Find tlie Logaritlim of a Decitnal Fraction. 

BuLE. — Take out the logarithm of a whole number consist- 
ing of the same figures, and prefix to it the proper negative 
characteristic. (Art. 444.) 

Note.— If the number consists of jm integer and a decimal^ find the 
logarithm in the same manner as if aU the figures were integers, and 
prefix the characteristic which belongs to the integral part. (Art. 44.3.) 

6. What is the log. of 0.95 ? Ans. 1.97772. 

7. What is the log. of 0.0125 ? Ans. 2.09691. 

8. What is the log. of 0.0075 ? -^^*- 3*375o6. 

9. What is the log. of 16.45 ? -^^^« 1.21616. 
10. What is the log. of 185.3 ? Ans. 2.26787. 



448. How find the logarithm of a nmnber from x to xo? 449. From 10 tO xooo ? 
450. How find the log. of a decimal ? Npi^. Of an Integer and a decimal ? 
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451. To Find the Nutnber belonging to a given Logarithm. 

Rule. — Look for the decimal figures of the given logarithm 
in the table under the column marked ; and if all of them 
are not found in that column, look in the other columns on 
the right till you fifid timn exactly, or very nearly; directly 
opposite, in the column marked K, will be found the first 
two figures, and at the top, over the logarithm, the third 
figure of the given number. 

Make this number correspond to the characteristic of the 
given logarithm, by pointing off decimals, or by adding 
ciphers, if necessary, and it will be the number required. 

Note. — If the characteriBtic of a logarltlim is negative, the number 
belonging to it is e^ fraction, and as manj ciphers most be prefixed to 
the number found in the table, as there are units in the characteristic 
less I. (Art 444.) 

452. When the Decimal Part of the given Logarithm is 
not exactly, or very nearly, found in the Table. 

Rule. — Frmn the given logarithm subtract the next less 
logarithm found in the tables ; annex ciphers to the remain- 
der, and divide it by the tabular difference (marked D) 
as far as necessary. 

To the number belonging to the less logarithm annex the 
quotient, and make the number thus produced correspond to 
the characteristic of the given logarithm, as above. 

Note. — For every cipher annexed to the remainder, either a Hff- 
nifleant figure or a cipher must be put in the quotient. 

11. What number belongs to 2. 1 7231 ? Ans. 148.7. 

12. What number belongs to 1.25 261 ? Ans. 17.89. 

13. What number belongs to 3.27715 ? Ans. 1893. 

14. What number belongs to 2.30963 ? Ans. 204. 

15. What number belongs to 4.29797 ? Ans. 19858.29. 

16. What number belongs to 1.14488 ? Ans. 0.1396. 

17. What number belongs to 2.29136 ? Ans, 0.01956. 

18. What number belongs to 3.30928 ? An^. 0.002038. 

451. How find the number belonging to a logarithm ? 
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453. Compntations by logarithms are based upon the 
following principles : 

1°. The sum of the logarithms of two numbers is equal to 
the logarithm of tJieir product. 

Let a and c denote any two numbers, m and n their logarithms, 
and b the base. 

Then 6^ = a 

And 6» = c 

Multiplying, &*+• = ac. 

2°. 77ie logarithm of the dividend diminished by the 
logarithm of the divisor is equal to the logarithm of the 
quotient of the two numbers. 

Let a and c denote any two .numbers, m and n their logarithms, 
and h the base. 

Then 6- = a 

And &» = c 

Dividing, 6»-* = o-i-c 

454. To MtUtiply by Logarithms. 

I. Required the product of 35 by 23. 
Solution. — The log. of 35 = 1.54407 



if << f* 



23 = 1. 36173 



Adding, 2.90580. (Ari;. 453, Prin. i.) 

The number belonging is 805, Ans, Hence, the 

Rule — Add tJie logarithms of the factors; the sum will 
be the logarithm of the product. 

Notes. — i. If the sum of the decimal parts exceeds 9, add the tens 
figure to the characteristic. 

2. If either or all the characteristics are negative, they must be 
added according to Art. 65. But as the mantissa is always positive, 
that which is carried from the mantissa to the characteristic must be 
considered positive. 

2. What is the product of 109.3 by 14.17 ? 

3. What is the product of 1.465 by 1.347 ? 

4. What is the product of .074 by 1500 ? 

453. Upon what two principles are computations by logarithms based? 454. How 
multiply by logarithms ? 
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455. To Divide by Logarithms. 

5. Bequired the quotient of 120 by 15. 

Solution. — The log. of 120 = 2.07918 
•« " " 15 = 1.17609 
tt u u quotient = 0.90309. Ans. 8. Hence, the 

Rule.— /V(w? tlie logarithm of the dividend subtract the 
logarithm of the divisor ; the difference will he the logarithm 
of the quotient. (Art. 453, Prin. 2.) 

Notes. — i. When either of the characteristics is negative, or when 
the lower one is greater than the one above it, change the sign of the 
subtrahend, and proceed as in addition. 

2. When I is carried from the mantissa to the characteristic, it 
must be considered poriUve^ and be added to the characteristic hefore 
the sign is changed. 

6. What is the quotient of 12.48 by 0.16? 

7. What is the quotient of .045 by 1.20? 

8. What is the quotient of 1.381 by .096 ? 

456. Negative quantities are divided in the same manner 
?A positive quantities. 

If the sign of the divisor is the same as that of the 
dividend, prefix the sign + to the quotient; but if different, 
prefix the sign -. 

9. Divide —128 by —47. 

10. Divide — 186 by —0.064. 

11. Divide — 0.156 by — o.86, 

12. Divide — 0.194 by 0.042. 

457. To Involve a Number by Logarithms. 

Multiplication by logarithms is performed by addition. (Art. 453.) 
Therefore, if the logarithm of a quantity is added to itself once, the 
result will be the logarithm of the second power of that quantity ; if 
added to itself twice ^ the result will be the thir^ power of that 
quantity, and so on. Hence, 

Rule. — Multiply the logarithm' of the number by the 
exponent of the required power. 

455. How divide by them ? 457. How inyolye a number by logarithms f 
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Notes. — i. This rule depends upon the principle that logarithms 
are the exponents ot powers and rootSj and a power or root is involved 
by multiplying its index into the index of the power required. 

2. In this rule, whatever is carried from the mantissa to the 
characteristic is paHtite, whether the index itself is positive or negatwe. 

13. What is the cube of 1.246. 

Solution. — The log. of 1.246 is 0.09551 

Index of the required power is 3 

Log. of power is 0.28653. Ans. IJ93435. 

14. What is the fourth power of .135 ? 

15. What is the tenth power of 1.42 ? 

16. What is the twenty-fifth power of 1.234? 

458. To Extract the Moot of a Number by Logarithms. 

A quantity is resolved into any number of equal factors, by dividing 
its index into as many equal parts, (Art. 281.) Hence, the 

Rule. — Divide the logarithm of the number by the index 
of the required root. 

Note. — This rule depends upon ithe principle that the root of a 
quantity is found by dividing the exponent by the number expressing 
the required root. 

17. What is the square root of 1.69? 

Solution. — The log. of 1.69 is 0.22789 
The index is 2, 2 ) .22789 

Logarithm of root, 0.11394. Ans. L3. 

18. What is the cube root of 143.2 ? 

19. What is the sixth root of 1.62 ? 

20. What is the eighth root of 1549 ? 

21. What is the tenth root of 1876 ? 

459. If the characteristic of the logarithm is negative, 
and cannot be divided by the index of the required root 
without a remainder, make it positive by adding to the 
characteristic such a negative number as will make it 
exactly divisible by the divisor, and prejix an equal positive 
number to the decimal part of the logarithm. 

458. How eztnict the root ¥ 
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22. It is required to find the cube root of .0164. 

Solution. — The log. of .0164 is 2.31484. 

Preparing the log,, 3)3 + 1.21484 

140494. Arts, 0.25406 + . 

23. What is the sixth root of .001624 ? 

24. What is the seventh root of .01449 ? 

25. What is the eighth root of .0001236 ? 

460. To Calculate Compound Interest by Logarithms. 

Rule. — Find the amount of i dollar for 1 year ; multiply 
its logarithm hy the number of year Sy and to the product add 
the logarithm of the pj*incipal. The sum will be the logarithm 
of the amount for the given time. 

From the amount subtract the principaly and the remain- 
der will be the interest. 

Notes. — i. If the interest becomes due half yearly or qttarterly, 
find the amount of one dolUr for the half year or quarter, and multiply 
the logarithm hy the number of half years or quarters in the time. 

2. This rule is based upon the principle that the several amounts in 
compound interest form a geometries series, of which the principal is 
the first term, the amount of $1 for i year the ratio, and the number 
of years + i the number of terms 

26. What is the amoant of I1565 for 40 years, at 6 per 
cent compound interest ? 

Solution. — The amt. of $1 for i year is $1.06 ; its log., 0.02531 
The number of years, 40 

Product, 1. 01240 

The given principal, $1565 ; its log., 3-19453 

Ans. $16103.78. 4.20693 

.27. What is the amount of $1500, at 7 per cent compound 
mterest, for 4 years ? Ans. 1 1966.05. 

28. What is the amount of $370, at 5 per cent compound 
interest for 33 years ? Ans. I1851.27 +. 



460. How calculate componnd interest by logaritluuB ? 
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NOTB.— When the stock is above or below par, the premium or 
ducount must be added to or eubtracted from its par value to give the 
ooet. 

30. What per cent interest does a man receive on an 
investment of $5000 in the Bank of Commerce, its dividends 
being 10 per cent, and the shares 5 per cent above par? 

Solution. — The premium on the etock = $5000 x .05 = $250. 
Tlierefore, the oo6t = $5000 +$250 = $5250. 

Again, the dividend on stock = $5000 x. 10 = $500. Therefore, 
$5oo-i-$525o = 9^^ per cent, AnB, 

31. A invested I6000 in New York 6 per cent bonds, at 
3 per cent preminm. What per cent did he receive on his 
investment ? 

32. A man lays ont 1 1000 in Alabama 10 per cents, at a 
discount of 20 per cent. What per cent did he receive on 
his investment ? 

33. What per cent will a man receive on 50 shares of 
Pennsylvania Bailroad stock, the premium being 4 per ct, 
and the dividend 10 per cent? 

34. Which are preferable, Massachusetts 6 per cent bonds 
at par, or Ohio 8 per cent bonds at 2 per cent premium ? 

496. To Find the Amount of a given Remittance which a 
Factor can Invest, and Reserve a Specified Per Cent for his 

Commission. 

Let s denote the sum remitted, and r the per cent commission. 

The sum remitted includes both the sum invested and the commis- 
sion. Now $1 remitted is 100 per cent, or once itself ; and adding the 
per cent to it, we have i+r, the cost of $1 invested. Therefore, 
« -i- (I + r) must be the amount invested. 

Putting a for the amount invested, we have the 

POEMULA. a = 



1 +r 



Exile. — Divide the rmnittance by 1 plus the per cent 
commission j the quotient will ie the amount to invest 
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35. A clergyman remitted to his agent I2500 to purchase 
books. After deducting 4 per cent commission^ how mnch 
does he lay out in books ? 

Solution, a = = ?-=— = $2403.85, An%. 

i+r 1.04 

36. A gentleman remitted I25000 to a broker, to be 
invested in stocks. After deducting i\ per cent, how much 
did he invest, and what was his commission ? 



SINKING FUNDS. 

497. Sinking Funds are sums of money set apart or 
deposited annually, for the payment of public debts, and for 
other purposes. 

CASE I 

498. To Find Wi^Anuyiint of an Annual Deposit at Compound 

Interest, the Rate and Time being givent 

Let s denote the annual deposit or sam set apart, r the rate per 
cent, n the number of years, and a the amount required. 

Since the same sum is deposited at the end of each year, and put 
at compound interest, it follows that the deposit at the end of the 

ist year = a 

2d " =« + «(i+r) 

3d " = « + «(i+r) + «(n-r)» 

nth « = « + a(i+r) + «(i+r)* +«(i+r)"->, 

forming a geometrical series ; the annual deposit being the first term, 
the amount of $1 for i year the ratio, the number of years the num- 
ber of terms, and the annual deposit multiplied by the amount of |i 
for I year, raised to that power whose index is i less than the number 
of years, the last term ; and the amount is equal to the sum of the 
series. (Art. 402.) Hence, we have the 

-c (l + ^r — I 
FOBMULA. a = ^^ ' 8. 

r 

Bulk — Multiply the amount of li annual deposit for the 
given time and rate hy the given annual deposit; the product 
will ie the amount required. 
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37. A clerk annnally deposited 1 150 in a sayiDgs bank 
which pays 6 per cent compound interest What amount 
will be due him in 5 years ? 

SoLUTiOH. a = 2 '— 9 = i — f- — I150 = $845.75, -4n«. 

r .00 

38. A man agrees to give $300 annually to build a church. 
What will his subscription amount to in 4 years, at 7 per 
cent compound interest ? 

39. If a teacher lays up I500 annually, and puts it at 
5 per cent compound interest for 10 years, how much will 
he be worth ? 

CASE II. 

499. To Find the Annual I>epo8U required to produce a 
given Amount at Compound Interest, tiie Rate and Time being given. 

B7 the formula in the preceding vtide, we have 

(i+r)»— I 

^ '- » = a. 

r 

Dividing bj coefficient of «, we have the 

Formula. « = a -s- ^— !^ — Lni., 

r 

Rule. — Divide the amount to be raised by the amount of 
1 1 annual deposit for the given time and rate; the quotient 
will be the annual deposit required. 

Note. — To cancel the debt at maturity, the sum set apart as a 
sinking fund is supposed to be put at compound interest for the given 
time and rate. 

40. A father promises to gives his daughter $5000 as a 
wedding present. Suppose the event to occur in 5 years, 
what sum must he annually deposit in a Trust Company, at 
5 per cent compound interest, to meet his engagement ? 

a (i + r)" — I A (1 05)* — I $250 

Solution. * = a -*- — T ^ = I5000 + ^ — ^ = — ~ =r 

f ^ .05 276 

$905.80, Ans, 
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41. A man having lost his patrimony of $20000^ wishes 
to know how much must be annually deposited at 10 per 
cent, to recover it in 5 years Y 

42. A county borrows $30000, at 6 per cent compound 
interest, to build a court-house; what sum must be set 
apart annually as a sinking fund to cancel the debt in 
10 years? 

ANNUITIES. 

500. Annuities are sums of money payable annually, 
or at regular intervals of time. They are computed accord- 
ing to the principles of compound interest 

CASE I. 

501. To Find the Amount of an Unpaid Annuity at Compound 

interest, the Time and Rate per cent being given. 

Let a be the annuity, i + r the amonnt of fi for i year, and n the 
number of years. 

The amount due at the end of the 

iBt year = a, 

2d " = a + a(i+r) 

3d « = a + a(i+r) + a(i+r)«, 

4th " = a + ad+r) + a(i+r)' + a(i+r)*, 

nth year = a + a{i +r) + a(i +r)* + a (i 4 r)' . . . a(i +r)*-i. 

forming a geometrical progression, the annuity being the first term, the 
amount of $1 for i year the ratio, the number of years the number of 
terms, and the annuity multiplied by the amount of $1 for i year 
raised to that power whose index is i less than the number of years, 
the last term. Therefore, the amount is equal to the sum of the 
series. 

Putting S for the amount (Art. 498), we have the 

Formula. 8 = ^ ^ a. 

r 

Bulb. — Multiply the amount of ii annuity, for the given 
time and rate, by the given annuity. 
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Note. — ^Logarithma may be used to advantage in some of the 
following examples. 

43. What is due on an annuity of $650, unpaid for 
4 years, at 7 per cent compound interest ? 

SoLxmoN. 8 = (L±J*L::ii a = (^-^7)* - y |55Q _ ^^gg^^ j^ 

T .07 

44. An annual pension of $880 was unpaid for 6 years ; 
what did it amount to at 6 per cent compound interest ? 

45. An annuel tax of I340 was unpaid for 7 years; what 
was due on it at 5 per cent compound interest? 

CASE II. 

502. To Find the Present IFor^of an Annuity at Compound 
Interest, the Time of Continuance and the Rate being given. 

Let P denote the present worth ; then the amount of P in n years 
will be equal to the amount of the annuity for the same time. 
Therefore, 

P(x+r>. = <Li!^l— Fa. 

r 

Diyiding each member by (i + r)" (Art. 279), we have the 

Formula, P = ' "" v^ + ^) _ ^^ 

r 

Note. — In applying the formula, the negative exponent may be 
made positive by transferring the quantity which it affects from the 
numerator to ihe denominator (Art. 279). 

1 

ITiua. P = i^i Ji^ ^ ^ C^t^g. 

r r 

BuLE. — Multiply the present worth of an annuity of %i 
for the given time by the given annuity. 

46. What IS the present worth of an annuity of $375 for 
6 years, at 7 per cent compound interest ? 

a^,„^^^ D I — (i+r)-» I — (i.o7)-«-, I — .66^ 

SoLUTioK. P = -—L^ a = \ $375 = — --- $375 

r .07 .07 

= $1785.71, Am, 

47. What is the present worth of an annual pension of 
$525 for 5 years, at 4 per cent compound interest ? 
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CASE III. 

503. To Find the Present Worth of a Perpetual Annuity, the 

Rate being given. 

Let n denote infinity, then ledadng the fonnola in Art. 502, we 
have this 

Formula. J? = - . (Art. 435.) 

BuL£. — Divide the annuity hy the interest of $1 for 
I year, at the given rate. 

48. What is the present worth of a perpetual scholarship 
that pays $150 annually, at 7 percent compound interest? 

Solution. P=- = 5i^ = $2142.86, Am. 

r .07 

49. What is the present worth of a perpetual ground rent 
of $850 a year, at 6 per cent ? 

CASE IV. 

504. To Find the P^^eaent Worth of an Annuity, commencing 
in a given Number of Years, the Rate and Time of Continuance 

being given. 

Let n be the nnmber of years before it will commence, and N the 
number of years it is to continue. Then, 

p _ I — (i -t- r) -(*»+'^> I — (i + r>-" 

£^ __ d - — — — — — ^— d • 

r r 

Performing the subtraction indicated, we have the 

Formula. P = - [(i + r)-" — (i + r)-*"^. 

Rule. — Find the present worth of the given annuity to 
the time it terminates ; from this subtract its present worth 
to the time it commences. 

50. What is the present worth of an annuity of I600, to 
commence in 4 years and to continue 12 years, at 7 per 
cent interest ? 

SoLxmoK. P = " [(i + r)-» — (i + r)-"-^, 

r 

P = ^[(,.o7H -(i.07)-<-«], 
P = ^^JLj^^ = J3636. ^n*. 

.07 
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51. A father left an annual rent of I2500 to his son for 
6 years, aiM the reversion of it to his daughter for 12 years. 
What is the present worth of her legacy at 6 per cent 
interest ? 

CASE V. 

•505. To Find the Annuity , the Present Worth, the Time, 

and Rate being given. 

By the fonnula in Artide 502, 

r 
Dividing by the coefficient of a, we have the 



Formula. a = 



I - (i + r)-^ 

BuLE. — Divide the present worth by the present worth of 
an annuity of $1 for the given time and rate. 

52. The present worth of a pension, to continue 20 years 
at 6 per cent interest, is %66^. Required the pension. 

o Pr $668 X. 06 $668 X. 06 ^ „ a 

Solution, a = — tt-zt^ = / ^v a. = ^00 — = $58.23»^««. 

I— (i+r)-" I— (1.06)-^ .6882 

53. The present worth of an annuity, to continue 30 years 
at s per cent interest, is $3840. What is the annuity ? 

Note. — The process of oonstracting formulas or rules, it will be 
seen, is based upon the principles of generalization combined with 
those of algebraic notation. The student will find it a profitable 
exercise to form others applicable to different daases of problems. 



CHAPTER XXI. 

DISCUSSION OF PROBLEMS. 

506. The Discussion of a Problem consists in assign- 
ing all the different values possible to the arbitrary quanti- 
ties which it contains, and interpreting the results. 

507. An Arbitrary Quantity is one to which any 
value may be assigned at pleasure. 

Problem. — If b is subtracted from a, by what number 
must the remainder be multiplied that the product may be 
equal to c ? 

Let X — the number. 

Then {a'-b)x = c. 

e 



Therefore, x = 



a — b' 



508. The result thus obtained may have five different 
forms, depending on the relative values of a, b, and c. To 
represent these forms, let m denote the multiplier. 

I. Suppose a is greater than b. In this case a — b is positive, 
and c being pogUive, the qaotient is positive. (Art. 112.) Consequently, 
the required niultiplier must be positive, and the value of x will be of 
the form of + m, 

II. Suppose a is less than J. In this case a — b is negative, 
and c divided by « — & is negative. (Art. 112.) Hence, the required 
multiplier must be negative, and the value of x is of the form of — m. 

III. Suppose a is equal to b. In this case a — & = o. There- 

m c 

fore, the value of x is of the form of — , or a; = - = 00. (Art. 434.) 



506. In what doee the diBcnssion of problems consigt? 507. What is an arbitrary 
quantity f 
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lY. Suppose c is o^ and a is either greater or less than i. 
In thia cue the value of x has the form — , or 2B = o. 

v. Suppose c equals o, and a equals & In this case the 

value of x has the form - . 

o 

NoTB. — ^The student can easily test these principles hj sahstituting 
numbers for a, 6, and e. 

509. The Discussion of Problems may be further illus- 
trated by the solution of the celebrated 



PROBLEM OF THE COURIERS.* 

Two couriers A and B, were traveUng along the same 
road in the same direction, from C toward Q ; A going at the 
rate of m miles an hour, and B n miles an hour. At 
12 o'clock A was at a certain point P; and B d miles in 
advance of A, in the direction of Q. When and where were 
they together ? 

P P d Q 

' This problem is general ; we do not know from the statement 
whether the couriers were together before or after 12 o'clock, nor 
whether the place of meeting was on the right or the left of P. 

Suppose the required time to be after 12 o'clock. Then the time after 
12 is positive, and the time before 12 is negative; also, the distance 
reckoned from P toward Q is positive, and from P toward C is negative. 

Let t = time of meeting in hours after 12 o'clock ; then int^= dis- 
tance from P to the point of meeting. 

Since A traveled at the rate of m miles an hour, and B n miles an 

hour, we have 

mt = the distance A traveled. 

And n<= *' « B 

Again, since A and B were d miles apart at 12 o'clock, 

mt — nt :=: d. 
Factoring and dividing we have the 

* Originally proposed by Glairaut, an eminent French mathemati- 
cian, born in 1713. 
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Formula. t = 

The problem may now be discussed in relation to the 
time ty and the distance mt, the two unknown elements. 

I. Suppose m > 7i, 

Upon this supposition the values of t and tnt vrill both be positive; 
because their denominator m — n\s positive. Now since t is pontive, 
it is evident the two couriers came together after 12 o'clock ; and as 
mt is positive, the point of meeting was somewhere on the right of P. 

These conclusions agree with each other, and correspond to the 
conditions of the problem. For, the supposition that m>n implies 
that A was traveling faster than B. A would therefore gain upon B, 
and overtake him some time after 12 o'clock, and at a point in the 
direction of Q. 

Let (f = 24 miles, m = 8 miles, and n = 6 miles. 

Bv the formula, t = = _ . = 12 hours. 

m — n 8 — o 

971^ = 8x12 = 96 miles A traveled. 

nt = 6 X 12 = 72 " B " 

Now, 96 — 72 = 24 772. their distance apart at noon, as given above. 

These values show that the couriers were together in 12 hours past 

noon, or at midnight, and at a point Q, 96 miles from P and 72 miles 

from d. 

II. Suppose m < n. 

Then in the formula, the denominator m — nia negative, therefore 
both t and mt o/re negative. 

Hence, both t and mt must be taken in a sense contrary to that 
which they had in supposition (I), where they were positive ; that is, 
the time the couriers were together was before 12 o'clock, and the 
place of meeting on the left of P. 

This interpretation is also in accordance with the conditions of the 
problem under the present supposition. For, if. w < ??, then B was 
traveling faster than A ; and as B was in advance of A at 12 o'clock, 
he must have passed A before that time, somewhere on the left of P, 
in the direction of C. 

Let d = 24 miles, m •= s miles, and n = 8 miles. 

By the formula, t = = — ^ = — 8 hours. 

^ m—n 5—8 

And wi< = 5x— 8 = — 40 miles A traveled. 

n^=8x-8 = -64**B 
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These Yaloes show that the couriers were together 8 honrs before 
noon, or at 4 o'clock A. ic., and at a point C, 40 miles from P and 
64 miles from d, 

IIL Suppose m = n. 

Upon this supposition we have fii — n = o, and 

. d - . md 

t = - = CD, also nU sz — = w. . 

o o 

According to these results, t the time to elapse before the couriers are 
together, is infinity ( Ai-t 434) : consequently they can never be together. 
In like manner tnt, the distance from P of the supposed point of 
meeting, is infinity ; hence, there can be no such point. 

This interpretation agrees with the supposed conditions of the 
problem. For, at 12 o'clock the two couriers were d miles apart, and 
if m = n th^ were traveling at equal rates, and therefore could 
never meet. 

IV. Suppose d = o, and m either greater cr less than n. 

We then have t = = o, and nU =^ o, 

m — n 

That .is, both the time and distance are nothing. These results show 
that the couriers were together at 12 o'clock at the point P, and at no 
other time or place. 

This interpretation is confirmed by the conditions of the problem. 
For, \id — o, then at 12 o'clock B must have been with A at the point 
P. And if m is greater than n, or m is less than n, the couriers were 
traveling at different rates, and must either approach or recede from 
each other at all times, except at the moment of passing ; therefore 
they can be together only at a single point. 

V. Suppose J = o, and tw = w. 

o o 

Then we have * = - , and mt = -' 

o o 

These results must be interpreted to mean that the time and the 
distance may be anything whatever, and that the couriers must be 
together at all times, and at any distance from P, 

This conclasion also corresponds to the conditions of the problem. 
For, if (f = o, the couriers were together at 12 o'clock, and if m = n, 
they were traveling at equal rates, and therefore would never part. 
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IMAGINARY QUANTITIES. 

510. An Imaginary Quantity is an indicated even 
root of a W6|gra^tt;e quantity ; as, V— ij V— a, '^—7. 

Notes. — i. Imaginary quantities are a species of radieaU^ and are 
called imaginary, because they denote operations which it is impossi- 
ble to perform. (Art. 294.) 

2. Though the operations indicated are in themselves tmj!>0Mt&2«, 
thes6 imaginary expressions are often useful in mathematical analyses, 
and when subjected to certain modifications, lead to important results. 

511. Imaginary quantities are added and subtracted like 
other radicals. (Arts. 310, 311.) 

But to multiply and divide them^ some modifications in 
the rules of radicals are required. (Arts. 312, 313.) 

512. To Prepare an Imaginary Quantity for Multiplication 

and Division. 

Rule. — Resolve the given quantity into two f actor Sy one 
of which is a real quantity, and the other the imaginary 
expression V— 1. 

Notes.— I. This modification is based upon the principle that any 
jiegative quantity may be regarded as the product of two quantities, 
one of which is — i. Thus, — o = a x — i ; —5^ = ¥ x — i. 

2. The real factor is often called the coefficient of the imaginary 
expression, >y/— i. 



1. Multiply V—a by V—b* 

Solution, y"— a= \/a x \/— i, and /y/--6 = ^b x y'— i* 
Now ^a X y'^ X ^b X y^—i = ^ab x — i = -^^ab, Ans. 

2. Multiply + V—a^ by — V— y. 

3. Multiply V— 9 by V— 4. 

51a What are iraa<»imary qnantitles? 511. How added and sabtracted? 
5Z3. How prepare them for multiplication and division ? 

12 
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513. It will be seen from the preceding examples : 

First That the product of two imaginary quantities is a 
real quantity. 

Second. That the sign before the product is the opposite 
of that required by the common rule for signs. (Art. 92.) 

For, while the sign to be prefixed to an even root is ambiguoofi, 
this ambignitj is removed when we know whether the quantity whose 
root is to be taken has been produced from positive or negative 
quantities. (Art. 326.) 

4. Multiply V^^ by VTs, 
S- Multiply V— a; by \/y. 

KoTB. — I. From these examples it will be seen that the product of 
a real quantity and an imaginary expression, is itself imaginary. 

6. Divide V--^ by V—y* 

SOLPTIOH. ^ ^ r= -i-= i— = = V -, Am* 

y — y yy x y — i ^ 

7. Divide V— a; by V— a?, 

NOTS. — 3. Hence, the quotient of one imaginary quantity divided by 
another, is a real quantity ; and the sign before the radical is the same 
as that prescribed by the rule. (Art. 92.) 



8. Divide V^x by Vy, 

9. Divide Vx by V— y, 

Note. — 3. Hence, the quotient of an imaginary quantity divided by 
a real one, is itself imaginary, and vice versa. 



10. Divide 10 V— 14 by 2 V — 7, 

11. Divide c V— i by d V— i, 

614. The development of the different powers of V-— i. 



12. (a/-i)«= -I. 15. (V^)»= -f \/-^ 

13- (V--^)'= — V— I. 16. (\/3i)«= —I. 

14. (V'^)*= +1. 17. (\/^)^= —V^^. 

Hence, the even pou>er»_aTe aUematdy — i and +1, and the odd 
powers — y'—i and + /y/— i. 
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INDETERMINATE PROBLEMS. 

515. An Indeterminate Problem is one which does 
not admit of a definite answer. (Art. 220.) 

Note. — Among the more oommon indeterminate problems, are 
ist. Those whose conditions are satisfied by different values of the 

same unknown quantity. (Art 220.) 

2d. Those which produce identical equations. (Art. 200.) 

3d. Those which have a less number of independent simultaneous 

equations than there are unknown quantities to be determined. 
4th. Those whose conditions are inconsistent with each other. 

1. Given the equation a; + y = 9, to find the value of x. 

Solution. — Transposing, a; = 9 — y, Ans. This result can be 
verified by assigning any values to a; or y. 

2. What number is that, f of which minus i half of itself 
is equal to its 12th part plus its sixth part ? 

Let X = the number. 

Then ^_? = J. + 2 

4 2 12 6 

Clearing of fractions, etc., 9a; = 9a; 

Transposing and factoring, (9—9) a; = o 

o 

o 

IMPOSSIBLE PROBLEMS. 

516. An Impossible Froblem^iB one, the conditions 
of which are contradictory or impossible. 

I. Given x + y = 10, a; — y = 2, and xy = 38. 

OPERATION. 

Solution. — By combining equations (i) a; + y=io (i) 

and (2), we find x = 6 and y = 4. Again, x y ■=. 2 (2) 

ajxy = 6x4 = 24. But the third condition 

2X ^^ T 2 

requires the product of x and ^ to be 38, 

which is impossible. • '• ^ = ^ 



5x5. What ia an indeterminate problem ? 5x6. What iB an imposBlble problem ? 
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2. What number is that whose 5th part exceeds its 4th 
part by 15 ? 

3. Divide 8 into two such parts that their product shall 
be 18. 



NEGATIVE SOLUTIONS. 

517. A Negative Solution is one whose result is a 
minus quantity. 

518. An odd root of a quantity has the same sign as the 
quantity. An even root of a positive quantity is either 
positive or negative^ both being numerically the same. 
(Art. 293.) 

But the results of problems in Simple Equations, it is 
understood, are positive; when otherwise it is presumed 
there is an error in the data, which being corrected, the 
result will be positiye. 

I. A school-room is 30 feet long and 20 feet wide. How 
many feet must be added to its width that the room may 
contain 510 square feet ? 

80LT7TION. — Let X = the number of feet, 

Then (20 + is) 30 = area. 

By conditions, 600 + yyx =510 
Transposing, ^ox = — 90 

.*. oj = — 3 ft., An», 

NOTB& — I. It will be observed that this is a problem in Simple 
Equations. The steps in the solution are legitimate and the result 
satisfies the conditions of the problem algebraically, but not arith- 
metically. Hence, the negative resvU indicates some mistake or 
inconsistency in the conditions of the problem. 

If we subtract 3 ft. from its width, the result will be a positive 
quantity. 

2. Were it asked how much must be added to the width that the 
room may contain 690 square feet, the result would be + 3 feet. 



5x7. What is a negative eolation? 
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3. In Buch cases, by changing some of the data, a similar problem 
may be easily found whose conditions are consistent with a x)oesible 
result. 

2. What number must be subtracted from 5 that the 
remainder may be 8 ? 

SoLTJTiON.— Let « = the number. 

Then 5 — OJ = 8 

Transposing, a; = — 3, Ana. 

3. A man at the time of his marriage was 36 years old 
and his wife 20 years. How many years before he was twice 
as old as his wife ? Am. — 4 years. 



HORNER'S METHOD OF APPROXIMATION.* 

519. This method consists in transforming the given 
equation into another whose root shall be less than that of 
the given equation by the first figure of the root, and 
repeating the operation till, the desired approximation is 
found. 

The process may be illustrated in the following manner : 

Let it be required to find the approximate value of a; in the general 

equation, 

A3fi + Ba? -^ Cx = D, (i) 

Having found the first figure of the root by trial, let it be denoted 
hj a, the second figure by b, the third by <;, and so on. 
Substituting a for x in equation (i), we have, 

Aa^ + Ba^ + Ca^D, nearly. 

Factoring and dividing, 

D 



* So called from the name of its author, an English mathematidan, 
who eommunicftted it to the Royitl Society in 18 19, 
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By pnttlng y for the Bum of all the figures of the root except the 
flTBt, we lutye x = a-^y, and subfitltating this value for x in equation 
(i), we have, 

A (a-^yy + B\,a-^py + C{a-^y) = D; 
or -4(a*+3tf*y+3«y'+y") + -B(tf* + 2«y+y») + C(a-^y) = D. 

or A<^+3A€fiy-^3Aai^-\-Ay' + B(]^ + 2Bay-^By^ + Ca+Oy = D. 

Factoring and arranging the terms aooording to the powers of ^, 
we obtain 

To simplify this equation, let us denote the coefficient of ^ by B', 
that of yhyO', and the second member by D' ; then, 

• Ay'^B'y' + C'y^D', (4) 

It will be seen that equation (4) has the same form as (i). It is the 
first transformed equation, and its root is less by a than the root of 
equation (i). 

By repeating the operation, a second transformed equation may be 
obtained. Denoting the second figure in the root by b, and reducing 
as before, we find, 

C + B'b + A¥' ^^^ 

Putting e for the sum of all the remaining figures in the root, we 
have y = 6+2 ; and substituting this value in equation (4), we obtain 
a new equation of the same general form, which may be written, 

Agl^ + B^ffi + Cz^D". (6) 

This process should be continued till the desired accuracy is attained. 
The first figure of the root is found by trial, the second figure fr(»n 
equation (5), and the remaining figures can be found from similar 
equations. 

But it may be observed that the second member of equation (5) 
involves the quantity 6, whose value is sought. That is, the value of 
b is g^ven in terms of b, and that of c would be given in terms of c, and 
so on. For this reason, equations such as (5) might appear at first 
sight to be of little use in practice. This, however, is not the case ; 
for after the root has been found to several decimal places, the value 
of the second and third terms, as B'b+Ab* and B"c + A(:^ in the 
denominators^ will be very small compared with C and C, eonse- 
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qnently as 6 is very nearly equal to D' divided by C, they may be 
neglected. Therefore the successive figures in the root may be 
approximately found by dividing V by C\ D" by C\ and so on, 
regarding C',C'\ etc., as approximate divisors. 

In transforming equation (i) into (4), the second member D' and 
the coefficients C ' and B' of the transformed equation may be thus 
obtained. 

Multiplying the first coefficient A by a, the first figure of the root, 
and adding the product to B, the second coefficient, we have, 

B + Aa (7) 

Again, multiplying this expression by a, and adding the product to 
C, the third coefficient, we have, 

+ Ba + AaK (8) 

Finally, multiplying these terms by a, and subtracting the product 

from D, we have 

D-(Ca + Ba^ + A(^) = D\ 

which is the same as the expression for jy in equation (4). 

Now to obtain C", we return to the first coefficient, multiply it by a, 
add the product to expression (7), and thus have the sum 

B + 2Aa, (9), 

which we multiply by a, and adding the product to expression (8) 

obtain, 

C + 2Ba + 3^a» = C, 

which is the desired coefficient of y in equation (4). 

Finally, to obtain ^, we multiply the first coefficient by a, and add 
the product to expression (9), and thus obtain, 

B + ^Aa - B', 

In this way the coefficients of the first transformed equation are 
discovered ; and by a similar process the coefficients of the second, 
tiitrd, and of all subsequent transformed equations may be found. 

520. This method of approximation is applicable to 
equations of every degree. For the solution of cubic equa- 
tions, it may be summed up in the following 

Rule. — I. Detach the coefficients of the given equation, 
and denote them by A, B, (7, and the second member by D. 
Find the first figure of the root by trial, and represent it by a. 
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Multiply A by a, and add the product to B. Multiply 
the sum by a and add the product to C. Multiply this sum 
by a and subtract the product from 2). The remainder is 
the first dividend, or D', 

IL Multiply A by a and add the product to the last sum 
under B. Multiply this sum by a and add the product to 
the last sum under C. The result thus obtained is the first 
divisor, or C, 

III. Midtiply A by a and add the product to the last sum 
under B. The result is the second coefficient, or B\ 

IV. Divide the first dividend by the first divisor. The 
quotient is the second figure of the root, or b. 

V. Proceed in like manner to find the subsequent figures 
of the root. 

Note. — i. In finding the second figure of the root, some allowance 
should be made for the terms in the divisor which are disregarded ; 
otherwise the quotient will furnish a result too large to be subtracted 
fromiy. 





EXAMPLES. 


. Given ofi + 2x^ + :^x — 24, 


to find X, 




80LT7TIOK. 


A B 


C 


D a be 


I +2 


+ 3 


= 24 ir = (2.o8. Am 


2 


8 


22 


4 


II 


2 = iy 


2 


12 


I.89I7I2 


6 


73 = G' 


.108288 - J)" 


2 


.6464 




8 = ^ 


23.6464 




.08 


.6528 




8.08 


24.2992 = 


0" 


.08 






8.X6 






.08 







9.24 = B^* 
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NoTB. — 2. In the following example, the last figures of the root are 
found bj the contracted method of division of decimals, an expedient 
which may always be used to advantage after a few places of decimals 
have been obtained. (See Higher Arithmetic) 

2. Given ofi -^ 122;^ — 18a; = 216, to find x. 









BOLTTTION. 




A 


B 







D a be 


I 


+ 12 




-18 


= 216 (4.24264 + . 




_4 




+64 


184 




z6 




+46 


32 = 2)' 




J; 




80 


26.168 




20 




126 = 0' 


5.832 = D' 




_4 




4.84 


5.468224 




24 = 


B 


130.8 4 


.363776 = 2)"' 




24.2 




4.88 


275385 




24.4 
24.6 = 
24.64 
24.68 


z B" 


135.7 2 = 0" 
.9856 

136.7 056 
.9872 


88391 
82615 

5776 
5508 



I37-6|9|2|8 = 0'" 

X = 4.24264+, Ans, 

3. Given «» + 30^8 + 5a; = 178, to find x. 

X = 4.5388, Ans. 

4. Given $3fi + ga^ -^ jx =: 2200, to find x. 

x= 7.1073536, ^ns. 

5. Given Qfi + a^ + x=: 100, to find x. 

a: = 4.264429 + , Am. 
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TEST EXAMPLES FOR REVIEW. 

1. Bequired the value of 

6a + 4« X S + 8fl -^ 2 — 3fl -f 12a X 4. 

2. Bequired the value of 

{Sx + sx)s +4X + T -^ (Sx+ gx) -5- 7. 

3. Required the value of 

sax — aJ -f 4cd — (202? — 4ab + 2cd). 
4* Bequired the value of 

A^c + [scd — {2Xif — mn) 5 + 3*1:]. 

5. Show that subtracting anegative quantity is equivalent 
to adding a positive one. 

6. Explain by an example why a positive quantity 
multiplied by a negative one produces a negative quantity ? 

7. Explain why a minus quantity multiplied by a minus 
quantity produces a positive quantity. 

8. Given ^-(a: + 8)=^ + — - 17I, to find x. 

3 • 9 7 

^. 42^ X ^6 ^i . ^ , 

o. Given -^-- -5 1- 22? = ^^ x ^ to find x. 

^ 5 5 32* 

10. Eesolve 38*^ — 6J*c^ — (?d into two factors. 

1 1. Besolve ^xhf — ga?hi — iSa^yz into two factors. 

12. Resolve a^' — If^ into two factors. 

13. Eesolve 8^ — 4 into prime factors. 

14. Resolve a* — i into prime factors. 

15. Divide 31 infco two such parts that 5 timesoneof them 
shall exceed 9 times the other by i. 

16. Make an algebraic formula by which any two numbers 
may be found, their sum and difference being given. 

1 7. Two sportsmen at Creedmoor shoot alternately at a 
target ; A hits the bull's-eye 2 out of 3 shots, and B 3 out 
of 4 shots; both together hit it 34 times. How nutny shots 
did each fire ? 
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1 8. Find two quantities the product of which is a and the 
quotient b, 

10. Beduce -7 — 7 to its lowest terms. 
ao —0 

20. Beduce -= 75 to its lowest terms. 

a^ — ir 

21. Besolve gxh^ + i2xyz + /^ into two factors. 

22. Eesolve 9 J* — 6lc + (? into two factors. 

23. Make a formula by which the width of a rectangular 
surface may be found, the area and length being giren ? 

24. A square tract of land contains \ as many acres as 
there are rods in the fence inclosing it What is the length 
of the fence ? 

25. A student walked to the top of Mt. Washington at 
the rate of i\ miles an hour, and returned the same day at 
the rate of 4^ miles an hour ; the time occupied in traveling 
being 13 hours. How far did he walk? 

26. Given h -^— - = o, to find x. 

I —a; 

27. Prove that the product of the sum and difference of 
two quantities, is equal to the difference of their squares. 

2%. Prove that the product of the sura of two quantities 
into a third quantity, is equal to the sum of their products. 

20. Beduce -r~ — "^ --^rr— — r to its lowest terms. 
(x^ + 2xy + y^){x^y) 

30. Beduce 7-= 5— .— t^tt-s rsr to its lowest terms. 

I + a^ I c? 

31. Beduce -. 5 to a single fraction having 

the least common denominator. 

32. Find a number to which if its fourth and fifth part 
be added^ the sum will exceed its sixth part by 154. 

33. Two persons had equal sums of money ; the first 
spent ^30, the second $40 : the former then had twice as 

much as the totter, What sum did each have at first ? 
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34. A French privateer discovers a ship 24 kilometers 
distant, sailing at the rate of 8 kilometers an hour, and 
pursues her at the rate of 12 kilometers an hour. How 
long will the chase last ? 

35. Given ^^ + ^y = 7 and l^Zli^-y^o, to find 
X and y. 

36. Given x = ^-^ — [- 5 and 4y — — = 3? to find 

7 3 

X and y. 

37. Make a rule to find when any two bodies moving 
toward each other will meet, the distance between them and 
the rate each moves being given ? 

38. A steamer whose speed in still water is 12 miles an 
hour, descended a river whose velocity is 4 miles an hour, 
and was gone 8 hours. How far did she go in the trip ? 

39. Find a fraction from which if 6 be subtracted from 
both its terms it becomes |, and if 6 be added to both, it 
becomes J. 

40. Required two numbers whose sum is to the less as 8 
is to 3, and the difference of whose squares is 49. 

41. Given jox + 6y ^ 76, 4y^2Z = 8, and 6X'j-Sz=z 88, 
to find X, y, and z, 

42. Given 2a? + 3^ + 2; = 24, ^x + y + 2Z= 26, and 
x+ 2y -\- $z = 34, to find x, y, and z. 

43. Three persons. A, B, and C, counting their money, 
found they had I180. B said if his money were taken from 
the sum of the other two, the remainder would be $60; 
C said if his were taken from the sum of the other two, the 
remainder would be J of his money. How much money 
had each ? 

44. The fore-wheel of a steam-engine makes 40 revolutions 
more than the hind-wheel in going 240 meters, and the 
circumference of the latter is 3 meters greater than that of 
the former. What is the circumference of each ? 

45. A man has two cubical piles of wood ; the side of one 
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is two feet longer than the side of the other, and the differ- 
ence of their contents is 488 cubic feet. Required the side 
of each. 

46. Eequired a formula by which the height of a rectan- 
gular solid may be founds the contents and base being given. 

47. Divide 126 into two such parts that one shall be a 
multiple of 7, the other a multiple of 11. 

48. A tailor paid $1 20 for French cloths ; if he had bought 
8 meters less for the same money, each meter would Uave 
cost 50 cents more. How many meters did he buy ? 

49. A shopkeeper paid $175 for 89 meters of silk. At 
what must he sell it a meter to make 25 per cent ? 

50. Make a formula to find the commercial discount, the 
marked price and the rate of discount being given. 

51. A man pays 9ioo more for his carriage than for his 
horse, and the price of the former is to that of the latter as 
the price of the latter is to 50. What is the price of each ? 

52. Make a formula to find at what time the hour and 
minute hands of a watch are together between any two 
consecutive hours ? 

5^. A father bequeathed 165 hectares of land to his two 
sons, so that the elder had 35 hectares more than the 
younger. How many hectares did each receive ? 

54. What number is that, the triple of which exceeds 40 
by as much as its half is less than 5 1 ? 

55. A butcher buys 6 sheep and 7 lambs for I71 ; and, at 
the same price, 4 sheep and 8 lambs for ^64. What was the 
price of each ? 

56. At a certain election, 1425 persons voted, and the 
successful candidate had a majority of 271 votes. How 
many voted for each ? 

57. A's age is double B's, and B's is three times C's; the 
sum of all their ages is 150. What is the age of each ? 

58. Beduoe the V243 to its simplest form. 

59. Eeduee V^ + o.'f to its simplest forau 
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60. Beduce x^ and y^ to the common index |. 

61. Beduce 3 (a — &) to the form of the cube root. 

62. A farmer sold 13 bnshels of corn at a certain price ; 
and afterward 17 bnsheLs at the Bame rate, when he received 
$3.60 more than at the first sale. What was the price per 
bushel ? 

63. A sold two stores. On the first he lost $8 more than 
on the second; and his whole loss was $2 less than triple 
the amount lost on the second. How much did he lose on 
each? 

64. A number of men had done J of a piece of work in 
6 days, when 12 more men were added, and the job was 
completed in 10 days. How many men were at first 
employed ? 

65. A company discharged their bill at a hotel by paying 
$8 each; if there had been 4 more to share in the payment, 
they would only have paid ty apiece. How many were 
there in the party ? 

66. In one factory 8 women and 6 boys work for $72 a 
week; and in another, at the same mtes, 6 women and 
1 1 boys work for $80 a week. How much does each receive 
per week? 

67. What factor can be removed from ^153^? 

6S. Given Vx + 12 = V« + 12, to find x. 

69. Given — - = ^"", ^ , to find y. 

y Vy * 

70. Given ^/oc^ — ^h = « — S, to find x. 

71. From a cask of molasses | of which had leaked out, 
40 liters were drawn, leaving the cask half full. How many 
liters did it hold ? 

72. Make a formula to find the per cent commission a 
factor receives, the amount invested and the commission 
being given. 

73. Divide 20 into two parts, the squares pf which shall 
be in the ratio of 4 to 9. 
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74. After paying out ^ of my money and then | of the 
remainder^ I had (140 left. How much had I at first ? 

75. If I be added to both terms of a fraction^ its value 
will be I; and if the denominator be doubled and then 
increased by 2, the value of the fraction will be i. Required 
the fraction. 

76. Tiffany & Co. sold a gold watch for $171, and the per 
cent gained was equal to the number of dollars the watch 
cost. Required the cost of the watch. 

77. Two Chinamen receive the same sum for their labor; 
but if one had received I15 more and the other $9 less, then 
one would have had 3 times as much as the other. What 
did each receive ? 

78. A drover bought a flock of sheep for $120, and if he 
had bought 6 more for the same sum, the price per head 
would have been |i less. Required the number of sheep 
and the price of each. 

79. A certain number which has two digits is equal to 
9 times the sum of its digits, and if 63 be subtracted from 
the number, its digits will be inverted. What is the 
number ? 

80. Two river-boatmen at the distance of 150 miles apart, 
start to meet each other; one rows 3 miles while the other 
rows 7. How far does each go? 

81. A and B buy farms, each paying $2800. A pays $5 an 
acre less than B, and so gets 10 acres more land. How 
many acres does each purchase ? 

82. Find a factor that will rationalize \/5 + \/7. 

83. Find a factor that will rationalize V^ — V3^- 

84. Given Vj2 + ^^ _ "^ ^ ,_, , to find a*. 

V(^ + Vx) 

85. The salaries of a mayor and his clerk amount to 
I13200 ; the former receives 10 times as much as the latter. 
Required the pay of each. 

86. What two numbers are those whose sum is to their 
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difference as 8 to 6, and whose difference is to their product 
as I to 36 ? 

87. What two numbers are those whose product is 48^ and 
the difference of their cubes is to the cube of their difference 
as 37 to I ? 

88. Find the price of apples per dozen, when 2 less for 
12 cents raises the price i cent per dozen. 

89. Two pedestrians set out at the same time from Troj 
and New York, whose distance apart is 150 miles ; one goes 
at the rate of 8 miles a day, and the other 7. When will 
they meet ? 

90. The income of A and B for one month was I1876, 
and B's income was 3 times A's. Bequired that of each ? 

91. A farmer bought a cow and a horse for $250, paying 
4 times as much for the horse as for the cow. Find the 
cost of each. 

92. A man rode 24 miles, going at a certain rate ; he then 
walked back at the rate of 3 miles per hour and consumed 
12 hours in making the trip. At what rate did he ride ? 

93. It costs ^6000 to furnish a church, or $1 for every 
square foot in its floor. How large is the buildings pro- 
vided the perimeter be 320 feet? 

94. Find 5 arithmetical means between 3 and 31. 

95. Find the sum of 50 terms of the series i, 1, i}, 2, 2^, 

3» 3i» 4j 4h etc. 

96. A dealer bought a box of shoes for lioo. He sold all 
but 5 pair for (135, at a profit of 9i a pair. How many 
pair were there in the box ? 

97. Two numbers are to each other as 7 to 9, and the 
difference of their squares is 128. Bequired the numbers. 

98. In a pile of scantling there are 2400 pieces, and the 
number in the length of the pile exceeds that in the height 
by 43 ; required the number in its height and length. 

99. Bertha is ^ as old as her mother, but in 20 years she 
will be f as old. What is the age of each ? 

zoo. Fifteen persons engage a car for an excursion ; but 
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before starting 3 of the company decline goings by which 
the expense of each is increased by $1.75. What do they 
pay for the car ? 

loi. When the hoar and minute hands of a dock are 
together between 8 and 9 o^clock, what is the time of day ? 

102. A and B wrote a book of 570 pages; if A had 
written 3 times and B 5 times as much as each actually 
did write, they would together have written 2350 pages. 
How many pages did each write ? 

103. A man and his wife drink a pound of tea in 12 days. 
When the man is absent, it lasts the woman 30 days. How 
long will it last the man alone ? 

104. Find the time in which any sum of money will 
double itself at 7 per cent simple interest. 

105. A purse contains a certain sum, in the proportion of 
I3 of gold to I2 of silver ; if (24 in gold be added, there will 
then be $7 of gold for every (2 of silver. Bequired the sum 
in the purse. 

106. A and B in partnership gain $3000. A owns | of 
the stock, lacking ^200, and gains 9 1600.' Bequired the 
whole stock and each man's share of it. 

107. In the choice of a Chief Magistrate, 369 electoral 
votes were cast for two men. The successful candidate 
received a majority of one over his rival ; how many votes 
were cast for each ? 

108. Two ladies can do a piece of sewing in 16 days ; after 
working together 4 days, one leaves, and the other finishes 
the work alone in 36 days more. How long would it take 
each to do the work ? 

109. If a certain number be divided by the product of its 
two digits, the quotient is 2^ ; and if 9 be added to the 
number, the digits will be inverted ; what is the number ? 

no. Find 4 geometrical means between 2 and 486. 

III. A trader bought a number of hats for $80 ; if he had 
bought 4 more for the same amount, he would have paid $1 
less for each ; how many did he buy ? 
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XI 2. If the first term of a geometrical series is 2^ the ratio 
5, and the number of terms la^ what is the last term? 

113. A tree 90 feet high, in fiedling broke i^to three 
unequal parts ; the longest piece was 5 times the shortest, 
and the other was 3 times the shortest ; find the length of 
each piece. 

114. The sum of 3 numbers is 219 ; the first equals twice 
the second increased by ii, and the second equals f of the 
remainder of the third diminished by 19; required the 
numbers. 

1 15. Bequired 3 numbers in geometrical progression, such 
that their sum shall be 14 and the sum of their squares 84. 

1 16. A pound of coffee lasts a man and wife 3 weeks, and 
the man done 4 weeks ; how long will it last the wife ? 

117. Two purses contain together $300. If you take $30 
from the first and put into the second, each will then 
contain the same amount ; required the sum in each purse. 

118. A clothier sells a piece of cloth for I39 and in so 
doing gains a per cent equal to the cost What did he 
pay for it? 

119. A settler buys 100 acres of land for I2450; for a 
part of the farm he pays I20 and for the other part $30 an 
acre. How many acres were there in each part ? 

120. What is the sum of the geometrical series 2, 6, 18, 
54, etc., to 15 terms? 

121. There are 300 pine and hemlock logs in a mill-pond, 
and the square of the number of pines is to the square of the 
number of hemlocks as 25 to 49 ; required the number of 
each kind. 

122. A ship of war, on entering a foreign port, had 
sufiicient bread to last 10 weeks, allowing each man 2 kilo- 
grams a week. But 150 of the crew deserted the first night, 
and it was found that each man could now receive 3^ kilo* 
grams a week for the remainder of the cruise* What was 
the original number of men ? 
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Pcige 15. 

I, 2. Given. 

3. 2 cts. Ay 6 ctB. 0. 

4. 18, h. ; $32, c. 

5. 9 and 27. 

6. 4j[?, C ; 8p, B ; i6jp, A. 

7. i2y, son ; 36^, father. 

Pcige 16. 

8. I20, B's ; I80, A's. 

9- iS> 3o> 45- 

10. $7, calf; $56, cow. 

11. 15.25, bridle; 
$10.50, saddle; 
$110.25, horse. 

12. $3000, daughter; 
$6000, son ; 
$27000, wife. 

13- 234, 702, 941. 

rage 19. 
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4. 9H- 
5- 18. 
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17. 
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40. 
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S& — 2d. 


S- 
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24. 
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33. + 2y + oS. 


8. 


6J — 7«i; + 30. 
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bxy + cxy. 
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2Z 
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b — a , 

h 2«. 

xy 


12. 


^x + xy + 6yz. 


T <« 


ax — ay — bx + by 



13 



d 



14. 92, 

15. 120. 
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SUBIBACTIOK. 
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iV^e 2^. 
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16 cts., b; 
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I. 


24a+2j— 3d. 
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3- 
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i6mn—xy+bc 






4. 
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i6bc+xy—mn 




Page 28. 
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7. 
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4- 


15 and 70. 


8. 


4Sfl**- 
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S- 


IS b., 25 g. 


9. 


— sgabo^. 


8. 


19c (x-y). 


6. 


I. 


10. 


2gVdm\ 


9- 


•jaVxff. 
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7. 


II. 


Given. 
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6Va. 


8. 
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loVx—y. 
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356, A; 94, B. 
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ahc. 
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SUBTRACTION. 
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7. 43«^- 
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P€ige 32. 
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12. o. 

13. —Tjm^, 

14. 53a^y. 
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15- ^150- 

16. 25^ 

17. $420. 

18. 4a;y— 6a. 

19. 13^^+1 6am. 

20. iSa^ + y^+6a, 

21. i^ab+d-^x 

— S^ + 3»- 

22. gcd — ai — 2m 

23. i8m— 123. 

24. 120^ — 13a:. 

25. i6ab+i^c+d. 

26. a — b+c. 

27. 6{a+b). 



28. 9(a— S-j-o;). 

29- S («+*)• 

30. — 7(2:8— y). 

31. $6oOy A's. 

32. 60°. 

Pa^re 33. 

33. Given. 

34. (2J— c-f-rf)a^. 

35. {ab—c—d 

36. a»(7— ft+c). 

37. a;(aS— 3c— d 

— w). 



38. a:y(8— aJ + c 

— i). 

39. c(2a+Jm+d). 

1-3. Given. 
4. S— c-fd — m. 
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+4A 

6. 2a— J— c+a? 

7. a— 6+c— a 

+C+C— a+&. 
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rage 36. 

1-4. Given. 

5. /^zdbc, 

6. z$abcxy, 

7. Sdmxy. 

8. 6^bcdxyz. 

9. ^6abxy, 

10. 42acdx. 

11. 54dc(^m. 

12. S^adfxyz. 

Page 37. 

13. Given. 

14. — 45a&ry. 

15. 42abcd, 

16. i52aJca;y. 

17. — 4i4aft{Ta:y. 

18. 945d(^y. 



19-21. Given. 

22. i$a^, 

23. 240^6*. 

24. a^y8, 

25. a2Jm+«^ 

26. 67?1^Z, 

27. i8a'^S*c2. 

28. 18. 

29. 240. 

30. 6a?*y. 

31. — i8a*^c. 

rage 39. 

32. 4««jr*. 

33. 2iaW. 

34. ^ochry. 

35. -28aW 



36. — 6a!y. 

37. 2iaW(^, 

38. — 28a8c*. 

39. a?«y2z8, 

I, 2. Given. 

3. 6aca:2^8^j^ 

4. i$c^V^x^6acdx 

+ 3«^- 

5. — Sa^Sd 

+ 6fl^d— 2Sd?n' 

6. — 150*^ 

7. 8. Given. 



I. 600;+ 3&C 
+ 2ay+by. 
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DIVISION. 



Bage 40. 

2. ^ax+^ay 

3. izhd—^cd 
— 4ai+ac. 

4. 6bxy — 2ah 

+ 6cxy^2ac. 

5. 3aar+4&p — ex 

6. 5aa;+3ay+az 

7. i4cdmx^6(ibm 

^2icdnx-^gabn, 

8. 24ad{^+ 12/71:2; 

— 32aJcy— i6wy. 

11. 3a&c"icyz"*. 

12. iiaSA/'"+". 

13. a!h!^^\ 

14. c«:(a+J)*. 

IS- S^(«— *)'• 
16. abc{x+y)^^\ 

Pa^e 41. 

20. a'+J^. 

21. a*+a%«+J4. 

22. x^+x^+i. 

23- 3^ + 4^y 
— 13^2— 4a^»y2 

+ 22a;y— 30. 



Piige 47. 

I, 2. Given. 
3. 2a& 



24. 24^22:? — 6ay. 

25. e^+Wa?+cdx 

26. Given. 

27. a:»-.y2. 

28. a*+a^ + a+i. 

29. sfi+j^ 

30. a*"+2flrJ* 

31. aj*+2a:y+2aaR 

^f+2yz+A 

rage 43. 

1. a^+2a+i. 

2. 4a2+4a+i. 

3. 4a'— 4ai+J*. 

4. a:8+2a;y+y8. 

5. 7^^2xy^f. 

6. I— x^. 

7. 49»*— i4J^+y^ 

8. 1 6m* — 9^2. 

9. Ol^'-f. 

10. I — 49:^'. 

11. i6a;*— 8a;+i. 

12. 2552^105-1-1. 

13. i^2X+a^. 

14. i+4a; + 4a?. 

15. 64J2— 48(zJ 

DIVISION. 

5. S- 

6. 2a. 



16. a^V+2ahcd 

+ (^d^, 

17. 9«*— 4y®. 

18. a:*— 3^. 

19. a? — 2a:y*+y*. 

20. 40*— a?*. 

I, 2. Given. 

3- 36- 

4. 24 chickens. 

5. Given. 

6. 48. 

7. i960. 

8. $960. 

9- 25. 

10. 16. 

11. 56. 

12. 77. 

13. 36 apples. 

14. 70 sheep ; 
1009 both. 

15. 16 and 12. 

16. 24 pluma 

17. 42. 

18. 144. 

19. 2if ; i4f 

20. 14-1^ bu., one; 
6^ bu., other. 



7- S«*- 

8. ^bc, 

9. 4/n;}. 



DIVISIOK. 



W 



24 



109 II. Giyen. 

12. —3c. 

13. 7*. 

14- 5^- 

15. — 6J. 

16. jdf. 

17. — 9«?- . 

Pof/e 48. 

18. Giyen. 

19. d*. 

20. aj*. 

21. c*. 

22. sfi. 

23. 4J. 
20; 

7' 

25. Given. 

26. Sab<^, 

27. 6a;2?. 

28. 5ad. 

29. 7a?y. 

30. abc. 

31. 2ai(;. 

32. Sa^yh. 

33. 8a2&e?. 

34. i2dh^. 

1221? 

36. i2a:%2. 

37. iim'n. 

Bage 49. 

1-3. Giyen. 
4. 62+c»+d*. 



6. 3SC— 1+4J. 
8. — 2a;+y. 

9. y*+«— I- 

10. — 5a — 4J + 6. 

11. $ab — 3a. 

12. — 4a^— 36? 

13- o^— sa + 2ft. 

14. i + Sflt — gad. 

15. 2a— 4J— 5c. 

16. 2{a+by 

+ 3x{a+b)l 

17. 9a;— 9y. 

18. x{b—c) 
—a (i— c). 

19. 3a2 — 2a. 

20. a— a^+o'. 



I, 2. Giyen. 

4* a* — ft. 

5. a*— 2aJ-i-J*. 

6. c+rf. 

7. X — d. 

8. 2ic + 3y. 

9. a — J. 

10. x+y. 

11. a*+aA+S«. 

12. 3a + 2&. 
13- a+2. 



14. 6?— 2aa?4-a!^. 

15. 2X^+4a?+Sx 
' +16. 

16. a;+s. 

17. a:— 2. 

18. c— a:. 

19. a+b. 

20. 2 (a— ft). 

1. 10 yrs., son ; 
46 yrs., father. 

2. 15, F.'s m. ; 
45, J.*s m. 

3. 1 2 and 60. 

4. 12 and 45 p. 

5. 31 cts., ist; 
62 cts., 2d ; 
97 cts., 3d. 



Btige 52. 

6. 20 cows ; 
180 sheep. 

7. i3i, less; 
43t greater. 

8. 9. 

9. s hours. 

10. 8. 

11. 7. 

12. 5 of each. 

13. 4 hours. 

14- sai- 
16. 7 m., A's No. ; 

14 m., B's ; 

21 m., G's. 
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PACTOBIKO. 



17. $2X, A'sm.; 
t4X, B's m. ; 
t^x, G'b m. '; 
$i4:2;9 alL 



i^* $9 1S9 Aiid 20. 
19. 10, A's; 
20, B's ; 

30, 0^8. 



20. S, l6y 24. 

21. 24. 



FACTORING. 



I, 2. Qiven. 
3- 2, 3, 3, ooiJ. 
4. 2, 2, sbxxxyy. 
5« 5> 7> aaabbcc. 

6. '3* 7> a^yy«^«. 

7. \ixxyyyz. 
S* 5> S> abbcxxx. 
9. 7> uaabccd, 
io« 5» i3> tTimnnm;. 

PSo^e 55. 

1-3. Given. 

4. * (y + ^ + 3^*^)- 

5. 2a (a; + y — 22?). 

6. 3&C (a: — 20; — a). 

7. Srfm (t^ — 3). 

8. 7a (5WI + 2X), 

9. 27rf(Ja;— 2wy). 

10. 3a«(2& + 3c). 

11. 7flw;y (3a; + s). 

^2. 5(5 +3^ — 4aJ*J^. 

13. a;(i +ir + a:3). 

14. 3 (a; + 2 — 3y). 

15. i9a*(a:— i). 

Ba^e 56, 

I, 2. Given. 

3. (a + b){a + b). 



4- 

5- 
6. 

7. 

8. 

9- 
10. 

II. 

12. 

13- 
14. 



{x - y) (a: - y). 
(7/1 + 2n) (m + 2n) 
{4a + i){4a+ i). 

(7 + 5) (7 + 5). 
(2a — 3S) (2a — 3d). 

(y + 1) (y + 1). 

(l _c8)(l— C3). 

(a-* + y") (a?» + y"). 

(2fl»— l) (20"— l). 

{a3^ + y){aa^+ y). 



Page 57* 

1. Given. 

2. {a -^ x) {a-^ x), 

3- (3« + 4y) (32^ — 4y)- 

4. {y + ^){}f'- 2). 

5- (3 + a?) (3 — a;). 

6. (a+ i)(a — i). 

7. (I + *) (i - *). 

8. (5« + 4*) (5« — 4*). 

9. (2a; + y)(2a:-.y). 
10. (i + 4a)(i — 4a). 

"• (S + i){5-0- 

12. (a:8 + y2) (a^a _ y2). 

13. (oa: + by) {ax — Jy). 

14. (m2 -h w2) (wi3 — n^), 
i5« («* + fr*) (fl^ — S")* 



MULTIPLES. 
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Page 59, 

1. Given. 

2. {x^i){a? + x+ i). 

4. {x-'i){x+ i). 

5- (i-6y)(i +6y). 

6. Given. 

7. (^ — a^) (* + aj). 

9. (a — d) (a« -f a*& + «^^ 

10. (x— i){ofi + 0^ +x-^i). 

11. (i — a)(i +a + a^ + flS 

+ a^ + a«). 



12. (a — i)(a7 + fl« + aB 

+ a* + o» + aa+a+i). 

13. Given. 

JPiige 60. 

14. (a? + y) (a:* — a:»y + a?«y2 

I —xy^ + y*). 
'15. (a + i)(oa_^a+ i). 
16. (a + i) (a^ — a* 4- «« — ^^ 

+ 1). 

18. (i +a)(i — a + a* — a8 

19. (i + J)(i— ft + ja-^ 
20-28. Given. 



Paflre 61, 

I, 2. Given. 

3. X. 

4. d. 

5. «c. 

6. 20?. 

7. 7Wi. 

8. 6ab. 



rage 68. 

I, 2. Given. 

3. ^MV^<?d. 

4. 2>ox^y^7^. 

5. goa^b^o^. 

6. 4200^5*. 



DIVISORS. 

I, 2. Given. 

3- 3«^- 

4. 2fla;y. 

5. 4cfia^z\ 

6. 6^2:2. 

Fogre <?<?. 

1-5. Given. 

6. X —y. 

MULTIPLES. 

7. ^i<^x^y^7fi, 

8. 84m%y. 

9-11. Given. 
12. a* + 03^ — al^ 



7. a + J. 

8. & + 2. 

9- a; + 3. 

10. fl — 2. 

11. « + 3- 

12. re + I. 

13. a — h. 

14. a — S. 

15. a:8 + 3^2 -f 3ir 

+ I. 



13. .T^ + a;2 — X — I, 

14. 6a^ + I la^ 
— 3« •— 2. 

15. m* + 27w^ — m 



— 2. 
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REDUCTION OF FRACTIOiJS. 



REDUCTION OF FRACTIONS. 



Page 74. 



1-3. Given. 

I 
4. 

^y 

sac 
5- d' 


10. 
II. 
12. 

13- 


zy — z^ 

2iC— 2Z 
I 

I 


6. f 

jabc^ 


X 

a + X 




14. 


I 


a— I 


^ x — y 


IS- 


I 


rag 


e 7S. 


I. Given. 






2. a — a;. 






7i *" 






4. } — c. 


2(? 


. 



S~c 



6. a — &. 



7. ft + 



2ai 



8. a + X + 



a 



a — u- 



3V 

9. 3«+ I— - • 
^ *^ 4a; 

I, 2. Given 
43^y-& 

^- y 



6. 

7. 

8. 



lo^d + a — c 

fl^+ 2 ab + t^ + 2x 

a-\- b 
Q? — x 

■ - M l • 

X + 1 

i2ac — a + b 

ZC 
39^ + 3^ 
5^^ 



Paflr« 76. 



I. Given. 
i27nx 



3 

4 

S 
6 



6772 
2^bx 



4ab 

iSac? + 24fo» 
^6c2 

a^ — f 

x + y' 

6a^3^y — 4&a ^y 
3fl2 — 2 J 



Page 77. 

I, 2. Given, 
ab 

3- ^- 

2ia8 

4. 

49a 

32 g8 {x + y) 
°- 8a2(a; + y)'' 



BEDUCTIOir OF FRACTIONS. 
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Page 78. 

I, 2. Given. 

4CX 4bd 2cPx 
4dx' 4dx^ 4dx ' 

a(?y 2bxy 2<h^ 
2c%y* zchcy^ ichcy 

2c? -f 2ab ^bx 



a^^2xy + f 
a^ + ab 15a — 3 



8. 



10. 



II. 



3« 3« 

bdx 2ad be + b 
bd bd ' bd 

2b^c — 2b^d ^ac — ^ad 
3*2^- 3 W 3*2^-3^' 

3^+3^ 
3^c— 3W* 

2&z:y i;2; 4ai2; 
2^2? ' 2fe* 2bz 

2ax + 2ay 12a; + i2y 



12. 



4^ + 4y 

4^4- 4y * 
o^ — 2aa; + a^ 

a^ + 200; 4- a^ 

■ . 

a^ — 01^ 



4^ + 4y 



I. 
2. 



6. 



8. 



Given. 

2acx aJI^<? bxy 
4bcx^ 4bcx^ 4bcx 

^(?d 2bcx $bxy 
Sabc' ^abc^ $abc 

6ay 4^ 3^ 12a? 
i2y* I2y' i2y' i2y 

jab^ Sc£ ba^y 
'4^' ^e 4^0 ' 

i6dPb i8a% 243? 



12. 



13- 



24a*c' 24^%* 240^0* 

24^2^ 

ac 2cd 2xy 
2bc^ 2bc' 2bc 

(a-\-b^ {a-^by a^+V 

^y{x+y) ea{x4-y) 
exy{x+yy 6xy{x+y)' 

abxy 

ad bx 

l^cdx acdm aVy 
W&d' ~c^&d' W&~d 

ct^z ayz-\-byz dy^ 
xyH ' xyH 

4cma? -\- 4cna^ 



II. 



* xy^z 



6acm — Sacn ^a^nvhc 



i2a^ca^ 



i2a^ca^ 
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AD1>ITI0N OF FBACTION'S. 



ADDITION OF FRACTIONS. 



Page 80. 

I, 2. Given. 



3 
4 



2xy 
^gdxz 
Sabc 

^ X 



6. 



7a + 2J 



7. Given. 

rage 81. 

xy 

45a -f- 1 2iC + 2oy 

60 

^ax + 6 + pay 

i2r^ 
aJ — ac '\-l>x -{- ex 



10. 
II. 
12. 

13' 
14. 

15- 
16, 



2fl + 2ax + 3 

ay 
ax — ay •{- dbx -f a^y 

* — ■ - ■ ■ — ( 

a* — y^ 
Sc^ ±jozy + sbdx^ ^ 

iSdx 
^ali — 2dn — d^ 
Sdh 



17. 

18. 
19. 
20. 

I. 

2. 



am — dy 

nx — mx — hy 

my — 7iy 
— 6. 
4adx -f- 6bcx — bdm 



bdx 



Given. 

a + c + 



bx -f 2d 

2X 



3- ^ + 



am — ay — bx +bd 



bm — by 



4. 3d -f a+ J — c — 



a;y+^ 



5- S^ + 



2a — &y 



rage 82. 

6. Given. 
3^^? + 2a 

8. 



10. 



II. 



12. 



z» 




a + * — 4cy 




c 




a 




3^ — 2xy — y2 _|. 


a — b 


x^y 
X — y — a^ -f- 6ab 


-ss* 


a — b 
2a^-\-2xy—2x—2y 


+ a+J 



a; — I 



MULTrPLICATION OF FRACTIONS. 
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SUBTRACTION OF FRACTIONS. 



Bage 83. 

I, 2. Given. 
oaJc 

I'jxyz — led 
4. . 

a 

S, 6. Given. 

ay — dm + ^ 

7. — . 

my 

^y — f iy + ifn 

my 

ijd — ga 

^— — ^— — » 

12 



8. 



10. 



II. 



JPa^^ 84. 

hy + Awi + dm 

my 
A — wiy 

y 

bd + cA 



12. a + 



13' 



60 + 5 J — 26? 



ad + ay --he + cx 
bd—dx + by-- xy 



15. a — 



2a; + 3dy 
2y 



^ a^ — y* — loa + loj 

• \ox -+- loy 



MULTIPLICATION OF FRACTIONS. 



Page 85, 

1-4. Given. 
5. A + 3rf. 

o. — • 

4 

6ca: — 9cy + ^dx 



— 6rfy 



15c + 461? 



8. 267^6?. 

a-\-b 



10. 



4 + 5y 
2a^ + 2a25 



11. ^7^ + 12a;. 

12. 2ax — 2bx -f- 3a 



3*. 



13. oJr. 
a + S 



14 



IS" 



16. 



S 

■ • 

5 
9^ — 3^ 



17. 3^y + 3«- 



18. 



7W^ 



X — z 



Page 87, 

I, 2. Given. 
3. 6a;y. 
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MULTIPLICATION OF FBACTIONS. 



dx 

4- — 

ay 

fsi + y^ 

6. - ^-. 

8a + 242; 

4^y 

7. --^. 

g fl?(a + ft) 

9, 10. Given. 

11. • 

2xy 

b — 2a 



12. 



13- 



3^^ 
g^ + a^ 4- a* 



a?y + 2 a; + yg + 2y 

1 4* • 



a:* — y* 
16. 2J + 4. 



xy 



Page 88. 



I. Given. 
ahdx 



2. 

3- 
4. 



ahd -f- flrc(Z 

xy 
mrc + nx 

4 

4ac + 4cA 
5- d 

y 



8. 7a; — 700:. 
acx — acy 

3 
3ac 

2 
2aa:' + 2aa: 



9- 

JO. 



II. 



12. 



^3 



14 



32^ — 3 



a-\-b 
6am 



X + 1 
2dbxy -f Way 



4a + A 
15. I — w. 
9ca; — ^dx 



I. 



2. 3«(y + i)- 

ary + 2a: + y8 + 2y 



4. 9a;. 
a 



a:y 



s- 


6 


6. 


X. 


7- 


X'-Z 


8. 


6a^f. 


9- 


^-f. 


10. 
II. 


2x + y 

5 

a^ — y* 


12. 


2b + 4. 


13. 


2a (c + d). 


14. 


y — 3^ 

2xy 


15- 


J». 


16. 


2 (•» + y) 



a? 



DIVISION OF FRACTIONS. 
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DIVISION OF FRACTIONS. 



P€ige 90. 

1-4. Given. 


I 4. Given. 




16 '**^ 

3a2 + 3*2 


2X 


^' crfa; 




te8 


5- n- 


n — — • 




•'• «»• 




4f 




,8. ^^. 


. b 
7. I + -• 


7- 

2y 




4dy* 


c 


2 




8. « + y. 


8. 

X — I 




.^ 4^y 


X 






20. Y^- 




a^ — a 




^ 


d 


f% 


' 






9- 2b 


9- 2 


I. Given. 


a!> + ae + (^ 

10. « 


10. ^^^. 




dbdmy 


& -he 


3 




ex 


,, ^ + y 


II. 6. 

12. ; — T- 

2a + 20 

3^-f3y 




mx + nx 


II. , •'• 
a + c 


2- 4 ' 

4. ' 




abcxy 




2sx^ — s^y 


Paflre 92. 


X — a 

y A • 




^- y 


I. Given. 


'"^' 6Jt^ 




^ Sa^ + 5« 


2. 3 times. 


,, 8^ 


— • 


a; + I 


3. S- 


^" 3«« + 3a; 


7. 3^— 3«^- 


rage 93. 








Paflre »4. 


8, 9. Given. 




T 


s« 




a^ + 2a -f I 






4^y« 




10. " . • 
a^ — 2a + I 




9 


35*^< 


i 


a2-52 




*• 


243a:« 


/** 


"• .-^-2/^ 




^ 


24^ 




re® — .ry2 + .7:2^ , 

12* -J 


-f 


3' 


cd 




a — * 






3« 




„ ^-3/* 




4- 


i2^ + 3 


-• 


^3-«?_*» 






2^ 


50:2; 


• 




S' 


TT-jy /^i 


n J_ M 



29G 



SIMPLE EQUATIONS. 



c 
7. Given. 

8.-?-. 

a + X 

^ C + 2 

3a (^■' — i*) 



II. 



2^ 



12. 



a* — ac -\- (^ 

4 (fl^ — 2ga; + a:*) 

a: 



14 



a^ + 20; + I 



c 

^ a: 



SIMPLE EQUATIONS. 



Page 97. 


5. 


24f . 


12. 


24. 


I, 2. Given. 


6. 


Given. 


13- 


14- 


3. a — S + c — d. 


7. 


S W — \ad 


14. 


-i^. 


4. a + i— flJ-fc. 


2f> ' 


^S- 


Given. 




8. 


lOfl — 2J — c 

16 






Poflrc •9«. 


9* 


7i. 






5. Given. 


^ 


j6c 




Page 102. 


6. 2 — a + J. 


10. 


15 


16. 


12. 


7. ft + c — a — 3. 






17. 


60. 


8. ad — Sc + 2W 






18. 


4. 


-8. 




• 


19. 


20. 


9. 17 — 3aS — d 


I. 


8. 


20. 


a^ + ac. 


10. 4cd + d — 3M 


• 

2. 


50. 


21. 


dn 


— I. 


3- 


30- 




a 


11. 32 — (? + d. 


4. 


9- 


'V 


6c 


12. II. 


5- 


7. 

• 


^^. 


3« + 2b 




6. 


9- 


23- 


ad — be 




7- 


72. 


*^ 


ac 


Pogr6 100. 


8. 


30. . 




2ab 


I, 2. Given. 


9- 


5- 


24. 


ac— 2c 


3- 15- 


10. 


28. 


25- 


Sa + 135;^. 


4. 12. 


II. 


12. 


%# 


24 



ONE UNKNOWN QUANTITY. 
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26. 
27. 
28. 
29. 



24ft -f- 1 50c — 20a 



45 



3« 



4 
I 



2a — I 

g^ (c — g + c^ — flc) 
c2 






31 



a— I 



32. 7S. 
33- 84- 



Jfagre 103. 

34. 20. 

35- 24. 

36. I. 

37. if 

38. i6f 

39- lA- 

40. 36. 

41. II. 

42. 1200. 

43- i4f 

44. 5- 
45- 4f 

46. -(i — a2\ 

2a — 2& -f C 

3a — 6 



47. 
48. 

49 



6d 



• 5* 
I —8a 

51. 2. 

, 4 



!• Given. 

2. $8, vest; 
$32^ coat. 

3. $1500, A; 
$3000, B ; 
I4500, 0. 

4. 40 men ; 
80 boys; 
880 women. 

5. 40 miles ; 
80 miles. 

6. 133^ barrels. 

7. 12 p., ist; 
24 p., 2d ; 
60 p., 3d. 

8. 28f feet 

9. $120. 

10. $50, B's sh. ; 
$100, A's sh.; 
$150, C's sh. 

11. 18 yrs., w. ; 
36 yrs., m. 

12. I3000*. 

13. 16 and 41. 
14. . $6000. 



JPage 106. 

15- 13- 

16. 30. days. 

17. 240 m., one; 
180 m., other. 

18. 12 in., one; 
16 in., other. 

19. $25, H. ; 

$175. C. 

20. 8h. 24m. A. M. 

21. 9^jdays. 

22. 32 of each. 

23- 3o» 7S> and 45. 

24. 25 cts., ch. ; 
75 cts., goose; 
$1.50, turkey. 

25. 8 ft. 8 in. 

26. 40 and 60. 

ad 1 

27. -,, less. 

' c + d' 

ac , 

28. $1128. 
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SIMPLE EQUATI0K8. 



Bage 107. 

29. Oiven. 

30. 60 lbs., b. ; 

1 20 lbs., m. 

31- IS yrs.? B's; 

30 ** A's. 
32. 32i yrs., C's ; 

37l '' B's; 

4o| " A's. 
33- "75 votes d.; 

1325 " s. 
34. 164 artillery ; 

472 cavalry; 

564 infantry. 
35- *533i, B^s; 

$633i, A's ; 

$833i, C's. 
36. $56.25, one; 

^93-7S> other. 

Bage 108. * 

37- *336, pr. one. 
$280, " other 

38. i4yr8.,y'ngest; 
16 " next; 
18 " eldest. 

39. i6fdays. 

40- 550- 

41. 30 and 18. 

12a 

42. — • 

13 

43. 225 acres, A; 

31S " B- 



(( 



it 



44. 2^ hrs. 

45. 5, istpart; 
8, 2d 

2, 3d 
24, 4tt " 

46. 9. 

47. 47 sheep. 

48. $120. 

JPfige 109. 

49. 60 min. 

d 
^ m — n 
51. 300 leaps. 
ab 



52- 



a — c 

be 



, one. 
9 other. 



a — c 

53. 72 lbs. 

54. 36 hours; 
312 miles. 

55. 20 yrs., 8.; 
40 yrs., f. 

56. 280. 

57. $324, ist; 
I108, 2d ; 
$144, 3d. 

58. Given. 

Btige 110. 

59. 8, ist part ; 
12, 2d *' 
16, 3d " 



60. 9 in. and 12 in. 

61. $75- 

62. 27 days. 

63- *iS75j one; 
$2625, other. 

64. 12 days. 

65. $720. 

66. $384, sum ; 
$162, A's sh.; 
$118, B's '' 
$104, C's " 

67. Given. 



Page 111. 

68. 6 and 8. 

69- 3456, one; 
2304, other. 

70. 3 m. an hour. 

71. 400 in., 

or 33i ^t- 

72. 8 k. of one name 

6 k. of another; 
3 k. ** " 
2 k.** " 

73. 7 and 8. 

74. 240 leaps of d. 

75. 100 days; 
30000 m., ist; 
24000 m.; 2d ; 



SIMPLE EQUATIONS. 
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TWO UNKNOWN QUANTITIES. 



Fage 114. 

1. Given. 

2. ii;=8, y=4. 

3. a:=i2, y=6. 

4. a?=i8, y=2. 

5. x—iy y—3. 

6. a:=i6, y=35- 

7. a;=3, y=2. 

8. Given. 

9. .T=4, y=s. 

10. a;=6, y=i2. 

11. a;=:5, y=6. 

12. a;=io, y=3. 

13. a;=ii, y=9. 

14. x=s, y=2. 

15. 16, Given. 

17. a;=3, y=zs. 

18. j:=:4, y=7- 

19. x=7, y=2. 

20. a;=i6, y=3S. 

21. a:==3, y=2. 

1. i»=4, y=5- 

2. a;=8, y=2. 

3. a:=5, y=3. 

4. ^=3» y=4- 

5. ic=3, y=4. 

6. .r=i2, y=-3. 

7. a:=3, 2^=5. 

8. ;r=4, ^=3. 



9. ar=34, ^=46. 

10. a;=4, y=2. 

11. a?=i6, y=7. 

12. a;=8, y=i. 

13. a:=:6o, y=36. 

14. a;=io, y=2o. 
15- a;=5, y=2. 

16. a:=2, y=4. 

17. a.=8, y=6. 

18. a;=4, y=9. 

19. X = 6, 
y = i2. 

20. a;=i8, y=i4. 

1. a;=43, ^=27. 

2. 4 cts., lemons ; 
6 cts., oranges. 

3. 233 v.; 142 V. 

4. 21 and 54. 

5. $48, cow; 
$96, horse. 

6. 40 1. ; 50 g. 



Pcige 118. 

7. 3 and 2. 

8. I II 1 1 m., one ; 
9999 m., otlier. 

9. 56. 

10. $320, B's; 
$250, A's, 



I. 
2. 

3- 
4. 

5. 
6. 

7. 
8. 



19. 

20. 
21. 
22. 

23- 
24. 

25- 

26. 

27. 

28. 



A. 

$900, A's; 
$2400, B's. 
31 and 17. 
I6000 h. ; 
$2500 g. 
30 and 20. 
$560, B's ; 
$720, A's. 
25 y. and 35 y. 
$180, ist; 
$115, 2d. 

Page 119. 

140 m., ship; 
1 60 m., steamer 

12 and i8. 
108 ft. 

30 yrs. ; 

13 verses. 
10 1. ; 30 g. 
3 oxen ; 

21 colts. 

53- 

$5000, B's cap.; 

14800, A's " 

$2 1 or 63 g. 

an 



X = 



y = 



a 
n + I 
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OENERALIZATIOir. 



THREE OR MORE UNKNOWN QUANTITIES. 



JFage 121. 

1. Given. 

2. a:=:7, y=:5, 



3. 3^=2, y=3, 



«=4. 
2=5. 



4. a:=8, y=4, «=2. 
S- ^=4, y=3> «=S- 



I. 12 yrs., ist; 
15 " 2d; 
17 " 3d. 

$20, c. 
3. s, 8, and 11. 



4. 630 men, ist; 

675 " 2d; 
600 " 3d. 



50 cts., ist ; 
60 " 2d ; 
80 « 3d. 



6. a;=24, y=6, j?=23. 

7- a;=7» y=io, «=9- 
8. :2;=24, y=6o9 i2;=i2o. 

9-1 1. Given. 

12. w=2, a;=3, y=4, 2=5. 

13. a?=2, y=3, 2=4. 

7. 18 = ist; 
22 = 2d; 
10 = 3d; 
40 = 4th. 

8. 46 m., A's; 



6. 105 min.. A; 
210 « B; 
420 " C. 



ti 



(( 



B's; 
C's. 



9. $64, A's; 
$72, B's; 
$84, C's. 



GENERALIZATION. 



r€ige 125. 

1. 3 chickens. 

2. 30 rods. 

3. 12. 

4. SiAyrs. 

s- 7 ft. 

6. 34. 

7. $205, $187, 

Pages 127, 128. 

8. I961, A's; 
$614, B's. 

9. 1248, g.; 

902, 1. 

10. 4f days. 

11. sfhrs. 



I 



12. 22-1^ days. 

13. •67.32. 

Page 129. 

14. 9077. 

15. $1036.12^. 

16. 587.19 bu. 

17. 12^ per cent 

18. 40 per cent. 

19. 60 per cent 

20. $3000. 

Ptiges 130-133. 

21. $37500. 

22. $31250. 

23. $2700, B's; 
$2300,. C's» 



24. 

25- 
26. 

27. 

28. 

29. 

30- 
31- 
32- 
33- 
34. 

35- 
36. 
37. 

38. 



•5625- 
1842^ A. 

$55-8o- 
$190.32. 

•1253. 

$418.60. 

$5250. 

$3865.86. 

$1339.29. 

$222.22+. 

2iyrs. 

Given. 

3h. 16-j^m.p.M. 

6h.32-iSj-m. P.M. 

9h. 49-11^^1. P.M. 



INVOLUTION. 
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JPage 137* 

2. fl2J2c2. 

3. a2J2c3, 

4. 2^^. 

5. «Wc*. 

6. i6ofiy^, 

7. 2i6aW 

8. 625a«J8^. 

9. 64ai2^«c^. 

10. a^i^c^cP* 

11. a;"y"i2f. 



INVOLUTION. 

12. (a + 5)«>. 

13. {a + ^>)2«. 

14. (a; — y)*"". 

16. (a8 + J8>. 

17. a»^«Ai2. 

27aW 



19 



20. 



8a8 
i6a8ygi2 

a*yi2 



21. 






2"^ 

22. -r- 

a"* 



fmtnn'lMy.n 



■^n 



2% 

26. a;3+6a:2y + 6a4 

+ 120:^24-240;^ 

-f-i22; + 8y8 
+ 24^2 + 24^ 
+ 8. 



Beige 142. 

1. a* + 4a^b + 6aW + 40*8 + J4. 

2. flS __ ^a^h -f- lofl^^ — lofl^js + 5fljj4 _ }5. 

3. c^ + 7c«6Z + 2id^d^ + 35c*d8 + 35c3d^+2ic3(Z»+7cd«-f-^. 

4. a:^ + 6a:*'y + i5^"V + ^^^V^ + ^S^*^ + ^^y* + 1^' 

5. a;7 — 7a:«y + 2 ia;Sjy2_ 3^^^ _l_ 352^^4 __ 21 2^^/4-7^2/® —y- 

6. y^ + loy^a; + 4S1^^ + i2oyV + 2ioy^;2;* + 2$2tf^7^ 
.+ 2ioy^ 4- i2o^V 4- 45y2;j« _[_ lo^ij® 4- 2;^^^ 

7. a» — 9a8^ 4- S^a*^^ — 84««&8 ^ 1 26^5^4 — 126«*^4- 84a%6 

— 36a3«>7 4. 9aJ8 _ ^,9. 

8. m^^ 4- iim% 4- 557w'w2 4- 165WW 4- 33om^n*4-4627w^«5 
4- 462m^n^ 4-33omW4- 1657718^84- 55m%^ 4- ii7w«^°4-w^^. 

9. x^ — 122:^^^ 4- 66x^^^ — 22ox^i^ 4- 4950:8^4 __ ^^2X^1^ 
4- 9240:^^^ — ']g20i^y'^ 4- 4950;*^ — 2207?y^ 4- 66x^y^^ 

— i2xy^^ 4- ^^. 

7i ~~~ I W -^ I 77 — 2 

10. a*4-w«""*5+ w— I— «"'^^ + w- X ^^ «"-8&3 



+ w 



w 



2 

— I n — 2 /i — 2 .^. 

X X a"-* 5* 4- etc. 

234 
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EVOLUTION. 



14. i* — 4** 4- 6J2 — 4J + I. 

16. 1 +na + n — -^ a* + w ~— x ^-^^ a* + etc. 

Pages 143, 144. 

17. ir«+3^2^+3a^« + 3^y*+6a:y«+3a:;?'-f»*+3y^«+3y«®+^. 

18. 19. Given. 

20. (^ + 2x(y + z) + f + 2^^ + ^. 

21. a' — 2a (d — c) -f ^ — 2d<; + c*. 

22. a* + 2a(a: +^ 4- 2:) -f a:8 + 2a: (j^ + ;?) + ya + zyz + A 



23. Given. 

9^2 + 12g + 4 

2^, , 



25- 



40^ — 4«c -f- c* 



26. 



27- 



36 — i68gj^c + ig6aWc^ 

49 
^ — 6bmxy + ^m^y^ 



m 



2 



28, 29. Given. 



MULTIPLICATION AND DIVISION OF POWERS. 







10. 


ahr^sfl. 


20-23. Given. 


Pages 145, 


140. 


II. 


Given. 


a 


I, 2. Given. 




[2. 


a^K 


''• ^• 


3. «®. 




13. 


x-^\ 


,c "jr* 


4. ar«. 




14. 


J2. 


25. J- 


5. *-'. 




15. 


C-2. 




6. a"»+". 




16. 


a:7y-®^. 


7. ar^V, 


^ 


17. 


4a&c"^. 


bx-^ 


8. as^rfs. 




18. 


3^y. 


27. • 

a 


9. 52^V- 




19. 


i2a^c^. 








EVOLUTION. 




Pages 148, 


149. 


15. 


y'^. 


19. J-®. 


13. a*. 




16. 


a-25. 


20. a;^'^. 




17. 


«2 


21. y''. 


14. X*, 




18. 


«•«. 


22-25. Given. 



RADICAL QUANTITIES. 
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Tages 151j 152, 

I, 2. Given. 

3- «^- 

4. a*. 

5. 4My*. 

6. 2a»5^. 

7. 3ai&ici. 

8. lar. 

9. 3iaia:'. 

10. 6a^&. 

11. 2Wy». 

12. 8a*68. 

RAD 
Page 156. 

1-5. Given. 

6. aVb, 

7. 2a\/2&. 

8. 6V^. 

9. ^a/s- 
10. is-v^s- 

11. 7fia^J']h, 

12. 3a\/2(;. 

13. 2iaA/i — 3^- 



13- (i3)*^V- 

14. 7a?'y8. 

15. 3a*&*. 

'^•?- 
82^ 

1. Given. 

2. tc + 2. 

3. a— I. 

4. I -f- 2;. 
S- a: + f 
6. a — \* 

h 

1.X + -' 



Page 153. 

8. Given. 

9. X -^y -\-z. 

10. a — 2^+1. 

11. d^ H- 2^ — 2. 

12. I — 2&2 + a;. 

13. 2a2 — 4a + 2. 

14. a 

2 

15. -• 



ICAL QUANTITIES. 



14. 4a:Vy. 

15. 3«^^. 

16. 6a\/i3C. 

17. i2a'v/ii. 

Pagre 157* 

I. Given. 



3. V (2a + h)\ 

4. V(a — 2^)1 

5. a/9«^*- 

6. v^So"'^. 

7. y ido^xpz. 

8. y 

^ 27 



9. \/27 (a — J)^. 



10. yap. 



II. \/rti2c8. 



2. \^8^. 



12. "s/^a — Vf. 

13. A^a^. 

Pagre8 158^ 159. 

1. Given. 

2. {a8)i, (J*c*)t. 

3. 9*. (125)*. 



4. (a8)i, (1296)*. 

5. v^i5625, 

• ^/8?, ^8. _ 

7. ^/iM^ ^4«^. 

8. 'a^^, 7^"'- 

9. (&")»«, (c2)«". 

10. v^(a + ^)^ 

11. v^ (a; -> y p, 

I, 2. Given. 

3. (3*)^ (4«)*- 

4. (a")*, (*«)*. 

5. («*)^ W 

6. (a«)t, (&«)J. 

7. (as)^, (s^)". 
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DIVISION OF RADICALS. 



ADDITION OF RADICALS. 



Page 160. 

1-3. Given. 

4. 5V3. 

5- 2A/5 + 4A/3. 



6. {2h + 3a) ^/b. II. ^oaVh. 

7. {a^ + zc)zah^ 12. {^hx + 67?)^/c. 

8. (92; -f- 8a) V2a. 13. 4a:?>^y 

9- 25 V2. I + 52; V^. 

10. ii8\/3. i 



SUBTRACTION OF RADICALS. 



Page 161. 

1. Given. 

2. 8A/7. 



3. 4V3O — I2V^ 

4. 52V5. 

6. 2V^« + J. 



7. 7V6. 

8. gbVibx. 

9. cri 
10. 1IV3. 



MULTIPLICATION OF RADICALS. 



JPage 162. 

1-3. Given. 

4. 9o\/io. 

5. abx. 

6. Vfl2 — ^. 

7. Vacxy. 



8. 


aVac, 


9- 


Given. 


10. 


\^a"x'\ 


II. 


8'- 
42 V 2. 


12. 


12a. 


13- 


6. 


14. 


402;. 



15. Given. 

16. A/5. 
17- 2A/5. 

18. {m+n)'^m-^n 

19. ay ^. 



DIVISION OF RADICALS. 



Page 164. 

4. \/3a8, or 

5. 3\/^. 



6. (a^ + x)i. 10. 2aVx. 



7. i2(ay)i 

8. 3&\/ar. 

9. iS^Vs. 



11. (a + &)«. 

12. I5a:\/ir. 

13. Vx — y. 

14. l6\/2. 

15- 32. 



RADICAL BQUATIOKS. 
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INVOLUTION OF RADICALS. 



Page 164. 

I, 2. Given. 



3- «^- 



4. 18a;. 

5. 8a. 

q4 

6. V 22,. 

4 



Page IHS. 

1. Given. 

2. 3^a. 

3. 2V^3a;. 

4. 'V^pa:^. 

5. '^^. 

8. fl^i. 

9. 2aA. 

10. aijA^. 

11. \/2a. 

1,1 j- 

12. a»o^€^. 



EVOLUTION OF RA 
Page 166. 

1-3. Given. 

4. a'. 

5. aM. 

6. (« + «>)*. 

7. \/«^. 

8. \^x-\- y. 



7. 8aa:*Va. 

8. 9J2. 

9. a2^2aVy + y. 



DICALS. 

8. a — 5. 

9. 3\/a — Vs. 
10. 4\/2a + sV^. 

1-3. Given. 



9. V« + ^. 
10. Vfl + ^ + c. 

J'afire 167. 

I, 2. Given. 

3. a: — 4V9- 

4. 3- 

5. V7 — Va. 

6. 31. 

7- V^ + V3*- 
RADICAL EQUATIONS. 



7 
8 



X 

6* 



x-\'2^/xy^y 
x — y 

X {^/a + Vc) 
a — ^ 

V3 — I 

■ - — • 

2 

V3 + I 



Paflre* i69, 170. 

1-3. Given. 

4. (d — a — c)". 

5. 25. 

6. 4f|; 

7. 256. 

8. 1 100. 



9- 3^- 

10. 21. 

11. 252. 



12. 



2a 



13. Given. 

I 

14. 

I —a 



15. aVj. 

16. Given. 

17. 4. 

18. T^. 

I 
19, 



I — a 
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AFFECTED QDADBATICS. 



PURE QUADRATICS. 



Bage 173. 

I. Giyen. 

3- ^ = ± 3- 

4. a; = ± 4. 

5. a^= ±5. 

6. a: = ± 4. 

7. x=±6. 

8. a; = ± 4. 

9. a: = ± \/6. 

10. a; = ± 7. 

11. a; = ± 2. 

12. a;= ± fl. 

13. a:= ± I. 



14. a? = ± 2- 

15- a^= ±3- 

16. a;= ± I. 

17. X=: ± 



a — I 



18. Given. 

19. x=L ± 3. 

20. ar = ± 2a. 



21. a: =:±Vc* + cP 

22. a: == ± ^. 

23. xz=z±^/W+¥ 

24. a; = ± 26. 

Pagrc 174. 



2. a; = ± 8. 

3. 40 rods. 

4. 30 rods. 

5. 12, one; 
30, other. 

6. t»6. 

7. 80. 

8. 15, less. 
60, greater. 

9. 27 yds. ; 
$1.50, price. 

10. x= ± 16. 

11. 77 ft. 

12. a: = ± 16. 



AFFECTED QUADRATICS. 



roffes 178, 179. 

1-5. Given. 

6. X = 6 or 2. • 

7. a? = 9 or — I. 

8. a: = 3a 

9. Given. 

10. 15 or — 4. 

11. 20 or — 7. 

12. Given. 

1. Given. 

2. 10 or — 7. 

3. 2 or — 5. 

4. 3 or ij. 

5. 4 or — i|. 

6. X = 9. 



a 

7- -7* 



V ' 



aJ-f fl?+ 



a- 



4^ 

8. — 2a 

±A/rf4^. 

9. 7 or — 5. 

10. 3 ± 2 V— I. 

11. 6 or — 3. 

12. 2 or — 3. 

I 
13' 



20 



\/hd^ 



ch + 



4^2 



I, 2. Given. 

3. 3 or — 4|. 

.4. 5 or — 6. 

5. i or — 2. 

6. 2 or — J. 

7. 4 or — 4f 

8. 4 or — I. 

9. 3 or — 4|. 

10. 9 or 6. 

11. 4 or — 3i. 

r€ige 182. 

1. 3 or I. 

2. 4 or I. 
3- 3 or J. 



AFFECTED QUADRATICS. 
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4. 2 or — 12. 

5. ijorf 

6. 1 1 or 3. 

7. if or — 1^. 

8. - J or - iH- 

9. 4 or 2iJiy. 

11. — m 

12. I or — i|. 

13. I or — 28. 

14. 10 or — ^. 

15. — Jor — }. 

16. 4 or — I. 

17. 4 or — if. 

18. 5 or — 4f 

19. I J or — J. 

20. 4 or — I. 

21. ij or — J. 

22. 4^ or i. 

23. 3 or — if 

24. 4 or — ij. 
25- f or|. 

26. J or — I. 

27. /i ± w. 

28. 36 or 3a— 3^. 

Page 183. 

1-3. Given. 

4. ± 2 or ± a/2. 

5- ± V3 or 

± V^. 

6. V7 = 1.91 + . 
7- i or ~ |. 



8. i or — 8. 

9. 4iorf 

10. 4 or — 2 if. 

Piigea 184, 185. 

1. 8 or 4, one; 
4 or 8, other. 

2. $60 or 940. 

3. 6 or 4, one ; 

4 or 6, other. 

4. 16S.9 I5 each. 

5. 5 or — 6f. 

6. 16 scholars. 

7. $30 or $20 ; 
$20 or $30. 

8. 60 or 40, one ; 
40 or 60, other. 

9. 36 rds. length ; 
28 " breadth 

10. 20 in file ; 
80 in rank. 

11. 10 lambs. 

12. 2 and 2. 

13. 4 and I. 

14. 121 yds. long; 
1 20 ** wide. 

15. 6 m., A's rate ; 

5 m., B's rate. 

16. 120, A; 
80, B. 

17. 42 and 6. 

18. 4 lemons, A; 

6 " B. 

19. 14 ft., length; 
10 " breadth. 



20. 12 rows; 

15 trees in each 

21. 52. 

22. 20 persons. 

Page 186. 

23. 8 or —10, less; 
iSor — 12, gr. 

24. 16 and 20. 

25. 50 and 25. 

26. 121 and 25. 

27. 12 ft., fore-w. ; 
15 ft., hind-w: 

28. 2 or —18, one; 
18 or —2, oth. 

29. f and f. 

30. 3, less; 
18, greater. 

31. 16 or 36 yrs. 

32. 28 rods, length; 
20 " breadth. 

33- 15 FS., A's ; 

♦ 8 yrs., B's. 
34. 20 lbs. pepper. 

Page8 188, 189. 

1. Given. 

2. a; = 4 or 3; 
y = 3 or 4. 

3. a: = 7 or 5 ; 
y = 5 or 7. 

4. a; = 8, y = 6. 

5. a;=io or — 12; 
yz=i2 or — 10. 

6. a: = 10 ; 

y= 12^ or 7. 
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ARITHMETICAL PROGRESSION. 



7. X 

y 

9, X 

y 

10. X 

y 

11. X 

12. X 



y = 



9; 

4 or jff. 
5014; 
4015. 

5 or —3; 
3 or —5. 
3 ; y = 2. 

±s; 
±3. 



15. a? = 15 or 12; 
y= 12 or 15. 



Page 195. 

3. i 

4. i- 

5. f 

6. 2a. 

7- 3C- 

8. lo. 

9- i 



Pagrc 204. 

2. 4. 

3. 6400. 



4. 12. 



21 or — 7 ; 
7 or — 21. 
625; 



16. X 

y 
17. 2; 

y 

18. X 

y = I or 2. 



= 16. 



2 or I ; 



Ptige 191. 

1. 8 or —4, gr. ; 
4 or —8, less. 

2. 30 yrs., wife ; 
31 " man. 

3. x = gV2,gr.; 
y=dcV2, less. 

RATIO. 



ARITHM 



10. 


i- 


II. 


a 

— • « 

2 


12. 


x — y. 


14. 


ir 


IS- 


2 
3^ 


17. 


i 


18. 


T3T' 


PROPORTION. 


s- 


32 and 24. 


6. 


10 and 8. 


7- 


16 and 12. 


8. 


6 and 4. 


9- 


48 and 9f . 


ETICAL PROGR 



J^ftf/e ^07. 



2. 9. 

3. 68. 



4. — 5< 

5. If. 

6. .91. 

8. 43- 



4. 40 rows ; 
25 trees in each 

5. 40 yds , length ; 
24 " breadth. 

6. 9 and 3. 

7. 1 1 and 7. 

8. 31 rds., length; 
19 " width. 

9. ± 7 and ± 4. 

10. 25 m. and 23 m. 

11. 12 and 4. 

12. 3 or — 2, one ; 
2 or —3, other, 

19. Equality. 

20. Equality. 

21. Gr. inequality. 

22. Less inequa?y. 

23. f I > ¥. 

24. A < B. 

25- 7. 
26. 98. 

10. 430 r., length ; 
320 r., breadth. 

11. 20 r. ; 30 r. 

12. 9 and 15. 

13. 20 and 16. 

ESSION 

9- 15- 

10. 44^. 

11. 4gx. 

12. 3«,7 — a. 



GEOMETRICAL PROGRESSION". 
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Page 208. 


6. 


13. 


2. 762}. 


7. 


— II. 


3. 216. 


8. 


0. 


4. 1400. 


9- 


255- 


5. 25}. 


10. 


62. 


6. 610. 


II 


61. 


7. 175- 






8. 810. 




Pfige 212. 




I. 


i> 7j 13^ 19/25, 


rage 209. 




31. 


I. 58. 


2. 


3, 7}, 12, i6i 


2. 278. 




21, 25^,30,34^, 


3. II. 




39i 43 i» 48. 


4. —43. 


I. 


47. 


5. 2f 


2. 


— 6. 


6. -f|. 


3- 


102. 


7. 1024. 


4. 


2, iif, 21J, 31, 


8. 192. 




4of J 5ol> 60. 




5. 


i683i. 


-Pttf/e ;2jro. 


6. 


98A. 


I- 175- 


7. 


5776- 


2. 1 130. 


8. 


10 100. 


3. 6. 






4. 6. 




Page 213. 


5- 259- 


9. 


5. 


GEOMEl 


rRi 


CAL PROGRE 


JPage 216. 


Pages 217-221. 


I. 160. 


2. 


2498. 


2. 4374. 


3. 


55S4|. 


3. 4i. 


4. 


3333^1 




5. 


21. 


4. 320. 


6. 


7f 


5. 112. 


. I. 


30000. 


6. — 31250. 


2. 


15625- 



10. 


6, i3h 2o|, 28, 




35h 42|, 50. 




57J, 64f, 72. 


II. 


12, 21.6. 31.2, 




40.8, 50.4, 60, 




69.6, 79.2, 88.8, 




98.4, 108. 


12. 


975. 


14. 


3, 5, and 7. 


15. 


1 0100 yards, or 




si mi., nearly. 




Page 214. 


16. 


156. 


17. 


I62.50. 


18. 


$667.95. 


19. 


300. 


20, 


$1.20, int.; 




|2.2o^ amt. 


21. 


20, 40, and 60. 


22. 


16.61+ days. 


23- 


30, 40, 50, 60. 


24. 


3 days. 


25- 


140. 


26, 


Ii 78, last pay 't; 




*537o> debt. 



3- 2. 

4. 3- 

5. 6. 

6. 5. 

1. 161. 

2. 2. 

3. I28|. 

4. 5- 
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BUSINESS FOBMULAS. 



S- 179- 

6. 180.7. 

2. h 2, 8, 32,128. 

I. 4371. 

3- 7174453- 

4. 2«M«. 

5- 9565938- 



Page 231. 

1. i^. 

2. |. 

3. I. 

4. If 

P^o^es 235^237. 

2. 1537-93. 

3. 1-973. 

4. Ill 

6. 78. 

7. .0375. 

8. 14.38. 

9. 2.723. 
10. 2906.3. 



6. 43046721. 




Peige 223. 


8. •4095- 


14. 


$120', $60, $30* 


9. I196.83, 1. c. ; 


15. 


3» i5> 75> 375» 


$295.24, wh. c. 




1875. 


JO. $10.23. 


16. 


$108, $144, 


II. 2, 6, 18. 




$192, $256. 


12. $4294967.295. 


17. 


•H, or I.I. 


i3« io> 3o> 90*270. 18. 


8, 4, 2, I. 


[FINITE SERIES. 




5. 2. 


9. 


f 


6. 9. 


10. 


I 


7. 10. 


a— I 


8. f 


IE. 


50 rods. 



LOGARITHMS. 

11. .1814. 

12. — 4.619. 

PiMge 239. 

14. .0003321. 

15. 33.335. 

16. 191.77. 

18. 5.23. 

19. 1.0836. 



20. 2.504. 

21. 2.124. 



Paffe 240. 

23. .342 + . 
124. .546 + . 

25. .3244-. 
' 26. Given. 



BUSINESS FORMULAS. 

Pages 245-200. 17. $2010.14. 

2. $349.60. 19. $5414.28. 

4. i6f per cent. 21. $2769.23, pr.w.; 
6. $12600. $830.77, disc. 



8. $840. 

10. $600. 

12. 1 6f years. 

13. 10 years. 
15. 2 J per cent. 



22. $6000, pr. w. ; 

$1800, disc. 
24. $1718.75. 
26. $2125. 
28. $2.33i. 



29. $8.83 + . 

31. 5i4f per cetu 

32. 12^ per cent. 

33. 9A per cent. 

34. 0. 8 per cents. 
36. $24630.54, in. ; 

$369.46, com. 

38. $1332. 

39. $6290.15. 



TEST EXAMPLES. 
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40. $905.80. 

41. $3278.69. 

42. $2278.48. 

44. $6130.67. 

45. $2767.60. 

47- $2336.25. 

49. $14166.67. 

51. $14775- 

53. $249.77. 



Pages 265-268. 

2. -\'A/xy. 

3. —6. 

4. 6\/— I. 

5. ^/—xy, 
7. I. 



■V^- 



v^'- 



10. 5\/2. 



II. 



d 



2. Impossible. 

3. Impossible. 



1. 75«. 

2. 57a; + 7. 

3. yix->rZdb'\-2cd 

4. 7&C + ^cd 
— ioa;y+ 5wm. 






TEST EXAMPLES. 
Paflrc 275. 

18. ±Va^; 

± 
a + I 



5- 
6. 



8. 8. 

9- al- 
io, c (3^ — dV^c 

— cd^, 

11. z^{y — z^ 

— 6yz) 

12. (a" + S")(a«— 6") 

13. 2x2 (2a— i). 

14. (a2+i)(a+i) 

x{a- l); 

15. 20, II. 

16. . 

17. 24 shots. 



19, 



20. 



b 

I 



a -^h 

21. (3:ry + 2z) 

22. (3*— c)(3^— c). 

23- . 

24. 640 rods. 

25. 29J miles. 
I 



26. T- 



^ + I 



27. 
28. 



34. 

35- 
36. 

37. 

38. 

39- 
40. 

41. 
42. 

43- 



Page 276. 

6 hours. 

^ = s ; y = 3- 
^ = 5 ; y = 2. 



29. I. 

a + * 

30. ,• 

a — 

31. -. 

I — «* 

32. 120. 

33- *5o- 



44. 

45- 
46. 

47. 
48. 

49. 

50- 
51- 



85 J miles. 

H g. ; 5i 1. 

^ = 4; ^ = 6; 

2;= 8. 

a?= 2; y = 4; 

2; = 8. 

X = $40 A, 

y = $60 B, 

z = $80 0. 

3 meters f. w. 

6 " h. w. 

8 ft. one; 10 ft. 



49 and 77, 
48 meters. 
$2.46 a meter. 



$100 horse, 
$200 carriage. 
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TEST EXAMPLES. 



52. 

53. 65 hectares y. 
100 " elder. 

54. 26. 

55. $5 L; |6s. 

56. 577 v.; 848 T. 

57. 9oyrs.A;45y. 
B; isy. C. 

58. 9 V^. 

59. y Vi + a. 

Bage 278. 

60. {7^) K {f)i, 

61. V27 (a — J)*. 

62. 90 cts. 

63. $10; |i8. 

64. 15 men. 

65. 28 persons. 

66. I4 b. $6 w. 

67. 9. 

68. a. 

60. 

^ I — fl 

70. a + b. 

71. 240 liters. 

72. . 

73. 12 and 8. 

raij^e 279. 

74. $180. 

75- A- 

76. I90. 



77. $21. 

78. 24 s. 85 pr. 

79. 81. 

80. 45 m. ; 105 m. 

81. 80 A; 70 B. 

82. ^/x — V7. 

83. ^/z^ + V3y- 

84. (P + 6d^ 2mi 

85. I? 1 2000 Mayor; 
$1200 Clerk. 

2>6, 216 g. ; 30^1. 

Page 280. 

87. 8 and 6. 

88. 8 cts. 

89. 10 days. 

90. $1407 B; 
$469 A. 

91. I50 cow; 
$200 h. 

92. 6 miles. 

93. 1 00 ft. X 60 ft. 

94. 7f, 12}, 17, 

2 if, 26|. 

95. 637i. 

96. 50 pair. 

97. 18 and 14. 

98. 32 h.; 75 1. 

99. 10 y. B; 
30 y. M. 

100. $105. 



rage 281. 

01. 8 : 43-j\ o'clk. 

02. 250 pp. A; 
320 " B. 

03. 20 days. 

04. i4f yrs. 

05. $30. 

06. $9000 whole 8. 
$4800 A ; 
$4200 B. 

07. 184 V. and 
185 V. 

08. 24 d.; 48 d. 

09. 45. 

10. 6, 18, 54, 162, 

11. 16 hats. 

Page 282. 

12. 97656250. 

13. 10 ft.; 30 ft.; 
soft. 

14. 95; 42; 82. 

15. 2, 4, 8. 

16. 12 weeks. 

17. $180; $120. 

18. $30. 

19. 45 A.; 55 A. 

20. 14348906. 

21. 125 p. 175 h. 

22. 375 .men. 



